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F u n c tio n a l p ro g ra m m in g h a s its ro o ts in A lo n z o

C h u rch 's la m b d a c a lc u lu s. In th e ¯ rst p a rt 1 o f

th is a rtic le , w e e x p lo re d so m e b a sic n o tio n s o f

fu n c tio n a l p ro g ra m m in g u sin g th e la n g u a g e

H a sk e ll. W e n o w e x a m in e so m e m o re a d v a n c e d

c o n c e p ts, in c lu d in g p o ly m o rp h ism , in ¯ n ite d a ta

ty p e s a n d c o m p u ta tio n s, a n d u se r-d e ¯ n e d d a ta

ty p e s.

1 . R e c a p

H a skell is a ty p ed fu n ction a l p rogra m m in g lan gu ag e.
Its b u ilt-in sca la r ty p es in clu d e I n t , F l o a t , C h a r a n d
B o o l for in tegers, ° o atin g p o in t n u m b ers, ch aracters a n d
b o olean valu es, resp ectively. A fu n ction from ty p e A to
ty p e B h a s ty p e A - > B . T h u s, th e fu n ction f a c t o r i a l

w ou ld h ave ty p e I n t - > I n t . M u ltip le in p u ts are read
on e a tim e, u sin g curryin g. F or in sta n ce, a fu n ction p l u s

th at a d d s tw o in tegers w ou ld h av e ty p e I n t - > I n t - >

I n t rath er th a n I n t £ I n t - > I n t .

T h e b asic co llective ty p e is a list { a seq u en ce of valu es
w ith a u n ifo rm u n d erly in g ty p e. F or in stan ce, [ 3 , 1 , 2 , 1 ]

is a list o f I n t . A list w ith u n d erly in g ty p e T h a s ty p e
[ T ] , so th e p reced in g ex am p le h as ty p e [ I n t ] . E v ery
list is b u ilt u p from th e em p ty list [ ] b y rep eated a p -
p lication s o f th e op erato r : th at ap p en d s a n elem en t to
th e left o f a list. T h u s, th e list [ 3 , 1 , 2 , 1 ] is in tern ally

rep resen ted a s 3 : ( 1 : ( 2 : ( 1 : [ ] ) ) ) , or m ore sim p ly a s
3 : 1 : 2 : 1 : [ ] , sin ce : asso ciates to th e rig h t.

A H a skell p ro gram con sists of a n u m b er of fu n ction s.
E ach fu n ction is sp ecī ed u sin g on e or m o re d e¯ n itio n s

th at a re scan n ed from top to b otto m . P attern m a tch in g
can b e u sed to sim p lify d e¯ n ition b y cases. F or in stan ce,
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In Haskell, it is

possible to say that a

function works for

multiple types by using

type variables. For

instance, we can write

the type of length as

length::[a]->Int. Here,

the letter a in the type

[a]->Int is a type

variable.

h ere is an in d u ctiv e d e¯ n itio n of th e f i b o n a c c i fu n c-
tio n , w h ere th e ¯ rst lin e sp ecī es th e ty p e o f th e fu n c-
tio n .

f i b o n a c c i : : I n t - > I n t

f i b o n a c c i 0 = 1

f i b o n a c c i 1 = 1

f i b o n a c c i n = f i b o n a c c i ( n - 1 ) + f i b o n a c c i ( n - 2 )

F or fu n ctio n s o n lists, p attern m atch in g ca n b e u sed
to im p licitly d ecom p ose a list in to its ¯ rst elem en t, th e
head, an d th e rest of th e list, th e tail. H ere is a fu n ction

th at in d u ctiv ely com p u tes th e len gth o f a list of [ I n t ] .

l e n g t h : : [ I n t ] - > I n t

l e n g t h [ ] = 0

l e n g t h ( x : x s ) = 1 + l e n g t h x s

2 . P o ly m o rp h ism

O b serve th a t th e fu n ction l e n g t h w ork s in th e sa m e
w ay fo r lists o f an y ty p e. It w o u ld b e w astefu l to h ave
to w rite a sep arate versio n o f su ch a fu n ction for ea ch
d i® eren t ty p e o f list. In H ask ell, it is p ossib le to say

th at a fu n ctio n w o rk s fo r m u ltip le ty p es b y u sin g ty p e
variab les. F or in sta n ce, w e ca n w rite th e ty p e of l e n g t h

as l e n g t h : : [ a ] - > I n t . H ere, th e letter a in th e ty p e
[ a ] - > I n t is a ty p e va ria b le. T h e ty p e [ a ] - > I n t is to
b e read as \for an y u n derlyin g type a , this fu n ction is

of type [ a ] - > I n t ".

