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Curry typing: typability

Definition (Typability problem)

Given a term M of the untyped 2-calculus, check whether it can be given a time

(assuming some types for free variables)
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Curry typing: typability

Definition (Typability problem)

Given a term M of the untyped 2-calculus, check whether it can be given a time

(assuming some types for free variables)

Definition (Type inference)
Given a typable term A/, compute its principal type

Theorem
Typability and type inference for simply typed 2-calculus is solvable in polynomial time
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Type inference

® For every A-expression M, build

Suresh PLC 2021: Lecture 23 April 14, 2021 3/12



Type inference

® For every A-expression M, build

® [, asystem of equations (over types)

Suresh PLC 2021: Lecture 23 April 14, 2021 3/12



Type inference

® For every A-expression M, build
® [, asystem of equations (over types)

® 7,/ atype

Suresh PLC 2021: Lecture 23 April 14, 2021 3/12



Type inference

® For every A-expression M, build
® [, asystem of equations (over types)
® 7,/ atype

® £, has a solution iff A/ is typable

Suresh PLC 2021: Lecture 23 April 14, 2021 3/12



Type inference

® For every A-expression M, build
® [, asystem of equations (over types)
® 7,/,atype
® £, has a solution iff A/ is typable
® Solution for £, — a substitution S mapping type variables to types that
makes all equations true (both sides identical under §)
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Type inference
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® [, asystem of equations (over types)

® 7,/ atype
E,; has a solution iff A is typable
Solution for £, — a substitution S mapping type variables to types that
makes all equations true (both sides identical under §)
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Suresh PLC 2021: Lecture 23 April 14, 2021 3/12



Type inference

For every A-expression M, build

® [, asystem of equations (over types)

® 7,/ atype
E,; has a solution iff A is typable
Solution for £, — a substitution S mapping type variables to types that
makes all equations true (both sides identical under §)
If § is the least constrained solution for £, S(z,,) is a principal type for A/
Type variables in £, and 7,

® main— p,, forx € FYUM) (if x # y, p. # p,)

® auxiliary — not of the form p
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Type inference ...

® ) is the variable x
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Type inference ...

® M is the variable x
° E, =0
® Definer,, = p,
e MisPQ
® Rename auxilliary variables in £, and 7, to keep them distinct from
auxilliary variables in £, and 7,
® Choose a fresh auxilliary type variable p
® Definet,, =p
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Type inference ...

® M is the variable x
° E, =0
® Definer,, = p,
e MisPQ
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Type inference ...

® M is the variable x
° E, =0
® Definer,, = p,
e MisPQ
® Rename auxilliary variables in £, and 7, to keep them distinct from
auxilliary variables in £, and 7,
® Choose a fresh auxilliary type variable p

® Definet,, =p
° EM:EPUEQU{TP:TQﬁp}
o Misix-P

® Choose a fresh auxilliary type variable
® Ey =Ep[p,:=p]
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Type inference ...

® M is the variable x
° E, =0
® Definer,, = p,
e MisPQ
® Rename auxilliary variables in £, and 7, to keep them distinct from
auxilliary variables in £, and 7,
® Choose a fresh auxilliary type variable p

® Definet,, =p
° EM:EPUEQU{TP:TQﬁP}
o Misix-P

® Choose a fresh auxilliary type variable

® Ey =Ep[p,:=rp]
® Define ), = p = 7p[p, = p]
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Type inference: example

® M =lxyz-N where N = x(yz)
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® M =lxyz-N where N = x(yz)

° Tx:px’fy:py’fz:pz
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Type inference: example

® M =lxyz-N where N = x(yz)

° Tx:px’fy:py’fz_pz
o X:E_)/: Z:®
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Type inference: example

® M =lxyz-N where N = x(yz)
.Tx:Px’Ty:py’Tz:pz
° EX:E_)/:EZZQ

° Tyz:p’Eyz:{py:Pz%P}
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Type inference: example

® M =lxyz-N where N = x(yz)
Tx:Px’Ty:py’Tz:Pz
E,=E=E, =0
Tyz:p’Eyz:{py:pz%P}
w=qEy={p,=p. > p:p.=p— 4}
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Type inference: example

