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e de Sitter space, dS/CFT and de Sitter entropy

e dS extremal surfaces: future-past, no-boundary.

e Time-entanglement (EE, timelike separations) and Pseudo-entropy

e dS surfaces: analytic cont’ns, subregion duality, entropy relns, Lewkowycz-Maldacena
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Holography and asymptotics

25+ yrs since AdS/CFT 97 Maldacena; 98 Gubser,Klebanov,Polyakov: Witten.

Holography: quantum gravity in M <> dual without gravity on &M ('t Hooft, Susskind).

(Witten@Strings'98, '01)  Gauge/gravity duality and asymptotics —

A <0: AdS — asymptotics at spatial infinity.
Dual: unitary Lorentzian CFT, includes time.

A =0: flat space — null infinity — S-matrix, symmetries. . .

I+
€ future timelike infinity

A > 0: de Sitter space
Boundary at future/past timelike infinity I+,

Dual - Euclidean CFT ... Time emergent.

[note: gravity dual of ordinary Euclidean CFT —— Buclidean AdS]

past timelike infinity
e
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Cosmology, holography, entanglement ...

Time-dependence and cosmology in string theory and holography.

Might regard de Sitter as toy model for cosmology.

dS very different from AdS: a natural boundary in far future/past.
de Sitter space, holography with future boundary — dS/CFT.

Many questions remain with spacelike holographic boundary (J_ time).

de Sitter entropy = area of cosmological horizon (Gibbons,Hawking).
de Sitter entropy as some sort of (holographic) entanglement?

Generalizations of Ryu-Takayanagi?
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de Sitter space and dS/CFT

dS/CFT: (01 Strominger; Witten) future timelike infinity Zt as a natural
dS boundary. Euclidean non-unitary CFT dual. Time emergent.
[note: gravity dual of ordinary Eucl CFT — Eucl AdS|

5 . . . Hartle-Hawking
aldacena '02 =
(Maldacena *02) AdS, analytic continuation — | Zopr = Y4g Wavefunction of the Universe

Bulk expectation values (prpr) ~ [ Do prpp |[¥|?2 — dual = two CFT copies.

Global/static dS from global AdS: other analytic continuations.
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de Sitter space and dS/CFT

dS/CFT: (01 Strominger; Witten) future timelike infinity Zt as a natural
dS boundary. Euclidean non-unitary CFT dual. Time emergent.
[note: gravity dual of ordinary Eucl CFT — Eucl AdS|

dacena '0° i 3 ; _ Hartle-Hawking
(Maldacena *02) AdS, analytic continuation — | Zopr = Y4g Wavefunetion of the Univorse

Bulk expectation values (prpr) ~ [ Do prpp |[¥|?2 — dual = two CFT copies.

Global/static dS from global AdS: other analytic continuations.

2 . 2 ;3.0 0
dS4, Poincare: ds2:ii2§(—d7'2+da‘c’2) U ys(e] ~ eiScilel ~ e Ji Risk e pop+--
—2 -

) ) 2
r— =it Rags = —iRgs- } — dual CFT: (OxOy,/) ~ (sgp%fzw .
KOPr
2
Energy-momentum (TT) 2-pt fn — c3 ~ —%‘f <0, ghost-CFT.

Anninos,Hartman Strominger: higher-spin dSy dual to Sp(N) ghost CFTg, ...

[In general ¥ = W[g3], final 3-metric is g3; sum over final boundary condns for bulk vevs.]
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dS, future boundary, extremal surfaces

[KN '15-23] A natural generalization of Ryu-Takayanagi to de Sitter =
bulk analog of setting up entanglement entropy in dual Eucl CFT —
define some boundary Eucl time slice — codim-2 RT/HRT surfaces
anchored at I*, dipping into holographic (time) direction.

E o
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dS, future boundary, extremal surfaces

[KN '15-23] A natural generalization of Ryu-Takayanagi to de Sitter =
bulk analog of setting up entanglement entropy in dual Eucl CFT —
define some boundary Eucl time slice — codim-2 RT/HRT surfaces

anchored at I*, dipping into holographic (time) direction.

E o

Extremization: surfaces anchored at future boundary It —
No real IT — It turning point (Lorentzian ds).

Interior boundary condns? Time contours?

Surfaces do not return to I1.
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dS, future boundary, extremal surfaces

[KN '15-23] A natural generalization of Ryu-Takayanagi to de Sitter =
bulk analog of setting up entanglement entropy in dual Eucl CFT —
define some boundary Eucl time slice — codim-2 RT/HRT surfaces
anchored at I*, dipping into holographic (time) direction.

Extremization: surfaces anchored at future boundary It —

No real IT — It turning point (Lorentzian ds).

' Surfaces do not return to I7.  mterior boundary condns? Time contours?
—

Future-past surfaces: entirely Lorentzian d.S. Surfaces start at 1+, end at I~ O .

Entirely timelike so area has overall —i (relative to AdS spacelike surfaces). Q

No—boundary surfaces: Hartle-Hawking no-boundary dS. Complex area. \J
(top timelike part of f-p surface joined with real surface with turn-around in bottom hemisphere)

AdS — global/static dS surfaces: analytic continuation = space <> time rotation.
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dS, future boundary, extremal surfaces

[KN '15-23] A natural generalization of Ryu-Takayanagi to de Sitter =
bulk analog of setting up entanglement entropy in dual Eucl CFT —
define some boundary Eucl time slice — codim-2 RT/HRT surfaces
anchored at I*, dipping into holographic (time) direction.

Extremization: surfaces anchored at future boundary It —

N s No real IT — It turning point (Lorentzian ds).

' Surfaces do not return to I7.  mterior boundary condns? Time contours?

Future-past surfaces: entirely Lorentzian d.S. Surfaces start at 1+, end at I~

Entirely timelike so area has overall —i (relative to AdS spacelike surfaces). Q

No—boundary surfaces: Hartle-Hawking no-boundary dS. Complex area. \J

(top timelike part of f-p surface joined with real surface with turn-around in bottom hemisphere)

AdS — global/static dS surfaces: analytic continuation = space <> time rotation.

Areas of these surfaces: new object — “Time entanglement”. [time evol'n op, EE]
Entanglement-like structures with timelike separations < Pseudo-entropy
lef“ 1=Trp <%) [entropy of reduced transition matrix (Nakata, Takayanagi. Taki, Tamaoka, Wei,’20)]
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de Sitter space, extremal surfaces
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de Sitter extremal surfaces

2
2 R
dsS (Poincare) : deH»l = szs (—dr2 + dw? + dw?)
(_dr /7 2 2_ _B2,;2d—2
Sas < | —gEr V1= (@r2)2 — (9r2)"= 5o,

[B2>0]

Bndry Eucl time w=const
strip @ It — codim-2.

Sign diff. from AdS = ‘ No real IT — It “turning point”. KN'15

B2 < 0: Analytic cont’'n » - —ir, R - —iRy g from AdS RT — Complex areas. MKN'
iya]
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de Sitter extremal surfaces

R2
dS (Poincare) :  ds3 |y = %S (~dr? + dw? + da?)

