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e Basic setup: Lifshitz spacetimes

e AdS/CFT with null and cosmological deformations

e Null: dim’nal reduction, holographic correlators, fielcetiry
e Spacelike and anisotropic Lifshitad.S, and M-theory . ..
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AdS/condmat and Lifshitz systems

Interesting to explore the space of physical systems abdéesdthin
string theory, incorporating key gualitative physicaltieas.
Generalizations of AdS/CFT to nonrelativistic systemisholographic
condensed mattekon; Balasubramanian,McGreevy; Adams et al; Herzog et al;

Maldacena et al; ...

Lifshitz fixed points arise in magnetic systems with antiferromagnetic
Interactions, dimer models, liquid crystals, ...

Symmetries t, x;-translations;;-rotations, anisotropic scaling

t — Nt, z; — A\x; [z: dynamical exponent].

dax? +dr? _ ,
t— . Kachru,Liu,Mulligan

Lifshitz spacetime: ds? = —f%i + —
lz=1: AdS] Scaling: t — Nt, x; — Az, r — Ar.

Solution to 4-dim gravity withtA < 0 and massive gauge field ~ di

(or alternatively gauge field + 2-form: dualize to geimass)
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Lifshitz from string constructions?

Many holographic condmat investigations are at the levelfffefctive
gravity actions with appropriate matter content.

If basic qualitative features of a certain physical systeeraalizable
holographically: string constructions? Expect to leatenasting things
from string embedding, more microsopic description.

Naive expectationstiy x M=% or Liy x M1~ solution in string or
M-theory. Supported by extra fluxes in the compact speceé—<.

(Takayanagi et 3 These ansatze (+warping) do not work. Basic violations
— flux positivity, existence of certain forms assumed etc.

z = % Lifshitz solutions from D3/D7-construction$akayanagi et Jt
necessarily anistropic, require scalar that breaks sgalimmetry.
Similar solutions exist, where geometry is Lifshitz butlaca@r other
field breaks symmetry.

We’'ll describe alternative ways to construct 2 Lifshitz.
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AdS null/cosmological deformations

AdSs x S°:  ds? = S (nudztda” + dr?) + ds?; (Poincare),
with 5-form field strength and dilaton (scal@p)= const.
Turn on non-normalizable deformations for metric, dilatomnNT):

ds* = 5 (Gudatds” + dr?) + ds%s ® = d(zH) .

This is a solution in string theory if
Ry = 30,920, , 7= 9u(V=3§3"9,®) =0,
i.e. If It IS a solution to a4-dim Einstein-dilatorsystem.
We'll be most interested in: ® = ®(z™) or & = (1) .
General family of solutions: (=™ ) harmonic function)
ds? = 2712, detdx” + ZV 2 gppda™da , @ = ®(zM),
gmn(z™) is Ricci flat, andg,,, = g, (z#). [0 =0123,m =4...9.]
AdS, solutions andM-theory: later.
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AdS null deformations

ds® = r%[ef(x+)(—2daj+dy_ +da?) +dr?] +dsgs ,  P(zT).
Constraint on these solutionsiR, | = 1(f)* — f" = 3(®')%.
Function-worth of solutions: generically can chodsie: ).

o w2f/

The coord. transfmnw = re=7/2, = =y~ — i gives

ds* = 5 [—2dztdz™ + da? + Fw? (@) (dz™)?] + de; .
Now boundary atv = 0 manifestly flat 4D Minkowski spacetime.

This is a general feature: often possible to find new cootdsauch
that boundary metrids% = lim,_. r%ds? is flat, at least as an
expansion about the boundary=€ 0) if not exactly.

These aré’enrose-Brown-Henneaux (PBtansformations: subset of
bulk diffeomorphisms leaving metric invariant (in FeffexmGraham
form), acting as Weyl transformation on boundary.
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AdS null deformations

Conformal: ds? = 7%2[e«78($+)(—2fix+dy_ + dx?) + dr?]
Lightlike = no nonzero contraction in curvature invariants. Potestigjularities at = oo
likely absent. Tidal forces?

