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Encoding primitive recursion

o [fl=2Axx %y x;.[snd](x[Step] [ Init])
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* [f]

Encoding primitive recursion

= Axx,%, -~ X3, [snd] (x [Step] [ Init))
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Encoding primitive recursion

= Axx,%, -~ X3, [snd] (x [Step] [ Init))

® [Init] = [pair][0]([g]xy ... x;)
o [Step] = 1y.[pair) G (B y AT (B ) [ond] s )

o [FIIm] T == [F(L7)]
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Encoding primitive recursion

o [fl=2Axx %y x;.[snd](x[Step] [ Init])

o [1nir] = [pair)[0) (g5 .- %0

o [Step] = y.[pair) (s (AP (A Nlond) e ---3)
o [FIIm] T == [F(L7)]

® The expression [ PR ] encodes the schema of primitive recursion

[PR]=2hgxxy - x,.[snd](x(Ay.[pair] [succ] (/5] »)
(h([fst]y md - x1)))
([pair][0 ](gx1 ))
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Encoding u-recursion

o f(n)=ui.(g(i,7n)=0)can be expressed as the following (potentially
unbounded) while loop:

i=0;
while (g(i, nl, ..., nk) >0) {i =1 + 1;}
return 1i;
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Encoding u-recursion

o f(n)=ui.(g(i,7n)=0)can be expressed as the following (potentially
unbounded) while loop:

i=0;
while (g(i, nl, ..., nk) >0) {i =1 + 1;}
return 1i;

® Implement the while loop using recursion:

int searchFrom(i, nl, n2, ..., nk) {
if (iszero(g(i, nl, n2, ..., nk))) return n;
else return searchFrom(i+l, nl, n2, ..., nk);

}

f(nl, n2, ..., nk) = searchFrom(@, nl, n2, ..., nk);
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Encoding booleans

® Need ways to encode booleans, if-then-else, test for zero and recursive
definitions in A-calculus

® [true]=Axy.x
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Encoding booleans

Need ways to encode booleans, if-then-else, test for zero and recursive
definitions in A-calculus

[true]l = Ax y.x

[false] = Ax y.y

[if-then-else] =Abxy.bxy
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Encoding booleans

Need ways to encode booleans, if-then-else, test for zero and recursive
definitions in A-calculus

[true]l = Ax y.x

[false] = Ax y.y

[if-then-else] =Abxy.bxy

Syntactic sugar: [if-then-else] b f g is written as if b then f else g
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Encoding booleans

® Need ways to encode booleans, if-then-else, test for zero and recursive
definitions in A-calculus

® [true]=Axy.x

® [false]=2xy.y

® [if-then-else] =Abxy.bxy

® Syntactic sugar: [if-then-else| b f g is written as if b then f else g

if[true] then f else g =
(Abxy.bxy)axyx)fg —p (Axyaxyx)xy)fg

—p  (A(Axyx)fy)g
—p Axyx)fg—p Ay f)g—p f
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Encoding booleans

® Need ways to encode booleans, if-then-else, test for zero and recursive
definitions in A-calculus
® [true]=Axy.x
® [false]=2xy.y
® [if-then-else] =Abxy.bxy
® Syntactic sugar: [if-then-else| b f g is written as if b then f else g
if[true] then f else g =
(Abxy.bxy)axyx)fg —p (Axyaxyx)xy)fg
—p  (A(Axyx)fy)g
—p Axyx)fg—p Ay f)g—p f
if[false| then f else g =
(bxy.bxy)axy))fg —5 (x3.9)f g —4(09)8 —p ¢
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Encoding test for zero

® [iszero] = Ax.x(Az.|false]) [true]
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Encoding test for zero
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Encoding test for zero

® [iszero] = Ax.x(Az.|false]) [true]
® [iszero][n] —, [n](2z.[false]) [true] —*>ﬁ (2z.[false])” [true]
o (Az.[false])? [true] = [true]
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® [iszero] = Ax.x(Az.|false]) [true]

Encoding test for zero

® [iszero][n] —, [n](2z.[false]) [true] —*>ﬁ (2z.[false])” [true]

o (Az.[false]) [true] =
® Forn >0, (Az.|false])"

[true)

[true)

PLC 2021: Lecture 1

= (Az.[false])((Az. [false])" ! [true]) —>

arch 17, 2021

s [false]

5/13
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Encoding test for zero

® [iszero][n] —, [n](2z.[false]) [true] —*>ﬁ (2z.[false])” [true]

o (Az.[false]) [true] =

® Forn >0, (Az.|false])"
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® [iszero] = Ax.x(Az.|false]) [true]