2 _2d—2 4
2 2 _ B 2
TV1=(0ra) — (8rx) *H_BEW [BZ>0] o

Sqs o< [ ng

Bndry Eucl time w=const
strip @ It — codim-2.

Sign diff. from AdS = ‘ No real IT — It “turning point”.

KN 15 > RT

B2 < 0: Analytic cont’n » — —ir, R - —iRyg from AdS RT — Complex areas. KN '15; S

(N '15; Sato;
Miyaji, Takayanagi

7r2/l271

Bndry Eucl time slice, any S~ 1 equatorial plane (OR t=const slice).

2 2
dS (static) ds? = — drZ 4 (Ty —1ae® +r2a03 . [KN 17 »

‘ Future-past (timelike) surfaces connecting I1 to I~

v

=

Hartman-Maldacena (AdS bh) rotated. [area scaling: dS entropy] timelike = overall —i
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de Sitter extremal surfaces

Bndry Eucl time w=const

2

R
dS (Poincare) :  ds3 |y = %S (~dr? + dw? + da?)
strip @ It — codim-2.

2 _2d—2 4
2 2 _ B 2
TV1=(0ra) — (8rx) *H_BEW [BZ>0] o

Sign diff. from AdS = ‘ No real IT — It “turning point”. KN'15 > RT
B2 < 0: Analytic cont’'n » - —ir, R - —iR g from AdS RT — Complex areas. KN ’15; Sato;
Miyaji, Tdkd\d!ldgl

2 2
dS (static) ds2 = 7% + (5 - Dat? +r2a03_ . [KN17) .

Bndry Eucl time slice, any S~ 1 equatorial plane (OR t=const slice).

‘ Future-past (timelike) surfaces connecting I1 to I~

Hartman-Maldacena (AdS bh) rotated. [area scaling: dS entropy] timelike = overall —i

hdnerico .
: dS global: as2 | = —ar? 412 cosn? Tan3.

02

212 cosh2 2 = -
= —dr2+12cosh? T a2 | = ds?, i |y_consr [r=lcosh T]

‘ dsglobal‘ﬂdfconst

- 3
f-p surfaces connecting 0-caps at Ii, wrapping S4~2. IR area —i 7&}4 1 [asy]

[t = Killing time in AdS BH analogy before rotating to dS; also Killing time in static patch.]
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de Sitter no-boundary surfaces

Hartle-Hawking no-boundary proposal: Lorentzian dS evolves in time from a
no-boundary Euclidean initial configuration. Cut global dS in middle (7 = 0 slice),
join top half with hemisphere in bottom half given by Euclidean continuation

ds? =12dr% +12cos? 7 a2 T =ilrgp, 0<7Tp < &
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de Sitter no-boundary surfaces

Hartle-Hawking no-boundary proposal: Lorentzian dS evolves in time from a
no-boundary Euclidean initial configuration. Cut global dS in middle (7 = 0 slice),
join top half with hemisphere in bottom half given by Euclidean continuation

ds? =12dr% +12cos? 7 a2 T =ilrgp, 0<7Tp < &

Some S¢ equatorial plane (i.. s-1) — timelike future-past
surface at 6 = Z IR limit]. Hits 7 = 0 mid-slice “vertically”: join
smoothly at 7 = 0 with surface going around bottom hemisphere.
Smooth joining <> consistency of F-P with Hartle-Hawking.
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de Sitter no-boundary surfaces

Hartle-Hawking no-boundary proposal: Lorentzian dS evolves in time from a
no-boundary Euclidean initial configuration. Cut global dS in middle (7 = 0 slice),
join top half with hemisphere in bottom half given by Euclidean continuation

ds? =12dr% +12cos? 7 a2 T =ilrgp, 0<7Tp < &

Some S¢ equatorial plane (i.. s-1) — timelike future-past
surface at 6 = Z IR limit]. Hits 7 = 0 mid-slice “vertically”: join
smoothly at 7 = 0 with surface going around bottom hemisphere.
Smooth joining <> consistency of F-P with Hartle-Hawking.

IR bottom surface: ds? = 12 dr +12 cos TE(dez +sin? 0 dsz§_2)‘9=£

A -1 /2 d—2 et Vgd—1
rea = m Vea—a Ig/? drg (costp) =3 e,

Precisely half dS entropy: emerges differently from area of cosmological horizon
(static patch observers). [One hemisphere direction here is Euclidean continuation of time in future universe]
Se

s — —ix2 L w2 gimilarities with Wavefunction Wyg — e’
dSy 4G, Te " 20y as =

e Half dS entropy also emerges for no-bndry static patch ¢ = const surfaces.

[dS3: Hikida,Nishioka, Takayanagi, Taki]; [KN]
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dS extremal surfaces — “Time-Entanglement”

dS extremal surfaces: no It — IT returns — timelike components necessarily.

Future-past surfaces: entirely Lorentzian d.S. Surfaces start at 1T, end at 1~

Entirely timelike so area has overall —i (relative to AdS spacelike surfaces). \ )

No—boundary surfaces: Hartle-Hawking no-boundary dS. Complex area. \/

(top timelike part of f-p surface joined with real surface with turn-around in bottom hemisphere)

Note: timelike geodesic length has overall —i relative to spacelike geodesic length.
We call this timelike length as “time” rather than “—i-space”.
These extremal surface areas with timelike components = new object,

“time entanglement” or pseudo-entropy. [entanglement-like structures, timelike separations]

Time-entanglement/Pseudo-entropy in QM [74  =Trp (%)] — later.
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dS, future boundary, extremal surfaces

No It — It returns — future-past, or no-boundary surfaces.
Areas: Sfp = —2150 [[TcF s ’T*]; Snp = —1So I[TcF s T*] + % [1= ‘reduced’ time integral].

apat
" eteric

R limit .
Stp = Snb — Spps Re(Snp) = % dS entropy.
Suggests Spp = Was, Spp = Vas, Vg atur).

=2

Snpb = time entanglement entropy in one copy ¢,5 = Zcpr-

dS extremal surfaces at IT & areas = space-time rotations from AdS.
e.g. dS future-past surfaces = rotated Hartman-Maldacena surfaces (Ads BH).

w2l _ 121 [ 12 _ ml?
[dSa] Spp=—idgre Sw=—ige,c+ae; =~ (4G4e i3e;) [So= &l

[dS3] Sfp = 7Z'GL3 log é; Spp = —i(§ logé+%i7r) [e= %}

[overall —i = space<rtime rotation; (...) = EE for timelike interval, AdS.]
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dSs3, 2-dim CFT, timelike intervals

Entirely Lorentzian global dSs: future-past surfaces on some S? equatorial plane.

. .31
Area sy, = —mGL'B log TLC Matches 2(% log TLC) with cqs, = —132% [2 copies].
No-boundary dS3 surface: area Snb:—iﬁ log 7 + ﬁ = §log -+ §(im).

Im(Sn,) matches ¢ log Tic for half-size interval (IR) in Eucl CFT on circle.

Re(Sys) from deep interior Euclideanization «+ “interior regularity”
in Eucl CFT dual (no time; bulk time emergent).