Earlier cosmological interpretationc™ = lightcone time. Bulk cosmological singularities
(Bang/Crunch): choose/ — 0. Time-dependent cpIngZYM — ¢®=") in dual gauge theory.
PBH: ds® = L [—2dztde™ + da? + 2w?(®)2(dat)?) + 44
Regardr™ as a compact coordinate with fixed sizeT = ¢ (time).
Consistent:g, . ~ (®)? > 0 suggest$), is spacelike vector.
Strictly speaking:z™ = const surfaces are null surfaces, with null
normaldz™ (g7t = 0). = = const surfaces spacelikg(~ < 0).
Corroborates that in PBH system, natural to take ~ time.
Choose:/, ® periodic inz T, regular. Spacetime likely regular.
Tidal forces? (recall tidal forces in Lifshitz spacetimes)
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AdS null deformations: symmetries

PBH: ds? = L[—2detda™ + da? + tw?(®')?(dat)?] + L4

Symmetries:.x—, x;-translations,z;-rotations, z = 2 scaling
T =t — Nt, x; = \r;, w— \w (zT compact, no scaling).

= noncompact: lightlike boostsz™ — Az, 2= — 127 .
T compact=- lightlike boosts broken: they change physical
parameters in compactified nonrelativistic theory whichhot fixed.

gyt ~ (@)% =0: AdS in lightcone coordinates with™ compactified
— nonrelativistic, Schrodinger (Galilean) symmetries

| GoldbergeyBarbon et glMaldacena et &l
Galilean boostsr; — z; —viz ™, 7 — 21 — %(21)7;:1:7; —vixT):
broken herez = 2 special conformal symmetry also broken.
Nontrivial z*-dependences> » = 2 Galilean broken to Lifshitz.

Symmetries can also be seen in conformal coordinates earlie
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Dimensional reduction

PBH: ds? = L [—2datde™ + da? + 2w?(9)2(dat)?] + L .
Naive, standard Kaluza-Klein reduction along as:
ds® = gmpdz™dx"™ = G daPdr” + Gaq(x® + A, dzt)?

Then{g.., g._}-terms: %[%wQ(Cb’V(daﬁy — 2dxtdx]
r A4(dx— 2
_ %(¢/)2[d$+ . 4d ]2 _ 4(dz—)*

w2(q)/)2 w4((1)/)2 .
- i~ o2 (dil? )2 % dw?
Long-wavelength bulk 4-dim metricids oI (@) + —F+ -

z=2scaling: z= =t — N\Nt, z; — dr;, w— I w.

However, annoying remnant facted’)? with z*-dependence.
Naive dim’nal reduction not valid here: nontrivial depende of
metric, scalar on compagt™-dimension.

Must examine dim’nal reduction more carefully.
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Dim’nal reduction, rigorously

Construct “minimal” off-shell metric ansatz containing RiBnetric
ds? = L [—2datde + da? + 1w?(®)2(dat)?) + 5]

ds? = —N?(xT)K?(s")dt? + m(daﬁL + N2(z1)A)? + S (ds")?
N (z*) controlsg,, component,z~ =t and s* = 2, w.
Kaluza-Klein gauge fieldd = Ao Kdt (purely electric,A; = 0).
On-shell solution:g;; = —N?K?(1 - A2)=0, N=2, K=-1,.

P/ > w
Want off-shell lower dim’nal effective action: expand outibn Ricci
scalar and action for scaldyx, retainingK (s*) and Ag(s*)
Independently to separate gauge field parts from lower ditniene
From effective action, read off effective lower dim metric.

No nontrivial z " -dependences> standard KK-reduction. Lower dim
effective action contains metril;yassless gauge field and scalar.
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Dim’nal reduction, rigorously

ds® = —N?(a ") K?(s')dt? + gy (dat + N2 (2)A)? + 5 (ds?)?

= R0O) = —2(NN" + (N')? ) 2 (w20? K — wiy, K + 3K)]
+2F2 +2(NN" + (N")?) Al

R®) contains RW = — 2 (w?0?K — wd, K + 3K) .

Suggests lower dim spacetime isds? = — K?(s")dt? + ﬁds’i2

Possibled-mass term actually vanisheg:dx "0 (N N').
However, nontrivial gauge field mass from scalar kinetiaigr

—107(049)* 5 —IN2(1— AP +... = INH)243.