Encoding test for zero

® [iszero][n] —, [n](2z.[false]) [true] —*>ﬁ (2z.[false])” [true]

o (Az.[false])? [true] = [true]
® Forn >0, (Az.[false])" [true]
® Thus

® [iszero][0] —*>ﬁ [true)
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Encoding test for zero

® [iszero] = Ax.x(Az.|false]) [true]

® [iszero][n] — 4 [n
o (Az.[false]) [true] =

|(Az.[false]) [true] —*>ﬁ (2z.[false])” [true]

[true)

® Forn >0, (Az.[false])" [true] = (Az. [false])(Az. [false])" " [true]) —>

® Thus

® [iszero][0] —*>ﬁ [true)

® [iszero|[n]

—*—>ﬁ [false] for n > 0
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Encoding u-recursion

o f(n)=un.g(n, n)=0)is expressed as follows:

int searchFrom(i, nl, n2, ..., nk) {
if (iszero(g(i, nl, n2, ..., nk))) return n;
else return searchFrom(i+l, nl, n2, ..., nk);

}

f(nl, n2, ..., nk) = searchFrom(@, nl, n2, ..., nk);
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® Define W = Ay.if ([iszero] ([g] yx; - - - x})) then (Aw. y) else (Aw.w([succ] y)w)

Suresh PLC 2021: Lecture 18 March 17, 2021 6/13
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Encoding u-recursion

o f(n)=un.g(n, n)=0)is expressed as follows:

int searchFrom(i, nl, n2, ..., nk) {
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}
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Encoding u-recursion

o f(n)=un.g(n, n)=0)is expressed as follows:

int searchFrom(i, nl, n2, ..., nk) {
if (iszero(g(i, nl, n2, ..., nk))) return n;
else return searchFrom(i+l, nl, n2, ..., nk);

}

f(nl, n2, ..., nk) = searchFrom(@, nl, n2, ..., nk);

® Define W = Ay.if ([iszero] ([g] yx; - - - x})) then (Aw. y) else (Aw.w([succ] y)w)

® x,...,x, occur freein W
® [fl=2x - x, W[O]W
o [Fllm]- (] —, W[0]W
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Encoding u-recursion

® Define W = Ay.if ([iszero] ([g] yx, - -~ x})) then (Aw.y) else (Aw.w([succ] y)w)
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Encoding u-recursion

® Define W = Ay.if ([iszero] ([g] yx, - -~ x})) then (Aw.y) else (Aw.w([succ] y)w)
® [fl=2x - x, W[O]W
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Encoding u-recursion

® Define W = Ay.gf([iszem] ([glyx)---x)) then (Aw.y) else (Aw.w([succ] y)w)
* [f]=2% - x, W[O]W
[f][”ﬂ"'[”k]—*’ﬁ wpojw’
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Encoding u-recursion

® Define W = Ay.if ([iszero] ([g] yx, - -~ x})) then (Aw.y) else (Aw.w([succ] y)w)
® [fl=2x - x, W[O]W

o [F1lm]-Im]—5 W[O]W'

® Suppose g(i,7)=0
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Encoding u-recursion

® Define W = Ay.if ([iszero] ([g] yx, - -~ x})) then (Aw.y) else (Aw.w([succ] y)w)
® [fl=2x - x, W[O]W

o [F1lm]-Im]—5 W[O]W'

® Suppose g(i,7)=0

*

® Then[g][7][m ] [7,]—, 0]
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Encoding u-recursion

® Define W = Ay.if ([iszero] ([g] yx, - -~ x})) then (Aw.y) else (Aw.w([succ] y)w)
® [fl=2x - x, W[O]W

o [F1lm]-[m]—, W[0]W

® Suppose g(i,7)=0

® Then[g][][n]-- [n]—, [0]
® So [iszero]([g] [z] [711] cee [n/e]) —*—>ﬁ [iszero] [()] —*—>ﬁ [tme]
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Encoding u-recursion

® Define W = Ay.if ([iszero] ([g] yx, - -~ x})) then (Aw.y) else (Aw.w([succ] y)w)
® [fl=2x - x, W[O]W
o [Flm][m] =5 W'[O] W
® Suppose g(i,7)=0

® Then[g][i][m] - ] = [0]

® So [iszero]([g] [z][nl] cee [nk]) —*—>ﬁ [iszero] [()] —*—>ﬁ [true]