[S,,5 is overall —i times EE for timelike interval in AdS3 with ¢ = SLAdS
n repy
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dSs3, 2-dim CFT, timelike intervals

Entirely Lorentzian global dSs: future-past surfaces on some S? equatorial plane.
. .31 .
Area sy, = —mGL'B log Tic Matches 2(% log TLC) with cqs, = —’L%G:g [2 copies].

No-boundary dS3 surface: area s,,;,=— zc3 log 7 + 403 = §log A+ § (im).

Im(Sn,) matches §log - for half-size interval (IR) in Eucl CFT on circle.

Re(Sys) from deep interior Euclideanization «+ “interior regularity”
in Eucl CFT dual (no time; bulk time emergent).

[S,,5 is overall —i times EE for timelike interval in AdS3 with ¢ = SLAdS
n repy

Ordinary unitary 2-dim CFTs: EEis s =
Ordinary spacelike intervals A2 >0 — s = £ log .
Entirely timelike interval, width At so A2 < 0: s = Slog &L + & (im).

log A2 %lug—mt)z;(m)"‘,
<

H

[Usual replica formulation in Euclidean CFT: pick interval Az = [u, v] on Eucl time slice 7 = const
— n replicas glued at interval endpts — Trpg — twist op 2-pt fn — S = — lim, _, anTrpj}r
Timelike interval At = [uy, v¢] on Eucl time slice © = const: continue to Lorentzian time rotating
(ug, ve), to (—iug, —ivg) so A2 = —(vy — ug)? = *(At)z-}

[See also studies of quantum extremal surfaces for dS Poincare: bulk ¢ > 0 matter entropy with

timelike separations Chen,Gorbenko,Maldacena, 20, also Goswami, KN, Saini,’21].
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“Time-Entanglement” /Pseudo-entropy:
QM entanglement with timelike separations

(i) time-evolution operator as generalized density operator — partial trace
— RTE op — complex von Neumann entropy ...Pseudo-entropy.
(ii) future-past entangled state & its density matrix: positive entropy EE > 0.
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“Time-Entanglement”: reduced time evol” op

In AdS, specifying boundary data fixes RT/HRT extremization problem.
dS extremal surfaces anchored at future boundary It do not return: extra data
required on boundary conditions in far past. [Witten 01, dS = past-future amplitudes]

Like scattering amplitudes: final states from initial states; equivalently time evolution.

— Entanglement-like structures from time evolution operator U(t) after partial
trace over environment: i.e. “reduced transition amplitudes” and entropy.
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“Time-Entanglement”: reduced time evol” op

In AdS, specifying boundary data fixes RT/HRT extremization problem.
dS extremal surfaces anchored at future boundary It do not return: extra data
required on boundary conditions in far past. [Witten 01, dS = past-future amplitudes]

Like scattering amplitudes: final states from initial states; equivalently time evolution.

— Entanglement-like structures from time evolution operator U(t) after partial

trace over environment: i.e. “reduced transition amplitudes” and entropy.

_iH . Uu(t A A A
Ut) =e Mt 5 p(t) = 7,“&()“ —  p; =treps — Sa=—tr(p; logp;)
— Bt
pt(t) = % = pt(®) =X;pil)plilp, Pi,:ﬁ ’
je
= =0 liYpU'lp o Sa=-X;p} logp]
[alternative normalization, t = 0: py(t) = %]

Resemble usual finite temp entanglement: but imaginary temperature (8 = it).
[Related quantities: time-evolution op with projection onto some state, i.e. U(t)|I)(I| = |Fy(t))(I|.]

< Pseudo-entropy [entropy of reduced transition matrix (Nakata, Takayanagi, Taki, Tamaoka, Wei, 20)].

13 /33



“Time-Entanglement”: reduced time evol” op

In AdS, specifying boundary data fixes RT/HRT extremization problem.
dS extremal surfaces anchored at future boundary It do not return: extra data
required on boundary conditions in far past. [Witten 01, dS = past-future amplitudes]

Like scattering amplitudes: final states from initial states; equivalently time evolution.

— Entanglement-like structures from time evolution operator U(t) after partial
trace over environment: i.e. “reduced transition amplitudes” and entropy.

—iH _ Ut A A A
U= s = o o= tram o Sa=—trlo ogsd)
_iBt
pt(t)E% = pt(®) =X;pil)plilp, ”71:42_;—1%345 ’
J
= o =ipllihpGlp & Sa=-—3;0) logp]
[alternative normalization, t = 0: py(t) = Tru&t({))]

Resemble usual finite temp entanglement: but imaginary temperature (8 = it).
[Related quantities: time-evolution op with projection onto some state, i.e. U(t)|I)(I| = |Fy(t))(I|.]
< Pseudo-entropy [entropy of reduced transition matrix (Nakata, Takayanagi, Taki, Tamaoka, Wei, 20)].

[KN, Saini, 23]

Pseudo-entropy from
Time Evol'n “Components” of time Evol'n op p‘t1> = p|I)(I|:

« | reduced transition matrix
p¢ with projection onto initial state |I)

F){I
T = T"B(iTr‘(uz“g(lI\))

operator py
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“Time-Entanglement”: reduced time evol” op

[KN, Saini, "23]

Pseudo-entropy from

Time Evol'n N “Components” of time Evol'n op P‘tm = pt|I)(I]: < reduced transition matrix
operator p¢ p¢ with projection onto initial state |I') A _ | F) (1]
Ter = TrB(Tr(\F)(I\))

Bipartite system with Hamiltonian eigenstates |4,4’) and energies E; ;/.

e Time evolution operator (normalized) and partial trace over B = {i'}:

1E. gt —1

— - E. .t _ —iE. .t
pr=Np S e TR G et = N (Se ) il N =y e T

e Pseudo-entropy: entropy of reduced transition matrix TI;,“l ;=Trp (%),

with |1y = ¢, ,/14,4/) and |F) = el Ll i’y [NF‘I > b er ]

Vil %iyi
_ ’ * PR _ * .
Trir =Npjp X e ref o 1606371 = TF‘I =Npr (S ¢} red i) 1l

e Time evolution operator with projection onto state |1y = WMLY O

= pseudo-entropy reduced transition matrix for |F’) being time-evolved from |I).

