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Entanglement Entropy, Holography

Entanglement entropy: entropy of reduced density matrix of subsystem.

EE for spatial subsystem A, S4 = —trpa log p 4, with partial trace p4 = trpp.

Quantum Field Theory: in general difficult to compute EE.

V.
Corrl’ns strongest near interface — leading scaling, d-dim area law Ny, fa=2 a—z

[e = UV cutoff] (Bombelli, Koul, Lee, Sorkin; Srednicki) [exceptions: 2d CFT, Fermi surfaces]

2-dim conformal field '[h@OI‘y (single interval): S4 = = log é (c = central charge)

(Holzhey,Larsen,Wilczek) [“replica’: t’)‘pz (ZZ)n , SEE — hm On t’)‘pA (Calabrese,Cardy)]
Ryu—Takayanagi: FE = miZéSWf' [motivated by black hole entropy]

boundary
~_

Codim-2 minimal surface in gravity dual.
SUbStantial eVideIlce by NOW (see recent Lewkowycz, Maldacena).

Non-static situations: extremal surfaces.
( Hubeny, Rangamani, Takayanagi) TN sk recton

EE a bulk surface probe [akin to correlation fns (geodesics), Wilson loops (bulk strings), ... ]
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Holographic Entanglement Entropy

. A
Ryu-Takayanagi: FEFE = —2isurs
/ \/boundary
I Eﬁace bounding
\ AdS bulk direction

4G
2
Example: CFT ground state = empty AdSgy1, ds? = Ij—g (dr? — dt? + dz?) .

(1) Define boundary spatial subsystem on const time slice ,

(11) corresponding const time slice in bulk, surface bounding subsystem,

(i11) extremize codim-2 surface area functional — minimal area.

Strip, width Az = [, infinitely long. Bulk surface x(r). Turning point 7.

RI~ Vi Vg R3 B2
_ _R l 3SR
SA o 2G3 log E > 2G3 =cC [2d]

CFT thermal state (Ad.S black brane): minimal surface wraps horizon. .S fin  N2T3V,; 5l

Spherical extremal surfaces: subleading log-div. — anomaly. Casini, Huerta, Myers derive EE.

1 d—2 Rdy, R\ dr2+dz2 Vy_oRIT1 d
[SA — mffooo Hi:1 - f - — = 1= frdﬁl \/1+(87“5’3)2 —

™ T 4Gd—|—1
13 — f"“* dr (T/T*)d_l S = Vd—sz_l f’l“* dr 2 ]
2 0 \/1—(T/T‘*)2d_2, 4Gd—{—1 € ’)“d_l \/1—(T‘/T*)2d_2 ‘
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de Sitter space and dS/CF'T

de Sitter space ds? = %(—dT2 + dw? + dz?).
Fascinating for various reasons.
dS/C F'T' fluctuations about d.S encoded in

dual Euclidean non-unitary CFT on boundary at

future tlmellke lnﬁnlty I T (Strominger; Witten).

(Maldacena '02) @analytic continuation r — —ir, R4y — —iRqg from Eucl AdS

— Hartle-Hawking wavefunction of the universe V|p| = Zopr.

Energy-momentum tensor (771") 2-pt fn — dual CFT central charge
d—1 . . . 2
Ca ~ z‘l—dgj—il , negative or imaginary. 3 ~ ——4s for dSy.

Gy

Anninos,Hartman,Strominger: ngh@I’-Spln dS4 dual tO Sp(N) ghOSt CFTS, o oo

| Bulk EAdS regularity conditions, deep interior — Bunch-Davies initial conditions in deSitter,

@i (T) ~ 7 for large |7|. Zopp = W[p] ~ etSel#] (semiclassical).

[Dual CFT: (OO ) ~ %] [Bulk expectation values (f1f5) ~ [ Dof1 f4|¥|?.]
kPR

Wavefunction ¥|[p] not pure phase —  complex saddle points contribute to observables. ]
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de Sitter extremal surfaces

A speculative generalization of Ryu-Takayanagi to de Sitter space —
dS (Poincare): ds? = %(—aﬁ2 + dw? + dz?)
Eucl time slice w = const,

subregion at future timelike infinity —

codim-2 extremal surfaces in de Sitter space.

— bulk analog of setting up entanglement entropy in dual CFT:
consider boundary Euclidean time slice, construct spatial subsystem,

trace over complement.

e Exploring this — complex extremal surfaces, negative area, d.S;.
Recall dS/CFT via Zopr = Vgag: dS4 — ¢ <O.

e Replica in 2-dim toy ghost CFTs gives negative EE.

e “Ghost-spins”, toy models for systems with negative norm states.
Reduced density matrix after tracing over some ghost-spins has
some negative eigenvalues — Re(FE) < 0.
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de Sitter extremal surfaces
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de Sitter extremal surfaces

2
de Sitter (Poincare): ds?, . = RdQS —d7r? + dw? + dz?) — EE in dual Eucl CFT —
d—'-]. T 7

bulk: Eucl time slice w = const, subregion at future timelike infnty — codim-2 extremal surface.

Expectations based on dual CFT central charge being negative

or pure imaginary suggest real surfaces will not work —

: d— 2 Rdsdy Rgs 2 2
[strip] Sgs = 4Gd-|—1 JTIZ LS Nde? —dr? T 2 T
S (X Rds Vd 2 dT 1 — x-2 IIIIIIIII
7 dsS 4G g1 +d—1V :

5 B2,2d—2
— 11B2,2d-2 >

Extremize — B? = const, conserved quantity.

e Sign difference from AdS =- no real “turning point”. x(r) hyperboloid.