T h e fu n ction r e v e r s e rev erses th e o rd er of elem en ts in
a list a n d th e fu n ctio n c o n c a t \ d issolves" o n e lev el of
b rackets in a n ested list. U sin g ty p e variab les, w e can

sp ecify th e m ost gen era l ty p es of th ese fu n ctio n s as fol-
low s.

r e v e r s e : : [ a ] - > [ a ]

c o n c a t : : [ [ a ] ] - > [ a ]

In th ese ty p e d e¯ n ition s, it is sign ī can t th a t th e sa m e
letter a ap p ears o n b oth sid es of th e - > . T h is m ean s, for



42 RESONANCE September 2007

GENERAL ARTICLE

In a nutshell,

overloading uses the

same symbol to

denote similar

operations on different

types, but the way the

operation is

implemented for each

type is different. On

the other hand,

polymorphism refers

to a single function

definition with a fixed

computation rule that

works for multiple

types in the same

way.

in stan ce, th at th e ty p e of th e list retu rn ed b y r e v e r s e

is th e sam e as th e ty p e o f th e in p u t list. In oth er w ord s,
all o ccu rren ces of a ty p e va ria b le in a ty p e d ecla ration

m u st b e in stan tiated to th e sam e actu al ty p e.

F u n ction s th at w o rk in th e sam e w ay on d i® eren t ty p es
are ca lled polym orphic, w h ich in G reek m ean s t̀ak in g
d i® eren t form s'. W e m u st b e ca refu l to d istin g u ish p oly -

m orp h ism o f th e ty p e w e h ave seen w ith lists from th e ad
h o c va riety a sso ciated w ith overlo ad in g o p erators. F or
in stan ce, in m ost p ro gram m in g lan gu ag es, w e w rite +

to d en ote ad d itio n fo r b oth in tegers an d ° o atin g p o in t
n u m b ers. H ow ever, sin ce th e u n d erly in g rep resen ta tio n s

u sed for th e tw o k in d s of n u m b ers are com p letely d i® er-
en t, w e a re actu ally u sin g th e sa m e n am e (+ , in th is case)
to d esig n ate fu n ction s th a t a re com p u ted in a d i® eren t
m an n er for d i® eren t b a se ty p es. T h is ty p e o f situ ation
is m ore p rop erly referred to as overloadin g.

In a n u tsh ell, ov erloa d in g u ses th e sam e sy m b o l to d e-
n ote sim ilar o p eration s on d i® eren t ty p es, b u t th e w ay
th e op era tio n is im p lem en ted for ea ch ty p e is d i® eren t.

O n th e oth er h a n d , p o ly m orp h ism refers to a sin gle fu n c-
tio n d e¯ n itio n w ith a ¯ x ed com p u tation ru le th at w ork s
for m u ltip le ty p es in th e sam e w ay.

2 .1 M a p a n d F ilter

W e h ave seen th e b u ilt-in fu n ction m a p th a t allow s u s to
ap p ly a fu n ction f \ p o in tw ise" to each elem en t of a list,
so th at m a p f [ x 0 , x 1 , . . . , x k ] ; [ ( f x 0 ) , ( f x 1 ) ,

. . . , ( f x k ) ] .

W h at is th e ty p e of m a p ? T h e fu n ctio n f is in g en eral
of ty p e a - > b . T h e list th at m a p op erates o n m u st b e

com p atib le w ith th e fu n ction f , so it m u st b e of ty p e
[ a ] . T h e list gen erated b y m a p is of ty p e [ b ] . T h u s,
w e h ave m a p : : ( a - > b ) - > [ a ] - > [ b ] . N o tice th at th ere
are tw o ty p e va riab les, a an d b , in th e ty p e d e¯ n ition
for m a p . T h ese ca n b e in d ep en d en tly in stan tiated to
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d i® eren t ty p es, an d th ese in stan tiation s a p p ly u n iform ly
to all o ccu rren ces of a an d b .