Iy _ _pel DU (1) TR AP I
= = 2 P nd
Pt Tr(pg [ D) (I]) X ) i) (g
I),A I —iE, gt Iy, —1 o —iE, ./t
A A =N (S et e TR D06 [T =2 e 12T TR
I'ime Evol'n op as pseudo-entropy } [y S iBgt/2 iy1li)e, |vp) PR —iEt/2 i)1li)a;
transition matrix (doubled Hilbert sp) Teir = 10p)(¥pl = Tro T =S¢ Bt iy1 (il = U(t)

14 /33



“Time-Entanglement”, examples: 2-qubits etc

2-state system Hlk)y = Ei|k), (k=1,2; (1]12) = 0); |k)p = [k(t)) = e ‘Prt|k)p.

pt = 1+ —L (1)1 + €912)(2]), 6=—(Ey—Eq)t; 2-spinanalogy: 1) = |[++), [2) = |——)

Trp A 0 A A 1 1 1 1

— i = entropy S% = —tr(pj logpi’) = — T log e — log Tre—i0
Real-valued, oscillating in time, periodicity ~ ﬁ; unbounded at ¢t = %: min 89 =log2at t T‘”
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“Time-Entanglement”, examples: 2-qubits etc

2-state system: H|k) = By|k), (k=1,2; (1]2) = 0);
(11) (1] + ¢%9]2) (2)),

pr = —2

Pt

Real-valued, oscillating in time, periodicity ~

140
Tr
B A

kY p = [k(t) = e " Ert k) p.

entropy S % =

—tr(pft log pf') =

0= —(Eg— Eq1)t; 2-spin analogy: |1) = [++), |2) = |——)
1 1 1 1
_ 1 - — 1 -
T4ei® % 13ei® ~ Tye—i0 8 1 —if
unbounded at t = %; min 3?4 =log2at t= ZAng

1 .
AE’

General 2-qubit Hamiltonian # = Bqq[11)(11] + Egq(22) (22| + E1o(]12)(12] + [21)(21])

pt =Nt je

—iB gt
tI i) (il =

(111) (11]+e%01 |22) (22| 4192 (J12) (12]+]21) (21])) [4=0

14ei01 420102

Tro

o =

[ S
1ei01 420102 (

(14 02)11) (1] + (701 + 792)]2) (2])

Generically complex-valued von Neumann entropy. (mixed EE, imaginary temp 8 = it)

01
02

—»ii]

—(E22—Eq1)t,
—(E12—E11)t
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“Time-Entanglement”, examples: 2-qubits etc

2-state systerrr Hlk)y = Ei|k), (k=1,2; (1]12) = 0); |k)p = [k(t)) = e ‘Prt|k)p.

Pt = 1o (DA +¢912)(2]), 6=—(BEy—FE1)t; 2-spinanalogy: 1) = |++4), [2) = |——)
Trp A 0 A A 1 1 1 1
— i = entropy S% = —tr(pj logpi’) = — T log e — log Tre—i0
Real-valued, oscillating in time, periodicity ~ -L_. unbounded at t = M; min 89 =log 2 at t = <11
P Y~ AE AE RE

General 2-qubit Hamiltonian # = Bqq[11)(11] + Egq(22) (22| + E1o(]12)(12] + [21)(21])

—iEgit 11) (114401 [22) (22| 4192 (J12) (12| +]21) (21 t=0 1;

= Ny 43 ) = (DO 2 @2l (12) Gal etz @aD) (10, 3]
T B B . _

"2, ot = s (L eP02) 1) (1] + (01 + P02 12)¢2)) | 01 = ~(Fa2—E1)t,

1+et”l +2e772 03 = —(B12—Eq1)t.

Generically complex-valued von Neumann entropy. (mixed EE, imaginary temp 8 = it)

%: Projection onto Thermofield-double initial states |1) = 55, 5 ¢;;1i4)

Tra |T),A 1 2 2,0
— | = —5 3o (et 1FID (L] + [eaa e 2)(2] [0=—(E22 — E11)t]
¢ et T Heaa 2 )

= reduced transition matrix for |I) and |F) = Y c;;e “Fiit|ii) (— pseudo-entropy).

Max. entangled (Bell-pair) states |c1q|2 =|ego|? = % — Sz (2-state above). Min SOA = log2=EE(|I)).

[Also 2-qutrits, qubit chains, uncoupled & coupled oscillators, CFTqy ...; time-dep intns — no imag temp cont'n.]
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dS future-past surfaces, time entanglement

dS future-past surfaces connecting I to 1.
(akin to  Hartman-Maldacena surfaces (AdS bh) rotated)

Suggests future-past entanglement (betw I+). Meaning?

Recall eternal AdS bh dual to CFTp x CFTg in TFD state (Maldacena)

Speculation: (Lorentzian) dS4 approximately dual to CFTr x CFTp

P
n iyl 7

in thermofield-double-like entangled state w}fp dy _ s yinoi

Tracing over past copy gives mixed state at 1. KN '17; see also Arias,Diaz,Sundell,’19

(Witten, Strominger '01)  bulk time evolution maps I~ to It i.e. \if) — \’if) =
JF L F
|'¢?J;d> unitarily equivalent to > ¢'n'n \LE)\LE) i.e. TFD-like state in two CFT copies at IT.
These future-past TFD states give entirely positive structures (also ghost CFTs
g

Connectedness of fp-TFD states & timelike entanglement <> emergence of time?

van Raamsdonk: space emerges from entanglement. For factorized future-past states, Tr p — pure.

f-p TFD states: reduced transition matrix = time evolution operator; time evol'n = f-p EE. Timelike ER=EPR?
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“Time-Entanglement”: future-past EE

sy‘ dS extremal surfaces at I & areas = space-time rotations from AdS.
-\

Dad

e.g. dS future-past surfaces < rotated Hartman-Maldacena surfaces (AdS bh).

Recall f-p surfaces suggest future-past entanglement |v);, = Zwifﬂf lin) Flin) p-

T
f-p density matrix [¢) 7, (¥ fp —" 5 red. d.m., nontrivial EE.

Example, 2-state QM: Hk) = Bilk), k=1,2; |k)p = k) = Frtik)p. [(1]2) = 0]
W) pp = D5 FINp + J512r20p = Jse PN pIp + e P20 2) pl2)p
fp-density matrix p = |w>fp<¢\fp Tr*P> Sijwlfc;(w;p)lj — time-evol’n phases cancel —

prp = Trpl) fp(blypp = S Elp + 312 C2lIF

Now imagine 2-spin analogy with |1) = | + +), |2) = | — —): partial trace over second component
— Tropsp = %H—)FH—IF + %|—>F<—|F — positive entropy log 2.

[Similar positive structures with ghost-spins ]

Future-past TFD state with timelike separation quite different in principle from

usual TFD. Positive structures in f-p d.m. despite timelike separation.
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de Sitter extremal surfaces,
analytic continuations, space-time rotations,

subregion duality, entropy relns, Lewkowycz-Maldacena
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dS no-boundary surfaces, analytic cont’n

2 2 1—iL

2 _ dr v 2 2,62 i

ds 7—2714-(?[—1)41, +r2a0?_, —
2

2 2
ds? = — (14 5 )ae? + —4v° 4 r2402
, 0+ )t oty s tan
r>1, dS <+ AdS [r <l:tg——it = [0, 5] — dS bottom Eucl hemisphere <+ EAdS]
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dS no-boundary surfaces, analytic cont’n

ds? = - 1)d,r,2 +r2d02

T+(

r> ,dS(—)AdS

Analytic cont’'n = space<>time rotation:

[r<l:tg——it =10,

l—iL +7‘2d523

2 2
2 _ r 2 dr
ds2 = (1+F2>dt + iZT .

Z] — dS bottom Eucl hemisphere <+ EAdS]

AdS RT surface from r — oo (boundary) to

r =0 (and backk — IR dS RT/HRT surface from r — oo (future boundary) to r =1
(Lorentzian dS) going around Eucl hemisphere (r =1 to r = 0) (& back to 171).

dS RT/HRT surfaces, t = const slice (natural metaobservers?)