Join two half-extremal-surfaces with cusp — minimize area — null surface. Area vanishes.
Real codim-2 surfaces: featureless, no apparent relation to EE.

[“outward bending” surfaces — null, S5 = 0] [surfaces z(7) = const: B = 0, max area]
[Codim-1 surfaces: similar structure.]
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de Sitter extremal surfaces

2
de Sitter (Poincare): ds?i 1= RTdQS (—d7? + dw? + dazf) —  EE in dual Eucl CFT —

bulk: Eucl time slice w = const, subregion at future timelike infnty — codim-2 extremal surface.

d—1
. _ R Vd 2 _ RdS Va2 dr )
[strip] Sgs = 4Gd-|—1 == L Vdz? — = o, Va2 —1
_ A2.2d—2
Extremize — (8Tzz; ) — 1_1?4277%_2 . [A? < 0 is earlier real-7 solution]

dS,/CFTs: consider A2 > 0. Near 7 — 0: 3% ~ —A%7?% i
x(7) ~ £iA73 4+ 2(0).  This is spatial direction in Eucl CFT =

CE(T ) real-valued = 7 =T [can show width Ax also real]

(T) — complex extremal surface, 7 along imaginary path 7 = 7",

24
dey2 — AT Note turning point: T, = —=  (where |22 — co).
dT T—A7T &b VA

Can now smoothly join half-extremal-surfaces at turning point.
Overall sign: match with dS4 /C F'T3 central charge, and conformal anomaly (sphere).

Can generalize to d.S44 1 extremal surfaces.
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de Sitter extremal surfaces, d.S/CF'T

Complex extremal surfaces: compare d.S;.1/C F'T, central charges.
[Strip width [ real (CFT spatial direction) = path 7 = ¢I" — extremal surface with turning point]

. Ii% dT/T _ RZ 1
dSy: area Syg, = — &3Vt ! \/ﬁ EEVi (2 —ep)
Rd_l T dT /741
n . r _ s1—d “'ds *
dSqyi1,evend: area Sys =i G Va2 e AT e r s

1 1
Va—2(g=2 — cdja—=2)

= analytic continuation r — —it, R — —iRdS from AdS Ryu-Takayanagi.

A2,2d—2
Saas|R,z(r),r] = 4Gd+1 Va—2 f d T \/1 +( (33/)2 = 1_A2,2d—2
2 _ _(—1)4-142,2d-2 Rd 1 1

T Sqgs = —1

e lcading “area law” dlvergence Cd Yiz

central charges ¢, =i'~ d = W,

dl
1dRs Va—2

° - ~
finite cutoff-independent parts ~ % Goyyr 192 -

® Spherical extremal surfaces: subleading log-div. Anomaly coeff exactly matches W log-coeff.

® S5, black brane, C' F"I3 at uniform energy density: .S 5;” resembles extensive thermal entropy.
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dS, surfaces, negative EE

dS, [strip]: Sa ~ —Zas(Y _Viy .o — various odd features:
e Mutual information I1[A, B] = S[A] + S[B] — S[A U B] negative definite

for disjoint strip subregions A, B sufficiently nearby (vanishes beyond critical separation).

e Bigger subregion more ordered than smaller one.

Consider two strip subregions, width 2 and [1 > I3 (I1,l2 < V7).

2
Then S(i1) — S(l2) = — =S (12 — 1) <0, ie. S(l1) < S(l2)

[conventional unitary CFT: S(l1) > S(l2), i.e. bigger subregion more disordered]

e Entropic c-function ¢(!) increases: degrees of freedom integrated in?

d—1 2 RQ
c(l) = l dSA c(l) = l—dS—A — ——d3 < (0 j.e. asl increases,
d—2 V1 Ga

S (1) decreases. Asymptotically dSy spaces, Sa4 < 0= '(I) > 0, i.e. ¢(l) increases with .

|7«| ~ [: increasing size [ — going to larger |7« | (earlier times in past).

dS complex extremal surfaces area resembles EE in dual CFT:
from Zopr = W, note CFT is non-unitary (¢ < 0 for dSy).
Bulk EE uses bulk reduced density matrix (via v*%) # EEgq,cpr.

(Maldacena, Pimentel)
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Negative EE, 2-dim ghost CFTs,
replica
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Negative entanglement, 2-dim CFT

These complex d.S extremal surfaces with d.S/C F'T in mind suggest
negative EE in dual CFTj3 for dS; (negative central charge).
Can FE < 0 at all arise from a (1) CFT or (11) QM calculation?

2-dim ghost CFTs (¢ < 0) — toy models for studying EE (e.g. replica).

Stress tensor T'(w) = (0w2)?T(2) + -5{z, w} under conformal transfmn

. . . ) 3 arn2 N2
w — z, with Schwarzian derivative {z,w} = 28@“22‘("; j)(fwz> .

(w = x + 1t with t g Euclidean time)
Subsystem A — single interval (betw 2 = u, v on slice t ; = const).
Replica w-space — z-plane under conf transtmn > = (2=%)1/»,

z-plane: (T'(z))c =0 — z-plane maps to SL(2, Z) inv vacuum.

c T(w)Pp(u)®_, (v DT (w)e ® .
(T(w))r, = 5z w} = < E@q)z(u)(@)_n(v)g ) _ [ f@DgEe—)S = Twist ops at w = u, v.