W e h ave a lso seen th a t w e ca n ¯ lter ou t va lu es fro m a
list. L et l b e of ty p e [ a ] an d let p b e a fu n ction from
a to B o o l . T h en , w e can d e¯ n e f i l t e r a s follow s.

f i l t e r : ( a - > B o o l ) - > [ a ] - > [ a ]

f i l t e r p [ ] = [ ]

f i l t e r p ( x : x s ) | ( p x ) = x : ( f i l t e r p x s )

| o t h e r w i s e = f i l t e r p x s

H ere, th e o u tp u t of f i l t e r is a su b list of th e o rigin al
list, so th e o u tp u t list h as th e sam e ty p e a s th e o rigin al
list.

2 .2 C o n d itio n a l P o ly m o rp h ism

R eca ll th e fu n ction s u m th at ad d s u p th e elem en ts of a

list.

s u m [ ] = 0

s u m ( x : x s ) = x + ( s u m x s )

C lea rly, th is d e¯ n itio n o f s u m w ou ld w ork fo r b o th lists
of I n t a n d lists o f F l o a t , so it w o u ld b e a p p rop riate
to assig n it a p oly m o rp h ic ty p e. H ow ev er, it w o u ld b e

w ron g to w rite s u m : : [ a ] - > a b ecau se s u m w o rk s on ly for
lists w h ose u n d erly in g ty p e su p p o rts ad d ition . W e n eed
to assign s u m a q u a lī ed p o ly m orp h ic ty p e o f th e form

s u m : : [ a ] - > a , p r o v i d e d t y p e a s u p p o r t s +

A n alo go u sly, con sid er th e fu n ction q u i c k s o r t to sort a
list. If w e u se co n crete ty p es, w e h ave to d e¯ n e sep a -

rate v ersio n s o f q u i c k s o r t fo r each ty p e of list, su ch a s
i q u i c k s o r t : : [ I n t ] - > [ I n t ] , f q u i c k s o r t : : [ F l o a t ] - >
[ F l o a t ] an d i l i s t q u i c k s o r t : : [ [ I n t ] ] - > [ [ I n t ] ] .
T h is is clearly u n d esirab le b eca u se th e actu al d e¯ n ition
of q u i c k s o r t in a ll th ese ca ses is th e sam e. T h e oth er

op tion is to d eclare q u i c k s o r t to b e o f ty p e [ a ] - > [ a ] .
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2 This is analogous to a class

implementing an interface in an

object oriented language.

Haskell classifies

types into subsets,

called type classes,

based on the

additional properties

satisfied by the types

in a class. Each type

class carries an

obligation in the form

of some underlying

functions that a type

needs to support to

belong to the class.

Is th is reaso n ab le? C an w e sort a list of fu n ctio n s of
ty p e [ I n t - > I n t - > I n t ] su ch a s [ p l u s , t i m e s , m a x ] ?

T h e an sw er is th at w e ca n so rt a list of va lu es p ro -
v id ed w e can co m p a re th ese valu es w ith each oth er. In
oth er w o rd s, w e n eed to a ssign th e fo llow in g ty p e to
q u i c k s o r t :

q u i c k s o r t : : [ a ] - > [ a ] ,

p r o v i d e d w e c a n c o m p a r e v a l u e s o f t y p e a

H a skell classī es ty p es in to su b sets, ca lled type classes,

b ased o n th e ad d itio n al p rop erties satis¯ ed b y th e ty p es
in a class. E ach ty p e class carries a n ob lig ation in th e
form o f so m e u n d erly in g fu n ction s th a t a ty p e n eed s to
su p p ort to b elo n g to th e class2 . F o r in sta n ce, th e set of
all ty p es th at su p p o rt co m p a riso n fu n ctio n s < , < = ,...is
called O r d .

