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Each question is 5 marks.

(1) In how many different ways can you arrange the elements of the
multiset {1, 2, 2, 3, 3, 3, 4, . . . , n, n, n, . . . , n}, where each i appears
exactly i times, in a line?

(2) Give a bijective proof for the identity given below. First guess what
the right hand side is counting. You may want to use problem 1
above. (

n

1

)
+ (6 + 8)

(
n

2

)
+ 36

(
n

3

)
+ 24

(
n

4

)
= n4

(3) We represent a permutation of the set [n] in one line notation as
π1π2 . . . πn. For example 4312 represents the permutation sending
1, 2, 3, 4 to 4, 3, 1 and 2 respectively. We know what a decreasing
subsequence in π1π2 . . . . . . πn is. Show that the number of permuta-
tions of [n] with no decreasing subsequence of length three or more is
the Catalan number. Show this using a bijection. Do prove that the
functions you construct actually give you a bijection and indicate
clearly where you use the condition of no decreasing subsequence of
length three or more.
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