Then ¢rp? = Zz transforms as twist operator 2-pt function —
A= 77 p p

Sy =—lim 8, trp? — Slogl —> c¢<OsuggestsS4<0...7
A 3 €

n—1
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bc-ghost CET's

e SL(2)vacuum |0) # ghost ground state | |) in general.
S~ [d?2bc, (hp,he) = (A1 =), ¢c=1-—3Q? < 0, Background Charge Q@ = 1 — 2\

bm _ m _ A(1—X
b(z) = ¥ 2, o(2) = ¥ mmf=xs Lo = s n(b-ncn + conbn) + 25521
SL(2,Z) invariant vacuum |0) :  7T'(2)|0) =S —Lm_|0) = regular

m zm—|—2

= Lyp>-1]0) =0, bp>1-1[0) =0, ¢,>2[0) =0 whereas bg||) =0

o jg = —(jo+ Q) Charge asymmetry.
U (1) charge symmetry 0b = —ieb, dc = iec — ghost current j(z) = — : bc :
i(2) =2 25, [Lmsdn] = —njmen + 3Qm(m 4 1)8m,
50, Op] = POy, jola) = alq) = p(d'|Opla) = (¢|[jo, Oplla) = (=¢' = Q@ = ¢){¢'|Opl9)
Corrn fn # 0 only if Bgnd Charge cancelled i.e. p= —(¢+ ¢ + Q) = (—q— Q|q) = 1.

e \=1: SL(2) vacuum |0) = |]) ghost ground state
A=1 = (hp,he)=(1,0), c¢=-2 Q=—1.

bm>0/0) =0, ¢;>1]0) =0,  (4+1]0) = (0]co|0) =1 < zero mode insertion

m

(b(z)c(w))o = (Olco 2., zm+1 S510) = (Oleo Yomm_o st bmCc—m|0) = 225 (0lco|0)
whereas  (0|b(z)c(w)|0) =

(0|0) = 0. Plethora of negative norm states
w
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bc-ghosts, ¢ = —2: replica and EE

282) z@wz—3(8g} z)?
2(0w2)2

T(w) = (0wz)?*T(2) + 5{z, w}, Schwarzian derivative {z, w} =
(w = x + 1t g, Euclidean time tg)
Subsystem A — single interval between x = u and x = v > w on fixed time slice t g = const.
Replica w-space — z-plane under conformal transformation z = (&=4)1/n,
w—"v

z-plane: (T'(z))c =0 — z-plane corresponds to SL(2) vacuum.

c c1=2%)  (v—w)? (T(w)®n(wW)P_p(v)) _ [ DT (w)e S
(T(W)rn = 15{20} = =5 @raZw—0Z = @i () — [ Dpe5

Twist operators at w = u,v — trp’y = % transforms as twist op 2-pt fn — S 4.
1

e Replica argument 1s useful for the ghost ground state only 1f it is the
SL(2) vacuum: for ¢ = —2, we have | ) = |0) with Ly = 0.

e Regularity condition (T'(z))c = 0 vacuous unless background
charge incorporated, i.e. we require (—Q| T'(z) |0) =0
(else trivially zero due to zero modes). c=-2—-X1=1, Q= —1.

Replica formulation formally applies now: ¢ < 0 = 5S4 < 0.

7. bc-orbifold 1CFTS (Saleur, Kausch, Flohr, ...’90s) confirm negative conf dims of twist ops [ = v — u]
n_
_ — + _ 73 (n—1/n) — T __2 L
trp’y = | | (O|ak/N(v)ak/N(u)|O> —zn=1/n) g, — T{linlan trpy = —% log ¢

k=1
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bc-ghosts, ¢ = —2: replica and EE

Consider n-sheeted replica boundary conditions (for by, and likewise cy,)
br(e?™ (w —u)) = bpr1(w —u), bp(e?™(w —v)) =by_1(w—v), k=1...n.
[(b,c)r — (b,¢)ky1 under w — u — 2™ (w — u) and (b, c)r, — (b, c)p_1 around w = v]

Diagonalize: by = %2?21 e2milk/my, o = %2?21 e~ 2milk/ne,
b (2™ (w — uw)) = e 27k/np (w —w), (2w — u)) = 2R/ "G (w — w).
Z orbifold of be-ghost CEFTS:  (Saleur, Kauseh, Flohr, .. 905)
be(e2™iz) = e 2THR/Npy(2), ci(e2Tiz) = e2™h/N ey (2)
o be(e2™2)op N (0) = e 72T R/ N by (2)0y /1 (0) .

Using twist fields o,/ y = Ok /N
Anti-twist Of /N = O—il_—k/N; Corrn fns are e.g. (bc) = <O|O'k_/th(Z)Ct (w)J:/N|O>

(k=1,...,N —1)

Regularizing (point-splitting) — conformal dimn and U (1) charge
ho
(T(2)g/n = lim ((=:be(2)det(w) )+ 2oz) = 38 (1— N) &2 = —4~
: BT _.pt t : 1\ _ k/N
Gy = Jim (= D)t (w) 2) + 725) = 2L

bm Cm —
> mez Zm—i—_‘l_j—{cle , ct(z) =2, zm_—’;%; {bm+k/N>» Cn—k/N} = Om+n,0
Byt (1— £y
(Olbe (2)0es ()0} = L (2)'HN BELE)
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bc-ghosts, ¢ = —2: replica and EE

Twist: U;:/N has dim — %%(1 — %) (hoy v < 0); U(1) charge is %
Anti-twist: Ol /N = O'i'__k/N has dim —% %(1 — %), U(1) chargeis 1 — %

Nonvanishing twist field correlation functions also require total U (1)

charge to cancel background charge when calculated in untwisted

SL(2) vacuum: (o) of ..)=(0lof oy \ ... [0)#0 = Y, =1
Nonvanishing 2-point function has the form (O|0;ra; 0) = (0|a;\LaIL_ 1 0) —
automatically contains an unpaired c-field cancelling background charge () = —1.