12

2 ; 2
r>1] ds2=——4r2_ 1 ,2q02 | AL, g2 _dro 4 .2402
l" —1 1 T
1z 12
[r<1] ds?2 = —dr 2 +r2a0? | A=il, g2 _dr 2 +r2a0Z_
1_r? 1+ D
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dS no-boundary surfaces, analytic cont’n

2 _ 2 2,62 =il 2 _ r2 2 dr? 262
ds Tﬁ—( —1)d,t, +r2a02 | 2 ds 7—(1+ﬁ>dt +?T+r ao?_,
2

r>1, dS < AdS [r<l:tg——it=[0, 5] — dS bottom Eucl hemisphere <+ EAdS]

Analytic cont’n = space<>time rotation: AdS RT surface from r — oo (boundary) to
r =0 (and backk — IR dS RT/HRT surface from r — oo (future boundary) to r =1
(Lorentzian dS) going around Eucl hemisphere (r =1 to r = 0) (& back to 171).

dS RT/HRT surfaces, t = const slice (natural motnobq(‘rvcrs?)
2 .
r>1] ds2=——4r2_ 1 ,2q02 | AL, g2 _dro 4 .2402
2771 1+j .
; 2
[r<l] ds? = —dr 2 +r2a0? | M 27N —dr= 42402
T P

=Ty T+

Ved— d—2 —i Ved— d—2 Ved— <
IR: max 454 2 fURC 7 dzr L——il 45(1 2 f(]) r d; 4éd 2 flRC pd—2
subregion da+1 \/1+L d+1 \/17L d+1
L2 12
=1y d—1 pd—2

\+ oeneri _ 1 d—1 l B¢

(blue: generic 6 o) = 3 agsq #4Gd+1 ld 5> + -
2 2 2

. L Re _,; ml* Re¢ Tl o 2L Re a1 Re 7l

lasa: 387 (e —1) - —igk fe + 34 [asg: g los 3= = —igdy los 9¢ + g
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dS surfaces, subregion duality, geometrically

IR surface, t = const slice, maximal subregion — red surface;

Generic subregion, blue: tilted “great circle” in hemisphere, i
joining with tilted timelike surface in Lorentzian top half.

dS3 explicitly solvable; dSqy1, perturbatively analysed. -t
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dS surfaces, subregion duality, geometrically

IR surface, t = const slice, maximal subregion — red surface;

Generic subregion, blue: tilted “great circle” in hemisphere,

joining with tilted timelike surface in Lorentzian top half.

dS3 explicitly solvable; dSqy1, perturbatively analysed. -t

Time-entanglement/Pseudo-entanglement
wedge: Max subregion, t = const slice: green
bulk region bounded by (red) IR surface and
boundary subregion. (Violet complement region)

Including t-direction — top wedge (containing future of IR surface on vertical

t = const slice), bounded by I'" subregion = analytic continuation from AdS.
Space-time rotation from AdS EE wedge. (dS/CFT via relative entropy, modular flow etc?)
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dS surfaces, subregion duality, geometrically

IR surface, t = const slice, maximal subregion — red surface;

Generic subregion, blue: tilted “great circle” in hemisphere, i
joining with tilted timelike surface in Lorentzian top half.

dS3 explicitly solvable; dSqy1, perturbatively analysed. -t
Time-entanglement/Pseudo-entanglement

wedge: Max subregion, t = const slice: green )
bulk region bounded by (red) IR surface and

boundary subregion. (Violet complement region) al.

Including t-direction — top wedge (containing future of IR surface on vertical

t = const slice), bounded by I'" subregion = analytic continuation from AdS.
Space-time rotation from AdS EE wedge. (dS/CFT via relative entropy, modular flow etc?)

Multiple disjoint boundary subregions: A
red, violet, blue no-boundary dS extremal surfaces. A N !
Complex areas so entropy inequalities behave differently ‘.‘.

from AdS entanglement. Bulk subregions not disjoint.

[Note that t = const slice geometric subregion duality is somewhat different from equatorial plane d.S surfaces.]
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dS surfaces, entropy relations/inequalities
asg: sl = 71'2&3 log Be 14G log(sin? 0o0) + 75k
IR, 6o = & : S{H:77‘,:— log Be *4(,5

Two adjacent disjoint subregions A, B (2000 =%); AUB = (2000 =m).

“Mutual time-information” or “mutual pieudo—information”:

I4[A, B] = S[A] + S[B] — S[AU B] = 2G log +12G log2+4G

= Rely >0, ImI; <O0. (antipodal subreglonm, I; = 0)
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dS surfaces, entropy relations/inequalities
asg: sl = 71253 log Be 14G log(sin? 0o0) + 75k
IR, 6o = & : sk = 7)(dl<)g +4(,

Two adjacent disjoint subregions A, B (2000 =%); AUB = (2000 =m).

“Mutual time-information” or “mutual pseudo—information”:

I4[A, B] = S[A] + S[B] — S[AU B] = 2G log +12G log2+4G

= Rely >0, ImI; <O0. (antipodal subreglonm, I; = 0)

=7

Tripartite time-information: 3 disjoint adjacent quadrant subregions A, B, C (2000 = %).
A U B, B U C maximal (IR) subregions. A U C, antipodal quadrants (extr. surf. = “inner” (= B) + “outer”).

4 2 4 4 4
sAfstscfs"/, sAstBcfs"/ Sac 75"/ +s§’/, sABcfs"/

I§[A,B,Cl = Sp + S+ Sc — Sap — Spc — Sac + Sasc =i2cl;3 log2 = ImI§>o.

SAB+SBC—SABC—SB:—i2é3 log2,} Re SSBY ,
SAB+SBC—SA—SC:—1‘2CL',3 log 2. Im SSBY ,

0,
Strong subadditivity:

IN IV

0

dS area/entropy relations special (relative to qubit system pseudo-entropies).
Note: AdS analytic continuation il — —L = MI >0, I3 <0, SSB"“?>o0.
Consistent with AdS RT/HRT areas which are also special Hayden Headrick,Maloney, 1.
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Qubits, pseudo-entropy inequalities

I| U)| 1) (1]

LF)( _ : —iHt
TeRI) = e D D [= time evoln op U(t) =e i H?

Pseudo-entropy p: = with projection]

for TFD-type initial state |I) and its time-evolved final state |F') = U(¢)|I).
2-qubits: [I) = c11]11) + c02]22), |F) = c11e E11t|11) 4 cope~1F22%|22)

lle1112+leaz2l? =15 le1112 =25 6=—(Bgp - E11)t]

Pt =Trope, p2 =Tripe. p2=pf = m(z\lﬂll +(1— w)ei9‘2>(2|> ,
i0 0
2 1 x x (1—m)e” (1—x)e
Sy =8S; = — — 1 - — - 1 -
t t T+ (1—2)ei® C oi(l—a)e®  z4(l—a)et® % at(1—xz)eid
Near t = 0: S}(t) ~ S}(0) + L skt =sg,
5E(0) = —zlogz — (1 — z)log(1 —x), £ 5H(0) = —iAEz(1 — ) log 12—

Mutual pseudo-information: I4[1,2] = S} + 57 — S ~ 259; Rel; >0, ImI; 20
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Qubits, pseudo-entropy inequalities

Pseudo-entropy p; = Tr‘(ﬂzﬂgilﬂ) = Trzsz({f()t\)ll>1§1<|“) [= time evoln op U (t) = e~ *H? with projection]

for TFD-type initial state |I) and its time-evolved final state |F') = U(¢)|I).