A su b set X of a set Y ca n also b e d escrib ed in term s
of its ch aracteristic fu n ction f X w h ere f X (x ) = T ru e if
an d on ly if x 2 X . T h u s, w e ca n th in k of O r d as a

fu n ctio n th at m ap s ty p es to B o o l an d w rite O r d T to
d en ote w h eth er or n o t ty p e T b elon g s to O r d . T h e ty p e
of q u i c k s o r t n ow b eco m es:

q u i c k s o r t : : ( O r d a ) = > [ a ] - > [ a ]

T h is is read a s \If a is in O r d , then q u i c k s o r t is of type

[ a ] - > [ a ] ". N ote th e d ou b le a rrow n ota tio n to d en ote
\if ...then ...".

A n ev en m ore b asic ty p e cla ss is E q , th e set of all ty p es
th at su p p ort ch eck in g fo r eq u ality. W h y is th is a n o n -

triv ial ty p e class? R eca ll th a t w e h ave fu n ction ty p es of
th e form T 1 - > T 2 . O n e of th e m o st fu n d a m en tal re-
su lts in th e th eory of com p u tation is th at it is n ot p os-
sib le to e® ectiv ely ch eck w h eth er tw o co m p u tab le fu n c-
tio n s are eq u a l fo r a n y n o n triv ia l d e¯ n ition o f eq u a lity
(for in stan ce, f = = g if an d on ly if for each in p u t x , f x

= = g x ). T h u s, fu n ctio n s d o n ot b elo n g to E q . A ty p ical
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Haskell allows us to

pass any type to a

function, including

another function.

Consider the function

apply, that takes as

input a function f and

a value x and returns

the value (f x). In

other words, this

function applies f to x.

The definition of

apply is very

straightforward:

apply f x = f x.

ex a m p le o f a fu n ctio n th a t d ep en d s o n E q is th e b u ilt-in
fu n ctio n e l e m th at ch eck s if a valu e b elon g s to a list.
H ere is an in d u ctive d e¯ n itio n of e l e m .

e l e m x [ ] = F a l s e

e l e m x ( y : y s ) | x = = y = T r u e

| o t h e r w i s e = e l e m x y s

T h e m ost gen era l ty p e fo r e l e m is e l e m : : ( E q a ) = > a - >

[ a ] - > B o o l . O b serve th a t a ty p e can b elo n g to O r d o n ly
if it b elo n gs to E q . T h is is b ecau se com p ariso n in v olves
n ot o n ly th e fu n ctio n s < an d > b u t a lso < = , > = , ...w h ich
im p ly th a t w e can ch eck eq u a lity. T h u s, as su b sets of
ty p es, O r d is a su b set o f E q . A ltern atively, w e h av e th at
O r d a im p lies E q a for a n y ty p e a .

A n oth er ty p ical ty p e class in H askell is N u m , th e col-
lectio n of all ty p es th at su p p orts \n u m eric" op era tio n s
su ch as + , - an d * . W e ob served earlier th at th e fu n ction
s u m th a t a d d s u p th e va lu es in a list w ill w o rk on a n y list
w h o se u n d erly in g ty p e su p p orts a d d itio n . T h is m ea n s
th at w e can a ssign th e g en eric ty p e s u m : : ( N u m a ) = > [ a ]

- > a .

3 . T y p e In fe re n c e

H a skell allow s u s to p ass a n y ty p e to a fu n ction , in clu d -
in g an o th er fu n ctio n . C on sid er th e fu n ctio n a p p l y , th at

tak es as in p u t a fu n ctio n f a n d a valu e x a n d retu rn s
th e va lu e ( f x ) . In oth er w o rd s, th is fu n ctio n a p p lies
f to x . T h e d e¯ n ition o f a p p l y is v ery straigh tforw ard :
a p p l y f x = f x .

W h at is th e ty p e of a p p l y ? T h e ¯ rst argu m en t is a n y
fu n ctio n , so w e can d en ote its ty p e as a - > b fo r so m e
arb itrary ty p es a an d b . T h e seco n d a rgu m en t x h a s
to b e fed as an in p u t to f , so its ty p e m u st b e a . T h e

ou tp u t of a p p ly is f x , w h ich h a s ty p e b . T h u s, w e h av e,
a p p l y : : ( a - > b ) - > a - > b .