® M =lxyz-N where N = x(yz)
Tx:Px’Ty:py’Tz:Pz

EX:Ey:Ez:(a

Tyz:p’Eyz:{Py:Pz%P}
w=qEy={p,=p. > p:p.=p— 4}
Tun =70 E y={p,=r > p.p.=p—q}
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Type inference: example

® M =lxyz-N where N = x(yz)
Tx:Px’Ty:py’Tz:Pz

EX:Ey:EzZG

Tyz:p’Eyz:{py:Pz%P}
w=qEy={p,=p. > p:p.=p— 4}

Tun =70 E y={p,=r > p.p.=p—q}
T/‘L}/z-N:S_)r_)q’EAsz\/:{S:r_)P’Px:P_)q}

Suresh PLC 2021: Lecture 23 April 14, 2021 s/12



Type inference: example

® M =lxyz-N where N = x(yz)
Tx:Px’Ty:py’Tz:Pz

EX:Ey:Ez:(a

Tyz:p’Eyz:{py:Pz%P}

=g Ey={p,=p. > pp.=p—1q}

TN =" B y={p,=r—>p.p.=p— 4}
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Type inference: example

® M =lxyz-N where N = x(yz)
Tx:Px’Ty:py’Tz:Pz

EX:Ey:EZZQ

Tyz:p’Eyz:{py:pz%P}
w=qEy={p,=p. > p:p.=p— 4}

Tun =70 E y={p,=r > p.p.=p—q}
T}L}/z-N:S_)r_)q’EAszV:{S:r_)P’Px:P_)q}
TM:t—>5—>r—>q,EM:{::r—>p,t:p—>q}

® A minimal solution for £, is S = {s:=7r — p,r = p — ¢}
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Type inference: example

® M =lxyz-N where N = x(yz)
Tx:Px’Ty:py’Tz:pz

EX:Ey:EZZQ

Tyz:p’Eyz:{py:Pz%P}

=g Ey={p,=p. > pp.=p—1q}

TN =" B y={p,=r—>p.p.=p— 4}
T}L)/z-N:S_)r_)q’EAszV:{S:r_)P’Px:P_)q}
TM:t—>5—>r—>q,EM:{5:r—>p,t:p—>q}

® A minimal solution for £, is S = {s:=7r — p,r = p — ¢}

e The principal type of M: S(z,,)=(p = gq)— (r = p)—(r = q)
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Type inference: example

® M =PQ where ?=0Q =Ax - x
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Type inference: example

® M =PQ where ?=0Q =Ax - x
° Tx:px’E =0

X
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Type inference: example

® M =PQ where ?=0Q =Ax - x
° Tx:px’Ex:®

*p=pop =0
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Type inference: example

® M =PQ where ?=0Q =Ax - x
° Tx:Px’E =0

X

*p=pop =0
° TQ:q_)q,EQ:@
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Type inference: example

® M =PQ where ?=0Q =Ax - x
=P E, =0

=P P Ep=0
TQ:q—>q,EQ=@

=" Epg={p—=r=(q—>9) -7}
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Type inference: example

® M =PQ where ?=0Q =Ax - x
=P E, =0

=P P Ep=0
TQ:qaq,EQ:@

=" Epg={p—=r=(q—>9) -7}

® A minimal solution for £, is S={p:=q — q,7 :=q — ¢}
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Type inference: example

® M =PQ where ?=0Q =Ax - x

T =P B, =0

=P P Ep=0

TQ:q—>q,EQ:@

= Epq={p—r=(q—9) =7}

® A minimal solution for £, is S={p:=q — q,7 :=q — ¢}

e The principal type of M: S(7,,) =g — ¢

Suresh PLC 2021: Lecture 23 April 14, 2021 6/12



Type inference: richer typing

® M =(Ax-x)(Ax - x) has principal type g — ¢
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Type inference: richer typing
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® Let M, belet y=2x-xin yy
® Let M, be(Ay-yy)(Ax-x)