2-qubits: [I) = c11]11) + c02]22), |F) = c11e E11t|11) 4 cope~1F22%|22)
lle1112+leaz2l? =15 le1112 =25 6=—(Bgp - E11)t]
2 1
t

1 2 1 16
Pt =Trapt, p3 =Tr1ipe, Py =pp = W(zmuwuﬂw 12)¢21)

(1—z)et? (1—z)et?

2 1 x x
Sy =8S; = — — 1 - — - 1 -
t t T+ (1—2)ei® C oi(l—a)e®  z4(l—a)et® % at(1—xz)eid
Near t = 0: S}(t) ~ S}(0) + L skt =sg,
5E(0) = —zlogz — (1 — z)log(1 —x), £ 5H(0) = —iAEz(1 — ) log 12—

Mutual pseudo-information: I4[1,2] = S} + 57 — S ~ 259; Rel; >0, ImI; 20 ‘

3-qubits: |I) = c1111111) + c2221222), |F) = cy11e” *PLI1E[111) + cgope ™ 182227 222)

123 F) (I 1 123 1 i0 2 3 1
2 = s ph = Teag 0123 = W(zmm + - 2)e?2)2)). o7 =0f = o},

12 _ 123 _ 1 _ 6 23 _ 13 _ 12
pi2 = Trg o} 77$+<lﬁ)ew(z\u><u\+<1 @)etf122)(22]), pP3 = p}® = o}

i i i ion: 1t _ sl g2 3 _ 423 13 12 123 _
Tripartite pseudo-information: 1%[1,2,3] = s} + s7 + 57 — 572 — 53 - 52 + s{?3 =0

SSB: ssBt =5}2+523-5}22-52 =5}, ssBl=5/2+53 -5l -5} =0
ReSSBY >0, ImSSBY 20 (z# %)

[Specific TFD states above; more general states?]
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dS no-bndry surfaces, Lewkowycz-Maldacena

+ ‘
Hartle-Hawking Wavefunction of the Universe Wgg[h;j;, ¢o] = f’r{b Dg D¢ ei519:9] .

Best regarded as amplitude (transition matrix) for creating universe M{[h;;] with
final bndry condns (h;; at IT) from “nothing”, i.e. satisfying Hartle-Hawking

no-boundary condition.

K
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dS no-bndry surfaces, Lewkowycz-Maldacena

+ ‘
Hartle-Hawking Wavefunction of the Universe Wgg[h;j;, ¢o] = fib Dg D¢ ei519:9] .

Best regarded as amplitude (transition matrix) for creating universe M{[h;;] with
final bndry condns (h;; at IT) from “nothing”, i.e. satisfying Hartle-Hawking
no-boundary condition.

(el a(r<D)
Semiclassically W g ~ eZS( = eSE .

Top Lorentzian part (real S(">!) = pure phase.
Bottom hemisphere: Lorentzian4iSCl continues to Eucl gravity action

<l g . "Vga 2 .
s{r ):7/ Va(R=28) — } e 8t 6 = 32 for dSy bp s vp = ).

nbp

23 /33



dS no-bndry surfaces, Lewkowycz-Maldacena

+ )
Hartle-Hawking Wavefunction of the Universe W 5[hij;, ¢o] = fib Dg D¢ ei519:9] .
Best regarded as amplitude (transition matrix) for creating universe M{[h;;] with
final bndry condns (h;; at IT) from “nothing”, i.e. satisfying Hartle-Hawking

no-boundary condition.

v . . ig(r>1 (r<i)
Semiclassically W g ~ eZS( = eSE .

Top Lorentzian part (real S(">!) = pure phase.
Bottom hemisphere: Lorentzian4iSCl continues to Eucl gravity action
. . 1t
s%’<”:7/ Vi (R — 2A) 7a%m%l%:%ford54 (nbp is 7y = ).
nbp

Lewkowycz-Maldacena: bulk AdS replica dual to boundary replica EE argument.
ZorT = Zpulk = boundary entanglement entropy = bulk entanglement entropy.
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dS no-bndry surfaces, Lewkowycz-Maldacena

+ ‘
Hartle-Hawking Wavefunction of the Universe Wgg[h;j;, ¢o] = fib Dg D¢ ei519:9] .

Best regarded as amplitude (transition matrix) for creating universe M{[h;;] with
final bndry condns (h;; at IT) from “nothing”, i.e. satisfying Hartle-Hawking
no-boundary condition.

(el a(r<D)
Semiclassically W g ~ eZS( = eSE .

Top Lorentzian part (real S(">!) = pure phase.
Bottom hemisphere: Lorentzian4iSCl continues to Eucl gravity action

<l g . "Vga 2 .
s{r ):7/ Va(R=28) — } e 8t 6 = 32 for dSy bp s vp = ).

nbp

Lewkowycz-Maldacena: bulk AdS replica dual to boundary replica EE argument.
ZorT = Zpulk = boundary entanglement entropy = bulk entanglement entropy.

dS/CFT: Zcpr = VY45 = boundary replica via Zgpr — bulk replica on
Wavefunction W45 (single ket, not density matrix).
This is Pseudo-Entropy (entropy of transition matrix).
Intrinsic object = W4 5 = non-Hermitian. Complex areas expected

(imaginary parts from Lorentzian part of ¥yg).
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dS no-bndry surfaces, Lewkowycz-Maldacena

LM AdS review

Subregion, const time slice — bndry, codim-2 — codim-2 bulk extremal surface.
Replica space: n copies permuted by Z, replica symmetry.

Bndry replica space M, extends into a smooth bulk replica covering space B,.

(smooth covering space, replica bndry condns for gluing » copies cyclically)
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dS no-bndry surfaces, Lewkowycz-Maldacena

LM AdS review

Subregion, const time slice — bndry, codim-2 — codim-2 bulk extremal surface.
Replica space: n copies permuted by Z, replica symmetry.

Bndry replica space M, extends into a smooth bulk replica covering space B,.

(smooth covering space, replica bndry condns for gluing » copies cyclically)

Replica quotient space B = Bn quotiented by Z, replica symmetry
(bndry = 8By, = My, /Zn = M1, original bndry space)
— conical (orbifold) singularities = bulk Z,, fixed points (n # 1).

Like 4d cosmic string geometry: locally each of n copies in B,, same as single copy.
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dS no-bndry surfaces, Lewkowycz-Maldacena

LM AdS review

Subregion, const time slice — bndry, codim-2 — codim-2 bulk extremal surface.
Replica space: n copies permuted by Z, replica symmetry.

Bndry replica space M, extends into a smooth bulk replica covering space B,.

(smooth covering space, replica bndry condns for gluing » copies cyclically)

Replica quotient space B = Bn quotiented by Z, replica symmetry
(bndry = 8By, = My, /Zn = M1, original bndry space)
— conical (orbifold) singularities = bulk Z,, fixed points (n # 1).