n—1 —4Zn_1 L )

= trp = [ Ol (0o, n @I0) = (v—w) " =F=1 "0 = (o —u) 5=t/

k=1

— Entanglement entropy S4 = — liml Op trp’y = —% log é [l =v—ul

n—

Bosonized: j(z) = i0¢ and b(z) = e~ ?, c¢(z) = e?, in untwisted ¢ = —2 theory.
In sector twisted by A = %, twist fields are oy = e‘*¢ = O';l\_

Neighbourhood of each singularity does not contain zero modes (twisted sector): however n — 1

limit is smooth requiring total U (1) charge to cancel background charge (for finite interval).

oy /N dim negative means long distance divergence in (oo) corrn fn — suggests replica theory

has some instability (vanishes in n — 1 limit).
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Logarithmic ghost CFTs, ¢ = —2

bc-ghost CFTs are like the nonlogarithmic subsector of more general
logarithmic CFTs. (Gurarie, Flohr, ..., *90s)

L not diagonalizable — generic conformal fields have logarithmic
partners (comprising ghost zero mode composites).

Example: anticommuting scalars x, X — complex ghost S = [ d?z0x0x CFT, c = —2

(motivated by Anninos,Hartman,Strominger, higher—spin dS4 / CF T3, Sp(N) symplectic fermions)

Zero modes in Y — log-partner of 1dentity op (&oéo).

With single insertion: derivative ops e.g. 0x have no logs in corrn fns.
Also no logarithms in twist op 2-pt fn. So single interval entanglement
entropy has no subleading logarithms.

Multiple intervals: logs arise in twist op corrn fns.

Mutual information?
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“Ghost-spins”
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“Ghost-spins”
To abstract away from the various technical 1ssues of ghost CFTs and
subtleties of the replica formulation there: cook up simple quantum
mechanical toy model of ghost-like systems with negative norm states

— reduced density matrix (RDM) after partial trace — EE.

Recall ordinary spin:  (t | 1) = |1 =1, T|H=UINH =0
) =ci| ) +e2l ) — @) = ler]® + |e2|? >0

“Ghost-spin” — 2-state spin variable with indefinite norm.
I ={1H=0, (Tl =dItH=1

) =ci| 1) +e2ld) = (PlY) =cics +cact #0. e.g.| 1) —| ) hasnorm —2.
)= S(NED); (HH) =vr =1, (-]-)=7-—=-1, (+[-)=(-[+) =0

Two ghost-spins:  |¢) = S 4% |i5) , adjoint: (| = > (ij|p?" ,

(Wlp) = (ki) (U PTPMT = vipyub PR =y [0 .
p = |¥) (x| — trace over one ghost-spin — reduced density matrix
for remaining ghost-spin — von Neumann entropy.

Even number of ghost-spins — calculations, interpretation sensible.
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Two ghost-spins
[¥) = YY) =T+ +) +9T T+ =)+ =)+ =),
W) = yipyp PR = [T R [T P = TP — [T P = £ s = £
Trace over one ghost-spin — p 4 for remaining ghost-spin — von Neumann entropy S 4.
RDM:  pa =trpp = (pa)*li)(kl,  (pa)™* =y pF" = ;5000 9k"
(pa)TH = [T 2 =t |7, (pa)T™ = Tt —pt=gp= 7,
(pa)™ T = =TT T" ===t =7, (pa)™" = WP = [~ |~
EE: Sa=—vij(palogpa)¥ = —yii(palogpa)t™ — v (palogpa)™~

Define log p 4 using expansion, using mixed-index RDM (p4):* = ~i;(pa)’*.

Simple subfamily, diagonal p4: pfi~ =0— vy~  =yp+t—yp=—" /Tt -

(WP = [t =) (1 + ) = 21 (pa)Mid(k] = )+ F (1 - o)) (-]
(pa)t =42, (pa) =%(1-2), a=dt—s (O<z<1)

(log pa)T =log(£x) etc, and S = —(pa)L(logpa)] — (pa)_(logpa)- —

(Ply) >0: Sap=—zloge — (1 —x)log(l —z) >0 +ve norm = +wve EE.
(Yly) <0: Sap==zxlog(—x)+ (1 —x)log(—(1—x)) =xlogx+ (1 —x)log(l —x)+in

—ve norm = some pA eigenvalues —ve = —ve Re(EE), const Im(EE).
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Spins and ghost-spins, dlsentangled

Spin metric +ve definite: g;; =4§;; ; Ghost-spins: ~,; =1, v-_ = 1.
Observable of spin variables alone:  (|Os|v) = trs(Osp®) — p° = trgsp

Disentangled spins and ghost-spins = product states —

V) = [s) [gs), (¥lY) = <¢s|¢§>_ <¢gs\¢g's>'
(Vs|Vs) = Girjq -+ Ginjn (Ws)1727 (Ps)I1I2:% >0,

<¢gs|¢gs> = Yi141 + - - Vinin (¢gs)i1i2-~ (¢gs)j1j2...*
RDM after tracing over all ghost-spins:  p5 = trgs (|¥s) [1bgs) (¥s| (¥gs|)
(p3) 1R = (hgs|ibgs) (Ws)?1 ()1

Normalize positive/negative norm states — norm +1 respectively:
(hgslbgs) 20 = (WY) = (Ws|vs) (Ygs|vgs) =1 [{s]ps) > 0]
(psA)il...,kl... — im(¢s)zl(¢s)kl* — tT,Oi — 41 (<¢|¢> > O)

+ve norm: p% +ve definite, eigenvalues 0 < \; <1 with 3, 0 =1 =
Sa = —trs plogp% = —> , AilogA; >0
—ve norm: p% negative definite, eigenvalues —x; =

Sa = —trs p’logp5 = — >, (—Xi)log(—=A;) = >, Ailog A\; +im
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Entangled ghost-spins & spins
Trace over ghost-spins — RDM for spins — in general, new EE patterns.
e One spin, two ghost-spins ¢»8|i)|aB):  (pa)™* = Yooy, 0P (v*)For
) =TI R+ )+ TR - )+ T A YT  - o)

Correlated ghOSt- SpiIlSZ +wve norm = +wve EE. Subspace always exists for even ghost-spins.