W h at if w e ch an g e th e fu n ction to a p p ly f tw ice to x ,
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Computation in

Haskell consists of

rewriting expressions

using function

definitions. An

expression may have

multiple

subexpressions that

can be simplified. For

instance, if

sqr x = x*x, the

expression sqr (3+4)

may be simplified as

either sqr 7 or

(3+4)*(3+4)

depending on whether

we use the definition

of sqr or + first.

as in th e fu n ctio n t w i c e f x = f ( f x ) ? In th is ca se,
w e see th a t th e ou tp u t ( f x ) is fed b ack as an in p u t to
f . T h is m ean s th at th e in p u t an d o u tp u t ty p es a a n d b

m u st b e th e sam e, so f : : a - > a an d th e ty p e of t w i c e is
given b y t w i c e : : ( a - > a ) - > a - > a .

T h e a n aly sis w e d id b y h an d w h en try in g to d ed u ce th e
ty p e o f a p p l y an d t w i c e is b u ilt in to H askell. T h u s, if

w e d o n o t p rov id e an ex p licit ty p e for a fu n ction , H a skell
w ill sta rt w ith th e m ost gen era l assu m p tion ab ou t th e
ty p e an d im p o se th e con strain ts in ferred fro m th e fu n c-
tio n d e¯ n itio n s to arrive at a ¯ n a l ty p e.

4 . O u te rm o st R e d u c tio n a n d In ¯ n ite D a ta S tru c -

tu re s

C o m p u ta tio n in H askell con sists o f rew ritin g ex p ressio n s
u sin g fu n ctio n d e¯ n ition s. A n ex p ressio n m ay h ave m u l-
tip le su b ex p ression s th a t ca n b e sim p lī ed . F o r in stan ce,
if s q r x = x * x , th e ex p ressio n s q r ( 3 + 4 ) m ay b e sim -
p lī ed a s eith er s q r 7 o r ( 3 + 4 ) * ( 3 + 4 ) d ep en d in g on
w h eth er w e u se th e d e¯ n itio n of s q r o r + ¯ rst. In gen -
eral, if th e su b ex p ression s th at can b e red u ced ov erlap ,
as in th is case, w e can alw ay s u n am b ig u ou sly d eclare
on e to b e in side th e oth er { h ere ( 3 + 4 ) is in sid e s q r

( 3 + 4 ) .

In H a skell, th e ou ter ex p ressio n is alw ay s sim p lī ed b e-
fore th e in n er on e. T h is outerm ost stra teg y is som e-
tim es ca lled lazy { it d o es n o t sim p lify th e arg u m en t to
a fu n ctio n u n til th e va lu e of th e argu m en t is actu ally

n eed ed in th e evalu ation of th e fu n ction . O n th e oth er
h an d , in n erm ost o r eager red u ctio n w ou ld alw ay s evalu -
ate a n argu m en t b efore it is u sed . O u term o st red u ction
so m etim es p ro d u ces a resu lt w h en in n erm o st red u ction
d o es n o t. F o r in stan ce, given th e d e¯ n ition p o w e r x

0 = 1 . 0 , w e h ave p o w e r ( 8 . 0 / 0 . 0 ) 0 ; 1 . 0 , b ecau se
th e arg u m en t x d o es n ot n eed to b e eva lu a ted .

O u term o st red u ction also p erm its th e d e¯ n itio n of in ¯ -
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Why are infinite

lists useful? It is

often conceptually

easier to define a

function that

returns an infinite

list and extract a

finite prefix to get a

concrete value.

e d g e : : C h a r - > C h a r - > B o o l

e d g e ' A ' ' B ' = T r u e

e d g e ' A ' ' D ' = T r u e

e d g e ' B ' ' C ' = T r u e

e d g e ' C ' ' A ' = T r u e

e d g e ' C ' ' E ' = T r u e

e d g e ' D ' ' E ' = T r u e

e d g e ' F ' ' D ' = T r u e

e d g e ' F ' ' E ' = T r u e

e d g e x y = F a l s e
Figure1.AgraphinHaskell.

n ite d a ta stru ctu res. F or in sta n ce, th e list of a ll in tegers
startin g at n is g iv en b y th e fu n ction

l i s t f r o m n = n : ( l i s t f r o m ( n + 1 ) )