Suresh PLC 2021: Lecture 23 April 14, 2021 7/12



Type inference: richer typing

M = (Ax - x)(Ax - x) has principal type g — ¢
Let M, belet y =Ax-xin yy
Let M, be (2y - yy)(Ax - x)

M, is equivalent to A/ and has the same principal type
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Type inference: richer typing

M = (Ax - x)(Ax - x) has principal type g — ¢

Let M, belet y =Ax-xin yy

Let M, be (2y - yy)(Ax - x)

M, is equivalent to A/ and has the same principal type

M, is not typable, because 27 - y y is not typable
M, is typable despite the occurrence of yy
® variable defined by local definition — treated differently
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Type inference: non-recursive local

definitions

® Mislet{x,=M,;---; x,=M,}inN
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Type inference: non-recursive local
definitions
® Mislet{x,=M,;---; x,=M,}inN

® Find principal types of M,,..., M,
® Sett, tober, ,and £ =@
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Type inference: non-recursive local
definitions
® Mislet{x,=M,;---; x,=M,}inN
® Find principal types of M,,..., M,

® Sett, toberM,andE =0
* Find the type of V as usual, using the above definition for 7, ’s
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Type inference: non-recursive local
definitions
® Mislet{x,=M,;---; x,=M,}inN
® Find principal types of M,,..., M,
Set toberM,andE =0

®
* Find the type of V as usual, using the above definition for 7, ’s
® FEach occurrence of x; in /V will get a different instance of TX‘ as its type
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Type inference: non-recursive local

definitions

® Mislet{x,=M,;---; x,=M,}inN
® Find principal types of M,,..., M,
Set toberM,andE =0
Find the type of V as usual, using the above definition for 7, ’s
Each occurrence of x; in V will get a different instance of Txi as its type

All auxilliary type variables in 7 will be renamed to fresh variables
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Type inference: non-recursive local

definitions

® Mislet{x,=M,;---; x,=M,}inN
® Find principal types of M,,..., M,
Set toberM,andE =0
Find the type of V as usual, using the above definition for 7, ’s
Each occurrence of x; in /V will get a different instance of 7 asits type
All auxilliary type variables in 7 will be renamed to fresh variables

Main type variables of the form p will not be renamed

® x.’sare used in /V as polymorphic expressions
i Y P
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Type inference: non-recursive local

definitions

® Consider let y =2x - xin yy
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Type inference: non-recursive local
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® Consider let y =2x - xin yy

® 7,=p — p, for some auxilliary type variable p
® yyisof the form P Q

® We rename auxilliary type variables in 7,
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Type inference: non-recursive local

definitions

® Consider let y =2x - xin yy

® 7,=p — p, for some auxilliary type variable p
yy is of the form P Q

We rename auxilliary type variables in 7,

Type of the first y is p — p
Type of second y is ¢ — ¢

Now solve as usual!

® let Mbelet{f=2y-x; g=Ax-x}ingf
S Tp=p Py
¢ 1,=9—9
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Type inference: non-recursive local

definitions

® Consider let y =2x - xin yy

® 7,=p — p, for some auxilliary type variable p
yy is of the form P Q

We rename auxilliary type variables in 7,

Type of the first y is p — p
Type of second y is ¢ — ¢

Now solve as usual!

® let Mbelet{f=2y-x; g=Ax-x}ingf
S Tp=p Py
¢ 1,=9—9
*t=rby={agoq=(p—p)—>r}

® S=g:=p—p.,r:=p— p_isasolution
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Type inference: non-recursive local

definitions

® Consider let y =2x - xin yy

® 7,=p — p, for some auxilliary type variable p
yy is of the form P Q
We rename auxilliary type variables in 7,

Type of the first y is p — p

Type of second y is ¢ — ¢

Now solve as usual!