® So

WW =y (if (liszero) ([g][1[m]- - [])

then (Aw.[i))
else (Aw.w([succ][i])w)) W’
s, (if[true] then (Aw.[ 1)) else (Aw.w([succ][i])w)) W'
=, Qu.[i)W’

—, [
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Encoding u-recursion

® Suppose g(i,7)=m>0
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Encoding u-recursion

® Suppose g(i,7)=m>0

*

® Then[g][7][m ][] =[]
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Encoding u-recursion

® Suppose g(i,7)=m>0
® Then[¢]] [
]

® So|[iszero

([g)[i1lm] -+ [m]) = [iseero] [0] = [fadse]
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® Suppose g(i,7)=m>0

Encoding u-recursion

® Then[g][i][n,]--- [m]— [m]
® Soliszero]([g][i][m] - [7,]) —*>IB [iszero][0] —*>ﬂ [false]

® So

Wi w

¥
B

(i liseers) ()11 0m ]+ D)

then (Aw.[1])

else (Aw.w([succ][i])w))

W/

(if [false] then (Aw.[i]) else (Aw.w([succ][i))w)) W'
(Qw.w([succ][i])w))W’

W/ ([succ][i])W’

W/li+1]W’
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Encoding u-recursion

*

® If g(i,72) = 0 then W'[/] W' —; [/]
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Encoding u-recursion

® If ¢(i,7)=0then W' [i] W' —>[i]
o If g(i,7)> 0 then W'[i]W' —, W'[i + 1] W’
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Encoding u-recursion

® If ¢(i,7)=0then W' [i] W' —>[i]
o If g(i,7)> 0 then W'[i]W' —, W'[i + 1] W’
® Suppose now that ¢(4,7)=0and g(a,7) > 0forallaz < b
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If g3, 1) = ]
If ¢(i,7) > 0 then W[i]W
Supposc now that ¢ (6, 7)
—, W[1]W’

W'o)W’
(4]

Suresh

0 then W'[i

Encoding u-recursion

’—>[]

W, Wi+ 1] W

=0and g(a,7) > 0forallz < 4
—, W2]W —
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Encoding u-recursion

/

If g(i,7) =0 then W[i]W
If ¢(i,7) > 0 then W[i]W ’——> W/ [i+1]W’
)

— (4]

® Suppose now that ¢(4,7)=0and g(a,7) > 0forallaz < b

W/ [0]W —, W [1W —, W [2]W' —, ... —, W [b]W —,
[£]

® Thus [f][n]-[m] == W [6]W' =, [6]=[ui.g(i, 7)) = 0]
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Encoding u-recursion

/

If g(i,7) =0 then W[i]W
If ¢(i,7) > 0 then W[i]W ’——> W/ [i+1]W’
)

— (4]

® Suppose now that ¢(4,7)=0and g(a,7) > 0forallaz < b

W/ [0]W —, W [1W —, W [2]W' —, ... —, W [b]W —,
[£]

® Thus [f][n]-[m] == W [6]W' =, [6]=[ui.g(i, 7)) = 0]

® The expression [Mu|=Agx,---x,.U[0] U encodes the schema of

u-recursion where

U = Ay.if ([iszero] (g yx, - - x},)) then (Aw.y) else (Aw.w([succ] y)w)
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Recursive definitions

e The function /() = un.(g(n,7) = 0)is expressed as follows:

int searchFrom(i, nl, n2, ..., nk) {
if (iszero(g(i, nl, n2, ..., nk))) return n;
else return searchFrom(i+l, nl, n2, ..., nk);

}

f(nl, n2, ..., nk) = searchFrom(@, nl, n2, ..., nk);
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Recursive definitions

e The function /() = un.(g(n,7) = 0)is expressed as follows:

int searchFrom(i, nl, n2, ..., nk) {
if (iszero(g(i, nl, n2, ..., nk))) return n;
else return searchFrom(i+l, nl, n2, ..., nk);

}

f(nl, n2, ..., nk) = searchFrom(@, nl, n2, ..., nk);

® The J-expression C encoding searchFrom satisfies the following property:

*

Clallm]-lm] —p  if(liszero]((g][n][m]---[m])
then [n]

else (C([succ][n])[n]---[n;])
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Recursive definitions

® Suppose C satisfies the following property:

C Dy (eys ey iflliscero) (gl o 5y)
then y else (¢([succ] y)x, -+ x;,)) C
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Recursive definitions

® Suppose C satisfies the following property:
C >y (reyxy o if (liszero) ([g]yx -+ ;)
then y else (¢([succ] y)x, -+ x;,)) C
® Then it satisfies the following:
Clallm]--[m]  —5  if(liszero] ([g][n][m]-- [24]))
then [n]
else (C ([succ][n])[m]---[m])
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Recursive definitions