Also for Hilbert space component continuously connected to this subsector, but not in general.

Physical requirement: +ve norm = +ve EE —>  Even number of ghost-spins: sensible.

e One spin, one ghost-spin %% |i)|a):  (pa)™* = yaseh (¥*)*F8
Simple entangled state: V) =TT ) +) +o T |- —) =
(pa)TH =T %, (pa)™ ===~
(T2 — =2 ==£1, (logpa)l =log(lvTF|?), (logpa)” =log(—|yp—~|?)
EE: Sa=—|¢pT T 2log (T 7) + [~ [Plog (|~ ) + v~ [?(im)
— 4wve norm does not give +ve EE.

e Multiple ghost-spins: » odd as above — -+wve norm does not give +ve EE.

) =TT b+ ) FoT T = =), @) =TT P 4 (D)
(pa)T = (pa)tT =t 12, (pa)” = —(pa)~~ = (=)= |?
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Conclusions, questions

e Complex codim-2 extremal surfaces in de Sitter space (Poincare)
— analytic continuation from Ryu-Takayanagi in Ad.S.
Resembles EE for dual CFT via dS/CFT with Zopr = Yyg.

dS,: negative area — FFE < 0 < negative central charge.

e Replica in some 2-dim ¢ = —2 ghost CFTs gives EF < 0.
Ghost-spins: toy QM models, negative norm states, Re(EE) < 0.
Entangled ghost-spins & spins. Subsectors: +ve norm — +wve EE.

DVVVVDDIVIVVVDDDDDDDDVVDDDDDDVVVDDDDDDVVDDDDDDVVVIVIDDDDVVVIVIDDNIDDYD

e Bulk EE (via U*W) vs EE;g/cpr above? EE as probe of dS/CF1T'?
e Lattice discretization of ghost-CFT ...

Ghost-spin chains, ghost-spin glasses?

Toy models for Sp(IN) and dS4: hints at emergence of time?

e Conceptual 1ssues with Bell pairs of spins and ghost-spins etc ... ?
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Details
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de Sitter extremal surfaces

2
de Sitter (Poincare): ds?i 1= RdQS (—d7? + dw? + dazf) —  EE in dual Eucl CFT —

T

bulk: Eucl time slice w = const, subregion at future timelike infnty — codim-2 extremal surface.

[strip] Sgs = Rys Vs Il L Jdz?2 —dr2 = Rig Va-» dr 2 _
p ds — 4Gd—|—1 Td_]‘ X T — 4Gd_|_1 Td—]_ X

_ A2-2d—2
Extremize — (67$)2 — 1_1?4277%_2 . [A? < 0 is earlier real-7 solution]

dS,/CFTs: consider A2 > 0. Near 7 — 0: 3% ~ —A%7?% i
x(7) ~ £iA73 4+ 2(0).  This is spatial direction in Eucl CFT =

CE(T ) real-valued = 7 =T [can show width Ax also real]

x(7) — complex extremal surface, 7 along imaginary path 7 = 7.

dr\2 _ _A?T4 : SR _ 1 .
W) = 77z - Note turning point: T} = 7 (where 2|2 — 00).
Can now smoothly join half-extremal-surfaces at turning point. [Ty = 1€, Tx ~ il]
Ar _ 1 _ j‘T* dr i AT> _ j‘T* (TQ/TE) arT ~
2 2 0 V1-A274 0 /1—(T%/T%) *
_ _Risy (m~ d 1 _ _Risy, o __dr/T? Rasv (1 _ .1
SdS4 = 4Gy Vi TUV _72_ W T~ 4G4 fe \/1—T4/T*4 ~ Gy Vl(? - CT)

Overall sign — match with d.S4/C F'Ts central charge, and conformal anomaly (sphere).
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de Sitter extremal surfaces

2
de Sitter (Poincare): ds?, . = RdQS —d7r? + dw? + dz?) —  EE in dual Eucl CFT —
d+1 T 1

bulk: Eucl time slice w = const, subregion at future timelike infnty — codim-2 extremal surface.

d—1 d—1
RdS Va2 R Va2

. . 1 2 _ 1.2 _ ‘'4s — dr w2
[strip] Sgs = e [ == Vdz? —dr? = ican T Vit —1
_ A2.2d—2
Extremize — (67-513 )2 — 1_1?427;_%_2 . [A? < 0 is the earlier real solution]

dSqi1/CFTy (deven): near 7 — 0, & ~ +/—A? rd=1 ;..
z(7) ~ £/ —A2 79 4 2(0).  This is spatial direction in Eucl CFT

- | X (7‘ ) real-valued = A2 <0, T=T [can show width Ax also real]

x(7) — complex extremal surface, 7 along imaginary path 7 = 7.

d 2 __ A2T2d_2 . - 2d—2 12
(_x) T 1_|_(_1)d_1A2T2d_2 . NOte tllI’IllIlg pOlIlt. CZﬂ>|< A = ]_.

d
d—1
. 1 T d 2
S — _j_tds x T
ds 4Gy 4 fTUV Td=1 /14 A272d—2
d—1 d—1
1—d T dr/Td—1 1_4 R
2Ggq4+1 d 2f \/1—|—(—1)d_1A2T2d—2 2G 441 d 2((_;d—2 dld—2)
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Spherical extremal surfaces, dS/CFT

ds? = Rds (—dr? + dw? 4 dr? + r2dQ3_,) — w = const, sphere subregion. 0 < r < l

RrRIZ1Q
_ Rys Q42 d d—2 dr\2 _ e — /712 2 L
Sas = iGos dTl r \/(d )2 — 1, extremize: r(7) = VI 4+ 7%, 1= l2T+72

Real 7: outward-bending, r(7) > [. Timelike: 7 < 1. No “end” at finite 7.
— e<|T

< oo — Syg real, no finite cutoff-indep parts.