Like 4d cosmic string geometry: locally each of n copies in B,, same as single copy.

= adding codim-2 cosmic brane source (wrapping transverse directions, area A)

will desingularize conical singularities. [deficit angle 27 — 27]

n—1 A n=l+e

Smooth action I, = nli + Iprane = nl1 + =47 ——— (1+4+el+e %.

Semiclassically Z,, = Z[l’;n] ~e I so entropy via replica is
S = — lim non(log Z, —nlog Z1) = lim (1 — ndy)log Zp, = — lim (1 — ndn)In
n—1 n—1 n—1
= % = area of RT/HRT entangling surface.
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dS no-bndry surfaces, Lewkowycz-Maldacena

LM dS: consider IR surface on t = const slice. Twist operators
at 0 = g endpoints of hemispherical maximal subregion € I+ )
— n copies of Wavefunction ¥, g glued appropriately. G
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dS no-bndry surfaces, Lewkowycz-Maldacena

LM dS: consider IR surface on t = const slice. Twist operators
at 0 = i% endpoints of hemispherical maximal subregion € I+ )
— n copies of Wavefunction ¥, g glued appropriately. G

: — i ig(r>1) (r<t)
Analytic cont’n: Z?udli ~ e Toulk 5 Wyg ~ eiSel = ¢S o) (single copy).

Replica, n copies: %’; — %% (@4, quotient bulk replica space, replica bndry condns @I+)
1 1

Semiclassically: Zp ~ e~ In — Wy ~ eSn; 1, & isy =SS 4 sg<l>

Orbifold singularities in ¥y, (n # 1) smoothed out by codim-2 cosmic brane.

n — 1 limit: satisfies HH no-boundary condn, wraps will-be no-bndry dS surface.

1—n A
—Iprane = nn b{‘éne (In =nly + Iyrgne)

AdS

brane

Pseudo-entropy: S; = lim (1 —ndy)log ¥, = lim (1 —ndy) 1-n Aprane —
n—1 n—1 n 4G
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dS no-bndry surfaces, Lewkowycz-Maldacena

LM dS: consider IR surface on t = const slice. Twist operators
at 0 = i% endpoints of hemispherical maximal subregion € I+ )
— n copies of Wavefunction ¥, g glued appropriately. G

: — i ig(r>1) (r<t)
Analytic cont’n: Z?udli ~ e Toulk 5 Wyg ~ eiSel = ¢S o) (single copy).

Replica, n copies: %’; — %% (@4, quotient bulk replica space, replica bndry condns @I+)
1 1

Semiclassically: Zp ~ e~ In — Wy ~ eSn; 1, & isy =SS 4 sg<l>

Orbifold singularities in ¥y, (n # 1) smoothed out by codim-2 cosmic brane.

n — 1 limit: satisfies HH no-boundary condn, wraps will-be no-bndry dS surface.

1—n A
—Iprane = nn b{‘éne (In =nly + Iyrgne)

AdS

brane

Pseudo-entropy: S; = lim (1 —ndy)log ¥, = lim (1 —ndy) 1-n Aprane —
n—1 n—1 n 4G
Cosmic brane not spacelike <» Euclidean + Lorentzian (timelike) no-bndry dS
extremal surface. Complex area (pure imaginary top timelike part) reasonable.
LM replica formulation: entropy = area of codim-2 brane created from “nothing”.

Amplitude for this process divergent if Lorentzian part (which goes all the way to late times) were real. Here

timelike part = pure phase cancels in probability (finite: bounded real part from hemisphere, set by dS entropy).
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Conclusions, questions

e Future boundary: no IT™ — It turning point. Surfaces do not return to I+.

(a) Future-past surfaces, end at past boundary I . Pure imaginary area.

Suggest a CFTp x CFTp dual in f-p TFD-like entangled state.
codim-2 surfaces <
(b) No-boundary surfaces, top timelike f-p joined with Eucl surface 0 lm surtaces
antipodal metaobservers?
in bottom hemisphere. Real finite part of area is half dS entropy.

— Pseudo-entropy. AdS, analytic cont’n = space < time rotations.
pseudo-entanglement wedge, entropy inequalities, Lewkowycz-Maldacena.

Various new features. Deeper understanding? More generally, extremal surfaces, cosmology, past boundary condns?

e Spatial infinity boundary (AdS) rotated to timelike infinity boundary (dS): spacelike
RT/HRT surface (real area) rotated, includes timelike components (complex area).
Time-entanglement/Pseudo-entropy: entanglement-like structures, timelike separations:

(i) reduced time evolution operator, mixed state EE 4 imaginary temperature
<+ reduced transition amplitudes, pseudo-entropy, ...

(ii) positivity in future-past entangled states & density matrices.
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Holographic entanglement entropy

Entanglement entropy: entropy of reduced density matrix of subsystem.

EE for spatial subsystem A, Sy = —trp4 logp 4, with partial trace p4 = trgp.

sy s

i
NG

Operationally: Const time slice, boundary subsystem — bulk slice, codim-2 extremal surface.

Ryu-Takayanagi: EFE = W

[~ black hole entropy] Area of codim-2 minimal surface in gravity dual.

Non-static situations: extremal surfaces (Hubeny, Rangamani, Takayanagi).

2
Ex.: CFT4 ground state = empty AdSg 1, ds? = I:—Q (dr2 — dt? + dw?). Strip, width Az =1, infinitely long.

d—1
V, R
Bulk surface x(r). Turning point ry. Sy = Jd—27% 1 ddil 1+ (8r2)2 — extremize —
ks

1Ga41
2d—2
(9pa)2 = %ﬁ s % = Jo* drop=. | o gty AdS Kasner:
- *
d—1 spacelike extremal surfaces in
5, = Ya—2h re _dr P
4G4 € rd-1 [1—(r/rye)2d—2 ‘ reliable semiclassical region
far from singularity.
[2d] Sy = 253 logé ,

e . .
me s tg Surface lies almost on

extremalsurface

CFT thermal state (AdS black brane): minimal surface _ T
t = const slice and

i d—1 T—— . .
wraps horizon. sfi7 ~ gT Td—1 Vg_ol oundary wegraicamein— hends away from singularity.
+1

(Manu,KN,Paul,’20)
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de Sitter future-past surfaces

=1y,
o Vgd—2
1Gat1

Boundary Eucl time slice: s4=2 ¢ 5d—1; codim-2 surfaces wrap gd—2 [all gd-1 equatorial planes equivalent]

Entirely timelike surface so overall —i in area S — S =—i

I - f@n?

"

. 22 2\20,1\2 _ B2r2d-2
Extremize — we = (1 - T ) (’LU ) = W .
209y g o
B=const, S = —ZTSd T gzl —_—1t . s
d+1 € T 1—724B272d=2 N
Future-past surfaces stretching from It to I~ | [kN17] »

Hartman-Maldacena surfaces (AdS bh) rotated.