On-shell: ds? = L [~2datde~ + da? 4+ 1w?(9)?(dzt)?] 4 L

:>gtt:—N2K2( A2)—O N = (ID” K:#
FixesA-mass, and givegis: ds? = —%4 + d;; + dﬁj .
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Dimensional reduction

ds? = —N?(xT)K?(s")dt? + ( )(dzzz' + N?(zT)A)? + %(dsi)2
Consistency: 5-dim system is an on-shell solution to Einsgtquations
with scalar depending only ani™ if (from [00]-component)

(0;Ag + Ao %)% = | admitting solutionil = 5, A= —4
Also consistent with scalar EOM.

Perhaps surprising that naive dim’nal reduction invol®es- ( +)
which however disappears in the effective mefrig implied by R®).
Nontrivial z*-dependence might appear to complicate Wilsonian
separation-of-scales argument: mixing with other modes?

e.g. turn on KK vector potentiald;dz*. No conclusive result here for
consistent dim’nal reduction: theR(®) has extraneous factors of

N (z™) appearing in analogous calculation.

Harder to interpret lower dim system. Explore further.
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Scalar probes of Lifshitz

Long wavelength geometry seen by bulk supergravity scalar?
Scalar actiort = G% [d°z /=g g"" 0,00, : restrict to modes with
noz-dependenceife. 0L = 0) =

o [ S L (9 0)2 4w L(0ip) *+w? L(Dup)?]

= & [ L2[-w(09)? + w?(9;p)? + w?(Duip)?]
L: compactification size.G4 = T5 4-dim Newton const.

L
[ dxt ()2 X

72
Lifshitz backgroundds® = —fu—’f S df;

Rescaler™ — ' = — scalar action in 4-dim = 2

Eqgn of motion: 4-dim Lifshitz geometry arises on scalesearg
compared with the typical scale of variation (compactifmatize),
i.e. effectively settingd’ ~ const.
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Dual field theory

PBH: ds? = -5[—2dz"dz™ + dz? + Jw?(®')?(dz™)?] + ‘,Zwl; .
(OMNT) d = 4 N'=4 SYM theory with gauge coupling
lightlike-deformed asg?.,, (1) = e®@") — dim’nally reduce.
boundary metriels% = lim,,_,o w*ds? manifestly flat. Lightlike
deformation=- no nonzero contraction exists involving metric and

coupling alone (only, ® nonvanishingg™™ = 0) = various physical
observables (in particular trace anomaly) unaffected.

After dim’nal reduction along:": free gauge theory exhibits= 2
Lifshitz scaling. Varying coupling breaks nonrelativesti = 2
Schrodinger symmetry te = 2 Lifshitz, perhaps not surprising.

On general grounds, this is DLCQ &f=4 SYM with coupling having
nontrivial variationgs ,,(x1): better defined?
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Dual theory: holographic 2-pt fn

PBH: ds? = -y [~2datde~ + da? + 2w?(9)2(det)?] + 4 .

Strong coupling gauge theosy weak coupling Lifshitz geometry.
Holographic 2-point functionoperatorg) dual to massive scalags
Exact PBH coord calculation hindered: scalar wave egn nadttéx
solvable. Near boundary, mode fns asymptotd i lightcone mode
fns. Thus 2-pt fn asymptotes #dS5 2-pt fn (lightcone coords)

(0(2)0(2")) ~ rxzps » With A =2+ Vi+m?2,
(AZ)? = =2(AxT)(Az7) + 32, o (Aa')? .
Compactifiedc™-dimension: Azt < Az~, Az* [= equal time]
= (AZ)? = —2(Az7)(Az7) + 30,1 5(AT)? ~ 30, (Azh)?

=  (O(@)0())ppH ~ [Zi(Alazi)Q]A -

Agrees with equal-time 2-pt fn &f + 1-dim Lifshitz theory

(Kachru,Liu,Mulligan A = 4, massless bulk scalar).
Equal time correlator® + 1-Lifshitz = 2D Eucl. CFT Eradkin et &)
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Dual theory: holographic 2-pt fn

Conformal coords: ds? = L[ef @) (—2da*dy™ + da?) + dr?] .
Boundary metrigj,,, = ef(* )., couplingg2 ,, (z+) = @), Lightlike e/ = various
observables unaffected. However, conformal factor pmewidiressing factors for operators,
correlators: specifically, conformally dressed operatonformally flat background behave

like undressed operators in flat space.