T =4I nowo<r(r)<l and Ar=1I. Turning point 7, = 2.

Sas = Cfgdfl 2 i s (i) (P ) A2 Syg, = — S (L - 1)
3
d even: log divergence. Coeff — —i% [dS3] ; —z‘fdef [dS5], ...

Free energy of C' F'I; on sphere: log-div, related to conformal anomaly.

Casini,Huerta,Myers: —Fopm = log ZopT = aloge + ..., integ. trace anomaly a = f(T’%)
_ —F _ y ~, 535 T o 2 6(=Fcpr) _ . 2 5S
ZorpT =€ 7 =W ~ e"ecl for auxiliary global dS.  Tj; N L SR

— lo g—diV coeff matches — equivalent to analytic continuation from AdS.

[SCFT = —limy,_1 On (ZZ 7 scale change [ 5 0 SggT J{Tu#); here SEL, = Sas]
Secl = 2f6§72rdG]jzisl Rcizts (cosh — Ras L)d — log-div [ds? = —dt? + R2, (cosh — )2dQ2]
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bc-ghost CET's

=L [@bde, (hphe) =(M1—X) —  b(2)c(w) ~ L

Z—W

T(z) =:(0b)c: =A3(: bc:) = %( : (Ob)c: — b ) + %Q@(: bc:) —»
Central charge c=1-3(2\-1)2=1-3Q?;
Background charge Q =1 — 2).
b(2) = ez %, c(2) =D ez Titi=x-
{bm,cn} =90m+n,0, {bm,bn} =0, {cm,cn} =0 and Virasoro algebra with
m = o o(mA=—n)bncm—n [Mm#0]; Lo=3 - ¢n(b—ncntc—nbn)+ Ml;’\),
b0|\L>207 CO|\L>:|T>7 b0|T>:|\L>7 CO|T>:O
Conventional to take | J) as ghost ground state (bg is annihilation op).

SL(2,Z) invariant vacuum [0) :  T'(2)[0) =Y & —i|0) = regular
= Lpl0)=0, m>-—1, bn>1-110) =0, c¢n>2]|0) = 0.
In general, SL(2) vacuum |0) # ghost ground state | |).

(Lol 4) = 252 1)

0) =b_1b—2...b1-xl 1) = 111 _xcmeobml L) A # 1]
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bc-ghost CET's

U(1) charge symmetry 6b = —ieb, 6c = iec — ghost current j(z) = — : be :

A
Z

J(2)b(w) ), J(2)e(w) ~ Zoc(w)  [(9zw)j! (w) = j(2) — €5
i(2)j(w) ~ oy T(2)i(w) ~ =i + rgyzi(w) + (w)
Ng = [Z7 4w jevl(w) = 3% | (c—nbn b_ncn)—l—cobo—%. [w = log 2]

—]

Z’LU

Ngz_ gdjz'():Ng_%§ [Ng,bm] = —bm, [Ng,cm] = cm
Ngld) = =211, Ng| Dy =3[1) = N2 == =0-1]L).

0= JI bmld) D#U NgJO)= (=3 —(A—1))]0) = £]0); NZ|0) = 0.
1-2A<m<0

§(2) = S e G = —jnforn #0 Withjn = =3, bmCn-m) —
[Lmajn] — _njm—i—n + %Qm(m + 1)5m,—n

Li,jo1] =Jjo+ Q. [Li,jal'=[Lo1,ii]=—jo =
](]; = —(jo + Q) Charge asymmetry.
With [jo, Op| = pOp, and jolq) = qlq) =
p(d'|Opla) = (¢'|[jo, Oplla) = (—4¢' — @ — q)(d'|Oplq)
i.e. correlation function non-vanishing only if p = —(q¢+ ¢’ + Q).

Forp = 0, thisgivesq’ = —¢g— Q = <—q — Q|q> = 1.
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bc-ghost CET's

A=1: (hp,he) =(1,0), c=-2,Q=-1L bz)=3,, 41, c(z) =3, &
bm>0]0) =0, ¢m>1/0) =0 = SL(2) vacuum |0) = | |) ghost ground state

Lipzo = 70 _(m—n)bpcm—_n; Lo = Y om0 Mb—ncn +c_nbpn), [Lo|l)=0]
NZ[]) = Nz|0) =0, col0)=|1) — Lo=0, Nzco|0> = ¢p|0).