® let Mbelet{f=2y-x; g=Ax-x}ingf

° Tf:pépx

° Tg:q—>q

¢t =nE,={goq9=p—p)—r}
® S=g:=p—p.,r:=p— p_isasolution
°

Principal type of M is p — p._
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Type inference: recursive local definitions

® Misletrec {x; =M ; ---; x,=M,}inN
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Type inference: recursive local definitions

® Misletrec {x; =M ; ---; x,=M,}inN

® Build each 7, and £, , treating each x; as a free variable with type p,
i i ]
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Type inference: recursive local definitions

® Misletrec {x; =M ; ---; x,=M,}inN
® Build each 7, and £, , treating each x; as a free variable with type p,

® Ensure that the auxilliary variables in the £, s and 7, ’s are all distinct
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Type inference: recursive local definitions

® Misletrec {x; =M ; ---; x,=M,}inN
® Build each 7, and £, , treating each x; as a free variable with type p,

® Ensure that the auxilliary variables in the £, s and 7, ’s are all distinct

® Choose 7 fresh type variables ¢, ..., ¢,
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Type inference: recursive local definitions

® Misletrec {x; =M ; ---; x,=M,}inN
® Build each 7, and £, , treating each x; as a free variable with type p,
® Ensure that the auxilliary variables in the £, s and 7, ’s are all distinct
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Type inference: recursive local definitions

® Misletrec {x; =M ; ---; x,=M,}inN
® Build each 7, and £, , treating each x; as a free variable with type p,
® Ensure that the auxilliary variables in the £, s and 7, ’s are all distinct
® Choose 7 fresh type variables ¢, ..., ¢,
® Obtaino,,...,o,and E,,..., E

n

® o=y lpy =g by, = 40]
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Type inference: recursive local definitions

® Misletrec {x; =M ; ---; x,=M,}inN
® Build each 7, and £, , treating each x; as a free variable with type p,
® Ensure that the auxilliary variables in the £, s and 7, ’s are all distinct
® Choose 7 fresh type variables ¢, ..., ¢,
® Obtaino,,...,o,and E,,..., E

® o=ty = e b = 4,)
® Ei = EMi[px1 = qp---)pr = qn]
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Type inference: recursive local definitions

® Misletrec {x; =M ; ---; x,=M,}inN

® Build each 7, and £, , treating each x; as a free variable with type p,

Ensure that the auxilliary variables in the £, s and 7, ’s are all distinct

Choose 7 fresh type variables ¢,,..., ¢,
Obtaino,,...,0, and £,,..., E

® o =1yl =gty =1,]
® E = EAfi[le Eqpeeo Py = 7,]
Solve £ :=E,U---UE U{q,=0,....,q9,=0,}
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Type inference: recursive local definitions

® Misletrec {x; =M ; ---; x,=M,}inN

® Build each 7, and £, , treating each x; as a free variable with type p,

Ensure that the auxilliary variables in the £, s and 7, ’s are all distinct

Choose 7 fresh type variables ¢,,..., ¢,
Obtaino,,...,0, and £,,..., E

® o =1yl =gty =1,]

® E = szfi[le Eqpeeo Py = 7,]
Solve £ :=E,U---UE U{q,=0,....,q9,=0,}
Let S be the most general solution to £
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Type inference: recursive local definitions

® Misletrec {x; =M ; ---; x,=M,}inN

® Build each 7, and £, , treating each x; as a free variable with type p,

Ensure that the auxilliary variables in the £, s and 7, ’s are all distinct

Choose 7 fresh type variables ¢,,..., ¢,
Obtaino,,...,0, and £,,..., E

® o =1yl =gty =1,]

® E = szfi[le Eqpeeo Py = 7,]
Solve £ :=E,U---UE U{q,=0,....,q9,=0,}
Let S be the most general solution to £

Txr = S(qz)
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Type inference: recursive local definitions

® Misletrec {x; =M ; ---; x,=M,}inN
® Build each 7, and £, , treating each x; as a free variable with type p,
® Ensure that the auxilliary variables in the £, s and 7, ’s are all distinct
® Choose 7 fresh type variables ¢, ..., ¢,
® Obtaino,,...,o,and E,,..., E

® o =1yl =gty =1,]
® E = szfi[le Eqpeeo Py = 7,]
Solve £ :=E,U---UE U{q,=0,....,q9,=0,}
Let S be the most general solution to £
Ty, = S(q;)
Find the type of /V as usual, using the above 7, ’s
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Type inference: recursive local definitions

