
Topics in Combinatorics

Assignment 1
Due Date: 12/01/2018

Problem 1: Let 𝒜 be an arrangement of 𝑛 (𝑛 ≥ 1) lines and 𝑓2 be the number of regions/
chambers of 𝒜 . Denote by 𝑝 the maximal number of parallel lines in 𝒜 , by 𝑞 the maximal
number of concurrent lines in 𝒜 . Finally, for 𝑖 ≥ 2, let 𝑡𝑖 be the number of vertices incident with
𝑖 lines. Now prove the following.

1. 𝑓2 ≥ (𝑝 + 1)(𝑛 − 𝑝 + 1).

2. 𝑓2 ≥ 𝑞(𝑛 − 𝑞 + 2).

3. Construct two arrangements 𝒜 and ℬ such that 𝑓2(𝒜) = (𝑝 + 1)(𝑛 − 𝑝 + 1) and 𝑓2(ℬ) =
𝑞(𝑛 − 𝑞 + 2).

4. 𝑓2 = 𝑛 + 1 +
𝑞

∑
𝑖=2

(𝑖 − 1)𝑡𝑖

Problem 2: Prove that the number 𝑓2 can not belong to the following intervals:

1. (𝑛 + 1, 2𝑛) for 𝑛 ≥ 3,

2. (2𝑛, 3𝑛 − 3) for 𝑛 ≥ 5.

Problem 3: Find the maximum possible value of 𝑓2 when, 𝑛, 𝑝 are fixed and when 𝑛, 𝑞 are fixed.
Problem 4: Given 𝑛, 𝑝, where 1 ≤ 𝑝 ≤ 𝑛, define the following numbers

𝛽(𝑛, 𝑝) ∶= (𝑝 + 1)(𝑛 − 𝑝 + 1) + (
𝑛 − 𝑝

2 ) 𝛼(𝑛, 𝑝) ∶= 𝛽(𝑛, 𝑝) − min{𝑝, (
𝑛 − 𝑝

2 )}.

For any integer 𝑓 , where 𝛼(𝑛, 𝑝) ≤ 𝑓 ≤ 𝛽(𝑛, 𝑝), describe a construction of an arrangement 𝒜 of
𝑛 lines such that 𝑓2(𝒜) = 𝑓 .
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