A fter w e rew rite l i s t f r o m n , th e o u term ost ex p ression

is th e on e in v olv in g : . T h is is th u s evalu ated ¯ rst, re-
su ltin g in th e in itial n b ein g g en erated . H askell th en
tries to ex p a n d l i s t f r o m ( n+ 1 ) w h ich , in tu rn , gen -
erates n + 1 a n d l i s t f r o m ( n + 2 ) an d so on . T h u s, th e
ou tp u t of l i s t f r o m m is th e in ¯ n ite list [ m , m + 1 , . . . ]

w h ich is d en o ted [ m . . ] in H askell.

4 .1 U sin g In ¯ n ite L ists

W h y a re in ¯ n ite lists u sefu l? It is o ften con cep tu ally
easier to d e¯ n e a fu n ctio n th at retu rn s an in ¯ n ite list
an d ex tract a ¯ n ite p re¯ x to get a co n crete valu e. W e
illu strate th is b y w ritin g a fu n ctio n to ch eck con n ectiv ity
in a d irected g rap h .

A d irected grap h is a co llection o f vertices w ith so m e
p airs co n n ected b y orien ted edges. F igu re 1 is a n ex am -
p le of a d irected gra p h w ith six v ertices. W e can d escrib e

th e g rap h u sin g a fu n ctio n e d g e , a s sh ow n to th e righ t
of th e g rap h .

O u r g oa l is to co n stru ct a fu n ctio n c o n n e c t e d : : C h a r - >

C h a r - > B o o l to com p u te th e p a irs o f vertices th at are
con n ected { th at is, c o n n e c t ed x y is T r u e if a n d o n ly

A

B

C

D

F

E
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if th ere is a p a th fro m x to y u sin g th e given set o f ed g es.
W e b u ild u p th e set of p ath s in d u ctiv ely. In itially w e
h ave p ath s of len g th 0 { th ere is on ly on e. G iven a p ath

of len gth k , w e ex ten d it to a p a th o f len gth k + 1 b y
ad d in g an ed g e. W e can rep resen t a p a th as a list of
n o d es, so w e h av e

e x t e n d p a t h : : [ C h a r ] - > [ [ C h a r ] ]

e x t e n d p a t h p = [ p + + c | c < - [ ' A ' . . ' F ' ] ,

e d g e ( l a s t p ) c ]

w h ere l a s t p retu rn s th e last valu e in th e list p . W e can
th en m ap e x t e n d p a t h over th e list o f p ath s of len g th k
to get th e list o f p ath s of len gth k + 1.

e x t e n d a l l : : [ [ C h a r ] ] - > [ [ C h a r ] ]

e x t e n d a l l [ ] = [ [ c ] | c < - [ ' A ' . . ' F ' ] ]

e x t e n d a l l l = [ l l | p < - l , l l < - e x t e n d p ]

T h e b a se case of e x t e n d a l l co n stru cts p ath s th at co n -
sist of a sin gle n o d e. If w e sta rt w ith th e sin gleto n list
of em p ty p ath s [ [ ] ] a n d rep eated ly a p p ly e x t e n d a l l ,
w e get lists w ith lo n ger a n d lon ger p a th s.

T o ch eck if x an d y a re con n ected , w e o n ly n eed to ch eck
for p ath s w ith ou t lo op s from x to y { th a t is, w e ca n as-
su m e th a t th e p ath from x to y d o es n ot v isit a n in term e-
d iate n o d e z tw ice. If it d id , w e can ex cise th e lo o p from
z to z an d get a sh o rter p ath th a t serv es o u r p u rp o se.
If w e h ave n n o d es overall, a lo o p free p ath ca n h ave at
m ost n ¡ 1 ed ges. T h is su ggests th at to ch eck all p airs
of co n n ected n o d es, it is su ± cien t to a p p ly e x t e n d a l l

n tim es to th e in itial list co n ta in in g th e em p ty p ath .