® Consider letrec x =1/ - f(x /) in x
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Type inference: recursive local definitions

® Consider letrec x =1/ - f(x /) in x
® Let M, berf - f(xf)
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Type inference: recursive local definitions

® Consider letrec x =1/ - f(x /) in x

® Let M, be Af - f(xf)
o vy =poradE, ={p.=p—>qp=q-r}
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Type inference: recursive local definitions

® Consider letrec x =1/ - f(x /) in x

® Let M, berf - f(xf)
®wy =p—randEy ={p,=p—>qp=q—7}
® Nowo,=p—randE,={q,=p—>q.p=qg—r}
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Type inference: recursive local definitions

® Consider letrec x =1/ - f(x /) in x

Let M, be 2f - f(xf)

wy,=pradEy ={p.=p—>qg.p=q—7}
Nowo,=p—rand E,={q,=p—>q.p=qg—r}
E={p=p—qp=9—-rq=p—r}
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Type inference: recursive local definitions

® Consider letrec x =1/ - f(x /) in x

Let M, be 2f - f(xf)

*wy=poradby ={p.=p—>q.p=9-r}
Nowo,=p—rand E,={q,=p—>q.p=qg—r}
E={p=p—qp=q9—raq=p—r}

Solution for E'is {g:=r,p:=r = r,q,:=(r > r) > r}
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Type inference: recursive local definitions

® Consider letrec x =1/ - f(x /) in x

® Let M, berf - f(xf)

wy,=pradEy ={p.=p—>qg.p=q—7}
Nowo,=p—rand E,={q,=p—>q.p=qg—r}
E={qy=p—>qpr=9—>rq=p—r}

Solution for E'is {g:=r,p:=r = r,q,:=(r > r) > r}

T =(r—>r)>r
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Type inference: recursive local definitions

® Consider letrec x =1/ - f(x /) in x

® Let M, berf - f(xf)

wy,=pradEy ={p.=p—>qg.p=q—7}
Nowo,=p—rand E,={q,=p—>q.p=qg—r}
E={qy=p—>qpr=9—>rq=p—r}

Solution for E'is {g:=r,p:=r = r,q,:=(r > r) > r}

. =(r—>r)>r

® The type of letrec x =4/ - f(x /) in x is thus (r — 7) — 7
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Type inference: constant types

® Can introduce constant types — /nt, Bool, ...
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® ‘Type constructors too — /a/, (2,b), ...
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® Can introduce constant types — /nt, Bool, ...

® ‘Type constructors too — /a/, (2,b), ...

® constant terms and constant functions
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Type inference: constant types

® Can introduce constant types — /nt, Bool, ...

® ‘Type constructors too — /a/, (2,b), ...

® constant terms and constant functions
® (: Int, True: Bool
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Type inference: constant types

® Can introduce constant types — /nt, Bool, ...

® ‘Type constructors too — /a/, (2,b), ...

® constant terms and constant functions
® 0: Int, True: Bool

® consia— [a]— [a]
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Type inference: constant types

® Can introduce constant types — /nt, Bool, ...

® ‘Type constructors too — /a/, (2,b), ...

® constant terms and constant functions
® 0: Int, True: Bool

® consia— [a]— [a]

® if:Bool—a—a—a
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Type inference: constant types

Can introduce constant types — /nt, Bool, ...

Type constructors too — /a/, (2,b), ...

constant terms and constant functions
® 0: Int, True: Bool
® consia— [a]— [a]
® if:Bool—a—a—a
Polymorphic — each occurrence of if; cons, etc. is given a fresh instance of

the types
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Type inference: constant types

Can introduce constant types — /nt, Bool, ...

Type constructors too — /a/, (2,b), ...

constant terms and constant functions
® (: Int, True: Bool

® consia— [a]— [a]

® if:Bool—a—a—a

Polymorphic — each occurrence of 7/, cons, etc. is given a fresh instance of

the types

The type inference algorithm is more or less unchanged!
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