® Suppose C satisfies the following property:
C >y (reyxy o if (liszero) ([g]yx -+ ;)
then y else (¢([succ] y)x,---x,)) C
® Then it satisfies the following:
Clallm]-[m]  ——5  if(limero]((g]ln]m]-[7,])
then [n]
else (C ([succ][n])[m]---[m])

® So letting /* be

Acyxy - x.if ([iszero] ([g ] yxy - 34)
then y else (¢([succ] y ) LX)

we want C —*>ﬁ FC
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Recursive definitions and the Y combinator

® Given a 1-expression /, find an expression C such that

C—,FC
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Recursive definitions and the Y combinator

Given a -expression #, find an expression C such that

C—,FC
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Recursive definitions and the Y combinator

Given a -expression #, find an expression C such that

C—,FC

Define Y =21 .(Ax. f(xx))(Ax. f(xx))
Y F —, (Ax.F(xx))(Ax.F(xx)) — 5 F(Ax.F(xx))(Ax . F (xx))
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Recursive definitions and the Y combinator

Given a -expression #, find an expression C such that

C—,FC

Define Y = A/ (2. f (xx))(2x. f (xx))

Y F — (Ax.F(xx))(Ax.F(xx)) —>, F(Ax.F (xx))(2x.F (xx))
F(Y F)—>, F(ax.F(xx))(Ax.F (xx))

Sothereisa G suchthat Y 7 —, G and F(Y F)—, G

We say that Y /7 =, F/ (Y I)
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Recursive definitions and the Y combinator

Given a -expression #, find an expression C such that

C—,FC

Define Y = A £.(Ax.f (xx))(Ax. f (xx))
Y F — g (Ax.F(xx))(Ax.F(xx)) — 5 F(Ax.F(xx))(Ax.F (xx))
F(Y F) =4 F(ax.F(xx))(2x.F (xx))

Sothereisa G such that Y 7 —, G and F(Y F) —
We say that Y /7 =, F/ (Y I)

Forany 7/, Y F isa C such that C =4 FC

s G
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Recursive definitions and the ® combinator

® Given a A-expression #, find an expression C such that

C—*—>ﬁFC
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Recursive definitions and the ® combinator

® Given a A-expression #, find an expression C such that

C—,FC

® Define 0 = (2xy.y(xxy))(Ax y.y(xxy))
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Recursive definitions and the ® combinator

® Given a A-expression £, find an expression C such that

C—*—>ﬁFC

® Define ® = (2xy.y(xxy))(Ax y.y(xxy))

® OF =(axy.y(xxy))Axy.y(xxy)) F —
(29.9((Axy.y(xxy)) (Axy.y(xxy)) y)) F —,
F ((Axy.y(xxy)) (Axy.y(xxy)) F)=F (0 F)
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Recursive definitions and the ® combinator

® Given a A-expression £, find an expression C such that

C—*—>ﬁFC

® Define ® = (2xy.y(xxy))(Ax y.y(xxy))

® OF =(axy.y(xxy))Axy.y(xxy)) F —
(29.9((Axy.y(xxy)) (Axy.y(xxy)) y)) F —,
F ((Axy.y(xxy)) (Axy.y(xxy)) F)=F (0 F)

® Thus® F —, F (0 F)
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Recursive definitions and the ® combinator

® Given a A-expression £, find an expression C such that

C—*—>ﬁFC

® Define ® = (2xy.y(xxy))(Ax y.y(xxy))

® OF =(axy.y(xxy))Axy.y(xxy)) F —
(29 9((Axy.y(xxy)) (Axy.y(xxy)) y) ) F —
F ((Axy.y(xxy)) (Axy.y(xxy)) F)=F (0 F)

® Thus® F —, F (0 F)

® Forany /7,0 F isa C such that C—*>ﬁ FC
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Recursive definitions and the ® combinator

® Given a A-expression £, find an expression C such that

C—*—>ﬁFC

® Define ® = (2xy.y(xxy))(Ax y.y(xxy))

® OF =(axy.y(xxy))Axy.y(xxy)) F —
(29.9((Axy.y(xxy)) (Axy.y(xxy)) y) ) F —p
F((axy.y(xxy)) (Axy.y(xxy)) F)=F (0 F)

® Thus® F —, F (0 F)

® Forany /7,0 F isa C such that C—*>ﬁ FC

® Y and O are fixed-point combinators
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