H a skellh a s a b u ilt-in fu n ctio n i t e r a t e su ch th a t i t e r a t e

f x ; [ x , f x , f ( f x ) , . . . ] . W e can th erefo re w rite
i t e r a t e e x t e n d a l l [ [ ] ] to g en erate th e list w e w a n t.
W e ca n th en ex tra ct th e ¯ rst n elem en ts of th is list (all

p ath s of len gth u p to n ¡ 1 ) as

f i r s t n = t a k e n ( i t e r a t e e x t e n d a l l [ [ ] ] )
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N ow , for each p a th in th is list, w e ex tra ct th e sta rt a n d
en d p o in ts as fo llow s.

c o n n e c t e d p a i r s = [ ( h e a d p , l a s t p ) | l < - f i r s t n ,

p < - l ]

F in a lly, w e can d e¯ n e th e fu n ction c o n n e c t e d .

c o n n e c t e d x y = ( e l e m ( x , y ) c o n n e c t e d p a i r s )

N o tice th a t w e h av e n ot b oth ered a b o u t th e fact th at
e x t e n d a l l gen era tes p ath s th a t lo op a n d d o o th er u n -
p ro d u ctive th in gs. F or in stan ce, th e p ath [ ' A ' , ' B ' , ' C ' ,

' A ' , ' B ' , ' C ' ] b elon g s to th e six th itera tio n of e x t e n d a l l

[ [ ] ] , b u t it d o es n ot m atter. A ll th at w e w a n t is a gu a r-
an tee th a t ev ery p air ( x , y ) th at is con n ected is en u m er-

ated b y th e n th step .

4 .2 S ea rc h P ro blem s

In search p ro b lem s, th ere is n o closed form fo r th e a n -
sw er an d w e n eed to sy stem a tically gen erate a ll p o ssib le
so lu tion s, u n d oin g p artia l solu tio n s w h en ever w e rea ch
a d ea d en d . A classical p ro b lem of th is sort is th at of
p lacin g n q u een s on an n £ n ch essb oa rd su ch th at n o

tw o q u een s a ttack each oth er. R ecall th a t tw o q u een s
atta ck each oth er if th ey lie on th e sam e row , co lu m n or
d iago n al.

F rom th e p ro b lem d escrip tion , it is im m ed ia te th at in
an y solu tio n to th e p rob lem , th ere is ex actly on e q u een
on each row (an d a lso on each colu m n ). T h u s, o n e stra t-
egy for solv in g th e p rob lem is th e fo llow in g:

² P lace th e ¯ rst q u een on som e sq u are o f th e ¯ rst row .

² In each su cceed in g row , p lace a q u een at th e leftm o st
sq u are th at is n ot atta cked b y an y of th e earlier q u een s.

If w e follow th is strategy on an 8 £ 8 b oa rd an d p la ce
th e ¯ rst q u een a t th e to p left corn er, a fter 7 m ov es, w e
arrive at th e co n ¯ gu ra tio n sh ow n in F igure 2. W e ¯ n d

Q

Q

Q

Q

Q

Q

Q

Figure 2. The 8 queens

problem.
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Given an arrangement

of k queens, we can

write a function that

computes all valid

extensions of this

arrangement to k+1

queens, analogous to

the function we wrote

to extend paths of

length k in a graph to

paths of length k+1.

We have to ensure

that the new queen is

not in the same

column as any

previously placed

queen.

th at th ere is n o va lid p o sition o n th e last row for th e
8th q u een , so w e h av e to a b an d o n th is solu tio n a n d try
an o th er on e. T h is ca n b e d o n e in a sy stem a tic w ay b y

retry in g th e n ex t p ossib ility fo r th e 7th q u een an d o n ce
ag ain try in g th e 8 th q u een . If a ll p ossib ilities for th e
7th q u een fail, w e go b a ck a n d try th e n ex t p o ssib ility
for th e 6 th q u een . T h is stra teg y is ca lled backtrackin g.

W e can rep resen t an arran g em en t of q u een s a s a list of
in tegers, w h ere th e ¯ rst in teger is th e colu m n n u m b er of
th e ¯ rst q u een in th e ¯ rst row , th e seco n d in teger is th e
colu m n n u m b er of th e seco n d q u een in th e secon d row ,
...T h u s, th e p o sition in F igure 2 is d escrib ed b y th e list
[ 1 , 3 , 5 , 7 , 2 , 4 , 6 ] .