[real turning point 74 at || — oco: 1 —73 + Bzvfd_Q = 0}

Limiting surface as Aw — oo, whole space at IT  (das4: B - Lire = V2)

Area law divergence sdiv ~ 71%£ ; Finite part sfin ~ —; "Glj Aw
Scaling: de Sitter entropy — akin to number of degrees of freedom in dual CFT.

Suggest TFD-like entangled dual of two CFT copies at IT. [AdSy BHRT-EE ~ g—i (% + #T2VL)]

Vanishing mutual information, SSB saturated, “entanglement wedge”, subregion duality, ...

A = (wyp,wg), B = (wg,wy) = S[AUB] = S[wy] + S[wa] 4+ S[wz] 4 S[wy] = S[A] + S[B]
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.
de Sitter future-past surfaces
[Future-past surfaces: entirely timelike surface, overall —i in area.]
dS global: sphere foliations. ds3,, = —dr? + 12 cosh? T an3.
Budry Eucl time: any S% equatorial plane. Cap-like subregion (Ii): 0 = const latitude on S9!,
e o
. Future-past surfaces stretching betw caps at 1+
2092V
S = —iWSfZ [ dT (cosh T)d_2 (sin G)d_2\/1 — cosh? 7 (8,6)2

2
— ., _ _;ml? e/l
R—6=73: S=—ig- [

wrapping S d—2,
=2

2
dt cosht ~ —i ;GL4 TLL [dSy4]

Area law divergence, no finite part. [cutoff Te = le=T¢/l ~ 0 near 7¢ — ool

2 _ 2,52 21 102 — 2 _ T
dsgl0b01|9d:const = —d7r°+1%cosh® T dQ3_, = dsstatic'f,:congf, [r=1cosh l]

dS static: Bndry Eucl time slice: t = const slice [S“l_1 eq.planes earlier|

[t is Killing time in AdS BH analogy before rotating to dS; also Killing time ¢ in static patch.]

Cap-like subregion (IT): 6 = const latitude on S4—1. [generic o difficult to analyse explicitly.]
ds, 2
6 = T — simplifications — extremal future-past surface — Area s —2%, _;7l

G

N
o=
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Entanglement in ghost theories: “ghost-spins”

KN; Jatkar,KN; Jatkar,Kolekar, KN

e Replica arguments (Calabrese, Cardy) can be generalized to ¢ = —2 ghost CFTs:
twist operator 2-pt fn -+ ¢ < 0= 5 < 0. [1L) =10); (—QIT(2)]0) = 0]
“Ghost-spin” — 2-state spin variable with indefinite norm. [ordinary spin:
L4 (tIM)=1=)]
T =dIn=1 =4l =0

Ii>5%(m>i\l>); (£l£) =744 =*1, (+]-) =(-|+)=0

Infinite ghost-spin chains, (nn)-intns — continuum limit — be-ghost CFT.
e Two ghost-spins: [1) = S |i)|j) — p = [){yy| — partial trace
— RDM for remaining ghost-spin — von Neumann entropy.
e e o e R L e AR s
RDM: (pa)* = 9k, EE: Sg = —v;j(palogpa)¥
In general: (i) +ve norm |¢)) % +ve RDM, EE. (ii) new entanglement patterns.

e.g. (pA)ffek = Xe; i.e. (pA)ij ej = ~t Xej. -ve norm = eigenvalues X in general complex.

e Entangle identical ghost-spins from each copy — +ve norm, RDM, EE
[y = T |+H)|+) + 9~ |=)—) = (¥[¢p) >0 —> correlated ghost-spins

Also true for 2 copies of ghost-spin ensembles: |[) = 2|'7n> Yo oY on), (Plp) >0
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Quantum extremal surfaces

Exciting recent developments in black hole information paradox
Penington; Almheiri,Engelhardt,Marolf,Maxfield; Almheiri,Mahajan,Maldacena,Zhao; ... .

New insights from generalized entropy and quantum extremal surfaces.

2-dim CFT techniques — adapt Calabrese,Cardy formula for subleading bulk

matter contribution to entanglement entropy.

Sgen = Scl + Sbulk = %

5 + 1—62 log (A2 ef‘(tJ)) + ... (a2 =(an? - (an?)

— extremize — QES (retaining only terms relevant for extremization)

® Sgen pertains to 2-dim theory from dim. red’n of higher dim space.

e subsystems here are full space (higher dim transverse space compactified):
QES is point in 2d space — IR limit of higher dim RT/HRT.

0 I Kk é : classical area term S.; dominant but Sy, ;5 appreciable.

o If Sy overpowers S.;, Bekenstein bound violated — islands.

Hartman,Jiang,Shagoulian
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Quantum extremal surfaces
Manu,KN,Paul

[2d redux, Bhattacharya,KN,Paul]

[holographic boundary observer at (tq, 0)]

Sgen:%—i-élog (A2 ef|(tyr))+ Ce (A2 =02 (1 — 1))

2

Time-independent examples: everything is on const time slice (¢ = to above).

AdSq, 2 reduction (earlier): ¢ = RO gs? = BOEL 2 4 g2y

i = pdit1
) 2,2 ds
7¢7Rd1 c re/ehv . _ _$r d;R% ¢ (dj—=1\ 1 _
Sgen = 4& s + 15 log (7(7‘/1%)‘17',*1) = drSgen = 45 réz+1 6 ( L2 ) i 0
‘boundar; .
Jir Both terms negative: ¢ > 0 and d; > 1
= 7. — 00 — entire Poincare wedge
) —
&, 0 = usual ads, ,, entanglement wedge. (maximin)

[S©:5- ~ 0: AdS ground state]

Can be recast as Sgen ~ % + ﬁ di(;l log ¢

= Shuik is subleading to classical area [¢ not too small]

— Bekenstein bound not violated — no islands.
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Quantum extremal surfaces: de Sitter (poincare)

Goswami,KN,Saini

_ R2 2 2 2 2 _ Rt o 9 2
= fp(car? 4 ae? + v - ¢ = —T)d , ds® = (—T)d'i+1( dr + dx®)

dSq, 4ot ds?

: . _ ¢ Rr%i . o pgld;+1)/2
Generalized entropy: Sgen = L ﬁ + £ log (A i )

2 _ Y2 2
Cn@Fn/z) AT=BnTmmT)

ation: | € Az _ di¢ R c ditl _ ¢ T=79
Extremization: | § 35 =0, & (Cr)ditT ti2 T 3 Az = 0
o Timelike-separated QES: (d; =1 +» dSg, Chen,Gorbenko,Maldacena)
_ 2 (2. di¢gr R% | ¢ di+1 _
Az =0, A% =—(1—10) TG (7—)’1+1+ (-r)+37—m_0
i . Aw = = di  3éry1/d;
Late-time observer 7 ~ 0: Az =0, 74 = 7R(377;ii EE) /d4

Timelike-separated = A2 < 0 — generalized entropy acquires imaginary part

e Spacelike-separated QES: exist in certain regimes with spatial regulator

d;br R% d;i+1
A ~RE, G a5 S~

T—T0

~C
7~ 3 R2

* Re — oo = T — —oo. * Late-times — no real solution.

FRW, scalar source p = wp! ds? = —dt? + a(t)?dz? — ¢ =ai, ds? =aditl(—dr? + da?)
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