Exact holographic 2-pt fn for conformally dressed opestor

f(z)A f=hHa f@) (A1) f@)(A=1) Ay (g
(72 O 7 O@))=e 2 e 2 (£2)' s

where A =2 ++vV4+m?2, \= fef(x+)d:v+ :

Long wavelength: approximate/(*™) ~ 1, 24 ~ A —of 1
f(2)A f(z)A
S 0@ 00 ~ b ~

Agrees with equal-time 2-pt fn &f 4+ 1-dim Lifshitz theory
(Kachru,Liu,Mulligan A = 4, massless bulk scalar).
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Time-dep: AdS cosmologies

Recall: ds? = T%@Wda:“da:” +dr?) +dszs , © = ®(at) .

Solutionif: Ry, = 39,20,®, = 0u(vV/=9"0,9) =0.

AdSs-Kasner cosmologies: e® = [¢[V21-2ir)) S =1,
ds? = L[dr? — dt? + 307, t%i(dxt)?] .

Anisotropic Lifshitz-like scaling symmetries:
r—Ar, t— A\, z'— \TPigt,

Dilaton, 5-form also respect symmetries.

Const dilaton=- no symmetricAd.S-Kasner solutiony; = %).

Qualitatively different from null: time-dep, cosmologicangularity.
Also singularity at — oo (RapcpRAPP, R diverge).
Initial conditions evolving to these cosmological singulas?

[Static radial Kasner-like solutions exist: require non&l dilaton.]

Lifshitz spacetimes fromA d.S null and cosmological solutions, K. Narayan, CMp.16/23



AdS-BKL cosmologies

In fact, larger family of cosmological solutions where sglamnetric is

one of the homogenous spaces in the Bianchi classificatmom):
ds? = 5 {alr2 — dt* + nab(t)(egda:a)(e%dajﬁ)} . e® =2

e dx® are a triad of 1-forms defining symmetry directions. Sphtial

homogenous dilaton means spaﬂ#la) vanish, and?®y = $(9y®)?.

Bianchi-IX: ds? = %2 [dr2 — dt? + n%(t)eiae%daco‘dacﬁ} ,e® = |t|>.
Approximate Kasner-like solutiom; (¢) ~ P with
Sepi=1, Y.pP=1— 0‘72 , approximate Lifshitz scaling regime.

If all p; > 0, cosmology “stable”. Else, spatial curvatures force BKL
bounces between distinct Kasner-Lifshitz regimes. Diladaven
attractor-like behavioury increases along bounce. Attractor basin:
generic Kasner-like solution with g > 0.

Const dilaton ¢ = 0) = bounces continue indefinitely.
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AdS cosmologies

Qualitatively different from earlier nulddS solutions:
time-dependence, bulk cosmological singularity.

Gauge theory dualgonjectured adV=4 SYM theory living on
time-dep base spagg,, time-dep cplngjz-,, = e (dilatonic cases).
Time-dep of boundary metrig;,,, Imparts BKL-bouncing behaviour to
gauge theory too. Bounces betw distinct Lifshitz regimes.

Symmetric Kasner-likeddS-BKL-dilaton cosmology family: near
singularity, spatial curvatures unimportant. Leadingyailar behaviour
dilaton-driven, symmetricidS-Kasner spacetime.

Gauge theory responseear-singularity wavefunction singular,
divergent energy. If time-dep coupling.,, = ¢* does not strictly
vanish, likely nonsingular.
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AdS, Lifshitz and M-theory

ds?* = 5 (Gudatdz” + dr?) + 4dQ%-, G4 = 6vol(My)+ Cd® A Qs.
C normalization const, X’ Sasaki-Einstein 7-manifold admitting
harmonic 3-fornt2;. Scalar®(z*): no natural interpretation in
11-dim, arises from 4-form flux after compactification.

® = const, G, =nw = usualAdS, x X' solution.
Effective 3-dim system: R, = 30,90,®, 0® =0.
3-dim gravity gy, n trivial: dynamics driven by scalar.