2)[0) = (0] _<m|0) = (0|co|0) = (+1]0):
Adjoint of [0): (41| = (0l|cg, i.e. (0|f (O|co.
(b(z)e(w))o = (Olco 3=, 08T 22|0) = (Olco Do 7 bmc—m|0)
= %ﬁ(O\cMO) = ﬁ whereas (0|b(z)c(w)|0) = 1w(0|0> =0

Smallest nonvanishing corrn fn (0|c(

Plethora of negative norm states, with Ly non-negative
(also zero norm states):  e.g. (b_1 — ¢—1)|0) with norm

(Olco (b1 — c1)(b—1 — c=1)]0) = —(0|co ({b1,c—1} + {c1,b-1})|0) = —2(0|co|0) = —2
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bc-ghosts, ¢ = —2: replica and EE

Twist operator correlation functions in detail? Negative conf dims? Zero modes as n — 17

Consider n-sheeted replica boundary conditions
bi(e*™H (w — u)) = bgy1(w —u), cx(e*™(w—w)) = cpp1(w —u),

b (2™ (w —v)) = bp_1(w —v), cx(e®™(w—v)) =cr_1(w—2), k=1,...,n.

[(b,c)x — (b,¢)ky1 under w — u — 2™ (w — u) and (b, ¢), — (b, c)x_1 around w = v]
Diagonalize: by, = %Z?:l e2milk/my, & = %2?21 e—2milk/ne,

Twist around w = uv —

b (€2 (w — u)) = e 2"/ "hy (w —u), (2™ (w—u)) = 2™/ e (w — u).

(likewise anti-twist around w = v) —— standard orbifold boundary conditions.

7. orbifold of be-ghost:

be(e272) = e 27R/Npy(2), c4(e2™i2) = e27F/Ney(z) (k=1,...,N —1)
b Con —
bt (2) = Z zm;{i@rN, ct(z) = Zm_—’;%i; {bm—i—k/Na Cn—k/N} = Om+n,0
meEZ meEZL

Twist ground state by, 1 /N |0) /v = 0, €y /N[0) /v =0, m >0

Twisted sector: no zero modes. Untwisted: zero modes exist.
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{J
bc-ghosts, ¢ = —2: replica and EE
Twist operator correlation functions in detail? Negative conf dims? Zero modes as n — 1?

Zn orbifold: by (e2™iz) = e 2™ k/Npy(2), c1(e2™2) = 2™ k/Ney(z) (k=1...N —1)

O
(O1by 4k /N Cn—k/NIO /N 1 whk/N m —k/N 1
(be(2)et(W)p/n = D i = > e ()" =(2)

w zZ—Ww
m,n m=0
(Prntk/N Cn—k/N) 1 1-k/N Ez24+(1-E)w
<bt(z)8ct(w)>k/N — sz+1—|—k/an—|—1—k/N — (%) = (z—w)év
m,n

This can be recast in terms of twist fields oy, /.

be(e*™ )0y N (0) = e 2T/ N by (2) a4/ (0),
Cct (eQWiz)ak/N (0) = e2™ik/N ¢, (2)or/n(0) (k=1,...,N —1) equiv to OPEs

be(2)og /N (0) ~ 27K/ Nry n, Oci(2)og n(0) ~ Z_Hk’/NT;Q/N-

—— anti-twist field o +

Twist field Op/N = o k/N = %1 k/N

k/N
(OPEshave £ —1— £) —  nponvanishing corrn fns.
Then correlation functions are e.g. (bc) = (Olo, /bt (2)ee (w)a,j/N|0>

Regularizing (point-splitting) —

Ty = Jim (= beeew) ) + o) =~ (1= §) & =~
U(1) charge: (j(2))r/N = Zli_%)«_ L bt (2)ct (w) ) + Z_1w) _ k/zN
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bc-ghosts, ¢ = —2: replica and EE

Twist: U:/N has dim —%%(1 — %) (hoy v < 0); U(1) charge is %
Anti-twist: Ol /N = O'i'__k/N has dim —% %(1 — %), U(1) chargeis 1 — %

Nonvanishing twist field correlation functions also require total U (1)
charge to cancel background charge when calculated in untwisted
SL(2) vacuum: (o) of ..)=(0lof oy \ ... [0)#0 = Y, =1

Bosonized: j(z) = i0¢ and b(z) = e~ ?, c(z) = e?, in untwisted ¢ = —2 theory.

In sector twisted by A = % twist fields are o) = et — O'j\_

Thus nonvanishing 2-point function has the form (O|0;r0; 10) = (0|a;\LaIL_ 1 0) —

automatically contains an unpaired c-field e® cancelling background charge Q = —1.
n—1 —4Zn_1 L )
= trp% = || (Oloy /N (v)a;/N(u)|o> = (v —u) k=1 "Tk/N = (y — )3 (P77
k=1
— Entanglement entropy 5S4 = — lim 0y, trp” = —% log L (withl = v — ).
n—1 €

Neighbourhood of each singularity does not contain zero modes: however n — 1 limit is smooth
requiring total U (1) charge to cancel background charge (for finite interval).

o /n dim negative means long distance divergence in (oo) corrn fn — suggests replica theory
has some instability (vanishes in n — 1 limit).
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One spin, two ghost-spins, entangled
9 9
) = - FliaB);  (WIY) = gijracysedh P (¥*))0F = [pHTE2 — gt )2
ol e e e e e L e i
RDM: (PA)ik = 7@076p¢i’aﬁ (¢*)k’ap = ’Vao/VBBlw"aﬁ (¢*)k’aﬁ
Physical requirement: after tracing over ghost-spins, RDM 1is for spins
alone — Demand that +ve norm states = +wve EE.

o ) =TT )+ H) T T ) - ) F T )+ ) YT =) - )

Correlated ghost-spins:  positive norm so manifestly positive EE.
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One spin, two ghost-spins, entangled
e Subfamily of states
) =TT R+ )+ TR+ ) T ) - YT T ) - o)
RDM: (pa)"F = [T F T2 —[pTF7 12 (pa)"" == T2+ [ 7|
Remaining spin — +4-ve definite metric =
Sa = —gij(palogpa)? = —(palogpa)™™ — (palogpa)™~

£norm:  (P[yp) = [T T2 — T F T2 — T2 T T2 = £
[ HTHRE — Tt P =2, W) =2+ (F1 - 2);
(pa)tt =2, (pa)™ ™ =+1 =z, Sa = —zlogx — (£1 — z)log(+1 — x)

Positivenorm: =z >0 = 1 —xz >0s054 = —xlogx — (1 — z) log(1 — x) > 0.
z<0= (pa)t" <0, (pa)™" >0, Sa = [z[log|z| — (14 |z|) log(1 + |z]) + iml|x|.
x > 0 1s component of Hilbert space that is continuously connected to the correlated ghost-spin

sector. Small deformations don’t change positivity.

Negative norm: p 4 negative definite if z < Oand (—1 — z) < 0,sothat 0 < |z| < 1 =

Sa = |z[log|z| + (1 — |=|) log(1 — |z[) 47
r<—1= (pa)™ <0, (pa)~" >0, Sa = [z|log|z| — (2| — 1) log(jz| — 1) + 2]
z>0= (pa)TT >0, (pa)”~ <0,S4 = —xlogz+ (1 +x)log(l +z) +in(1l+ x)
(pa)Tt >0, (pa)~~ >0, x >0, —1 —x > 0: not possible.
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One spin, two ghost-spins, entangled
) =9 *Pli)|aB); RDM:  (pa)™ = Yaovsp¥" P (V") 77 = yaavgep P (1*)P
® ) =T TTIH+ )+ TR -+ TS+ B T T - )
Correlated ghOSt- SpiIlSZ +wve norm = +wve EE. Subspace always exists for even ghost-spins.

® [n general, new entanglement patterns. After tracing over ghost-spins, RDM is for spins alone

— Physical requirement: +ve norm states = +ve EE.

e.g. W) =Y ++) + T T+ ) TS - H) F YT T T = )
RDM: (pa)t+ = [0t — [0t 2 (pa)™ " = [ FP [P
tnorm:  (yly) = [pHHZ — [t T2 = T T2 T T2 =
2 — [t 2 =2, WlY) =z + (£1 —2);
(pa)™ T =z, (pa)” ™ = +1 — =z, Sp=—xzlogzr — (£1 — x) log(+1 — x)

Positive norm: 0O<z<1 = Sy =—zlogz — (1 —x)log(l —x) > 0.

x > 0 1s component of Hilbert space that is continuously connected to the
correlated ghost-spin sector. Small deformations don’t change positivity.

Negative norm:  p 4 negative definite if z < 0, (=1 — ) <0, i.e. 0 < |z[ < 1=
Sa = |z|log |z| 4+ (1 — |z[) log(1 — |z]) + im
[Other ranges for x: +wve norm is not +ve EE and —ve norm is not —ve Re(EE)]
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One spin, one ghost-spin, entangled

) = P D]a), (W) = gijrapdh* ($*)F =32, 4 Yaahh* (P*)He
RDM: (pA)ik — 7aﬁ¢i’a(¢*)k’ﬂ — 7aa¢i’a(¢*)k’a
Simple entangled state: [Py =TT+ + T | =) =) =
(pa) Tt =T 2, (pa)™ =~

[ HF2 — |72 =41, (logpa)T = log(|TF[?), (logpa)” = log(—|¢~~|?)

EE: Sa =~ HFPlog (|vHH2) + [~ [Plog (|7 7) + [~ |2 (im)

Positive norm: |y~ |2 = |2 —

Sa=—zlogz+ (x —1)log(x — 1)+ (x — 1)(in), z=[pTT|]?, 1<z <00
Real part negative, altho +wve norm state.

Negative norm: |[¢p— |2 = [¢+ |2 + 1

Sa=-—zlogz+ (x+1)log(x + 1)+ (x +1)(in), z=|pT™T|?, 0<z < o0
Real part positive, altho —ve norm state.

Also true for general entangled states.
Other contraction schemes for p 4 can be studied: however this bug does not go away.

p A acquires negative eigenvalues also for multiple spins entangled with single ghost-spin —
+wve norm does not give +ve EE.
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Multiple ghost-spins, entangled

3 ghost-spins: possible to find subsectors where 4-ve norm states have +ve EE.
Structure has similarities to one spin and two ghost-spins entangled.

However there are weird entangled states: consider n ghost-spins —
) =yt ) YT T = =), @) =TT P (D) T )
(pa)T = (pa)tT =T 12, (pa)” =—(pa)~~ = (=)= "2,
Sa=—(pa)i(logpa)l — (pa)_(logpa)

n even: +wve norm so +ve EE.

nodd: |¢pTT ]2 —|yp=7 |2 =+£1 [4 norm]

SA — _|¢—|——|—...‘2 log (|¢—|——|—‘2) + |¢——... |2 log (‘w—— |2) + |¢——... ‘2(7:71.)
Similar to one spin and one ghost-spin entangled — thus +wve norm has
—ve Re(EE) and Im. part, while —ve norm gives Re(S4) > 0.

One spin entangled with n ghost-spins:

|¢>(1,n) — w—l_’—l_—'—”‘H_) ++ .. > + ¢_7__‘“ A '>7
(1) (1) (1) = [WTF T2 (1) [T 77 2
(pa)f = (pa)TH =t T2 (pa)” = (pa)~~ = (=)~

Sa=—(pa)}(logpa)} — (pa)~(logpa)

n odd: +wve norm does not give +ve EE.

Even number of ghost-spins: sensible calculations and interpretation.
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