Null: ds? = %[—Zdaﬁdaj_ + da? 4+ Fw?(®")*(dz™)?] + duw?

w2

Dim’nal reduction=- 2 + 1-dim bulk z = 2 Lifshitz spacetime

Field theory duall + 1-dim strongly coupled theory, dim’nal redux of
null deformation of Chern-Simons theories on M2-brane®aiaal
(CY 4-fold) singularities. ABJM generalizations ... Expdurther.
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AdS Lifshitz and M-theory

AdSs null deformation lifts to (11-dim) M-theory. Similar to earlier
_ — 7 a:+
solution: ds? = =2delde i du® 4 (4o t)2 o(gt) = /2 €

w2 R
Note: nox*-dep in metric, KK-reduction standard, gives= 2 Liy4
and gauge field.

M-theory lift: AdSP¥ x CP? x St x ST supported by G-flux.
Boundary theory: unclear, possibly M5-brane dual.

Time-dep solutionsAd.S, cosmologies3-dim gravity driven purely by
scalar.AdSy-Kasner-Lifshitz:  e® = [¢| V2120 S =1,
ds® = L[dr? — dt? + 37, t%i(dxt)?] .

AdS4-BKL-dilaton cosmologies: dilaton driven.
No nontrivial AdS,-Kasner-Lifshitz orAdS,-BKL cosmologies with
const scalar (2 Kasner exponents with 2 constraints).
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Conclusions, open questions

AdS null solutions— dim’nal redux— z = 2 Lifshitz spacetimes:
dual to DLCQ ofAV/'=4 SYM with varying coupling.

e This is on-shell solution in string theory: fluctuations abbifshitz
(or null AdS)? Finite temperature?

e More general Lifshitzz from string theory?

e Interesting radial dependence of scalar/metric: holdgaRG flows
betweenAdS-lightcone (Schrodinger), Lifshitz, ati,, — Li,,?
Holographic superfluids?

e Further exploration o2 + 1-dim field theory dual to Lifshitz:
DLCQ of =4 SYM with varying coupling.

e Further exploration ofdd.S, solutions:1 + 1-dim field theory dual
possibly deformation of Chern-Simons theories on M2-bsaate
singularities (generalizations of ABJM ...).
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* More on AdS BKL-cosmologies

Bianchi IX: symmetry algebra ok, = ¢29,, is SU (2).

Spatial Ricci, decomposing along tnaﬂ? — R% :
1 _ Ot(n2n3dm) 1 B
R( 1 nining 1 ~ 2(minans)2 (n5 —m3)° =il =0,

Sayp; < 0: thenn} ~ t~4P1l non-negligible at some time. This forces
metric to transit from one Kasner regime to another. As lahgane

p; < 0, these bounces continue as:

(nt1) _ —p" (n+1)  p{+2p™

— - — _ On
’L' 2 0 1+2p<_") 1+2p")
for the bounce from thén)-th to the(n + 1)-th Kasner regime.

9 CV(n—l—l) —

If p_ <0, thena, 11 > a,. Alsoa,+1 — o, = O‘n(;fg];__) ,
l.e., o Increases slowly for smadi: attractor-like behaviour. Finite
number of bounces. If a)}; > 0, no bounce: cosmology “stable”.

For no dilaton & = 0), BKL bounces purely oscillatory.
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* More on AdS BKL-cosmologies

Parametrizationp; = x, po3 = 5% + \/1_0‘2525”_3372 .

Lower boundp; > 1_@ . Solution existence forces® < % .
Under bouncesy increases, window of alloweg shrinks. Lower
bound hitsp; > 0 = a? > 1. Bounces stop, cosmology “stabilizes”.
Attractor-like behaviour: e.g{p) = 29 = 0.3, ag = 0.001}, flows

(initially slowly) to {p; > 0} after 15 oscillations 15 = 1.0896).

E.g.:(1933)%(5719)_>(359)_>

~ 5r 357 35 21021021 110110 11
(_%7%%) — (%,%,%). [multiple flows with same endpoint]

Chaotic behaviour: 7% change to smallest exponegngives

13 9 65 2 13 39 3 2 23 1 3 17
(=735 m) = Cipabn) = (G5 5s) = (s o)
drastically different endpoint.
Note also that dilatonico{ # 0) [attractor-like] and non-dilatonic

(o = 0) [oscillatory] flows drastically different.
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