G iven an arran g em en t o f k q u een s, w e can w rite a fu n c-
tio n th at co m p u tes all valid ex ten sio n s of th is arra n ge-

m en t to k + 1 q u een s, an alog ou s to th e fu n ctio n w e w rote
to ex ten d p a th s o f len g th k in a g rap h to p ath s of len gth
k + 1. W e h ave to en su re th at th e n ew q u een is n ot in th e
sa m e co lu m n a s an y p rev iou sly p la ced q u een . W e a lso
calcu late, u sin g elem en tary arith m etic, th at th e n ew p o -

sitio n is n o t on an y d ia go n al th at is a ttacked b y an y of
th e p rev iou s p o sition s.

A s in th e p a th s ex am p le, let u s giv e th e n a m e e x t e n d a l l

to th e fu n ction th a t co m p u tes a ll valid ex ten sion s o f a

list of a rran gem en ts. W e can n ow solv e th e n q u een s
p rob lem b y rep eated ly ap p ly in g th e fu n ction e x t e n d a l l

to th e em p ty arra n gem en t an d p ick in g u p th e valu es gen -
erated a fter th e n th ap p lica tio n . T h e follow in g fu n ction
com p u tes all p ossib le arra n gem en ts o f n q u een s on an
n £ n b oard .

q u e e n s n = ( i t e r a t e e x t e n d a l l [ [ ] ] ) ! ! ( n + 1 )

w h ere l ! ! i d en otes th e elem en t at p ositio n i in list l ,
startin g from p osition 0. T h e fo llow in g retu rn s ju st on e

su ch arra n gem en t { th e ¯ rst o n e th at is g en era ted .

q u e e n s o n e n = h e a d ( ( i t e r a t e e x t e n d a l l [ ] ) ! ! ( n + 1 ) )
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N o tice th at som e of th e p ositio n s a fter k iteration s m ay
h ave n o va lid ex ten sion s (lik e th e arran g m en t o f 7 q u een s
ab ove). T h is d o es n ot m atter. If, at som e sta ge, all

arra n gem en ts d ie o u t as in fea sib le, w e w ill get th e va lu e
[ ] co n sistin g o f n o valid a rra n gem en ts (as op p osed to
[ [ ] ] , th e list co n sistin g of th e em p ty arra n gem en t) w h ich
w ill ju st rep ea t itself in d e¯ n itely.

It m igh t ap p ea r th at w e n eed to gen era te all p o ssib le
arra n gem en ts w ith 1,2,...,7 q u een s b efore w e can ob tain
th e ¯ rst valid arra n gem en t for 8 q u een s in q u e e n s o n e .
H ow ever, H ask ell's ou term ost evalu ation stra teg y w ill
actu ally ex p an d th e leftm ost solu tio n at ea ch level, so it

w ill co m p u te th e ¯ rst solu tio n w ith 8 q u een s in a d ep th -
¯ rst, rath er th a n a b rea d th -¯ rst, m an n er.

5 . U se r-D e ¯ n e d D a ta T y p e s

A d a ta ty p e is a collection of valu es w ith a collective
n am e. F o r in sta n ce, th e d a ta ty p e I n t con sists o f th e
valu es f . . . ,- 2 ,- 1 ,0 ,1 ,2 ,...g , w h ile th e d ata ty p e B o o l

con sists of th e va lu es f F a l s e ,T r u e g . D ata ty p es can

b e p oly m o rp h ic an d even recu rsiv ely d e¯ n ed an d h en ce
of u n b o u n d ed size { for ex am p le, lists. In H a skell, w e
can ex ten d th e set of b u ilt-in d ata ty p es u sin g th e d a t a

statem en t.

5 .1 E n u m era ted D a ta T y p es

T h is sim p lest fo rm of d ata ty p e is on e co n sistin g of a

¯ n ite set of va lu es. W e can d e¯ n e su ch a ty p e u sin g th e
d a t a statem en t, as follow s.

d a t a D a y = S u n | M o n | T u e | W e d | T h u | F r i

| S a t

H av in g in tro d u ced th is n ew ty p e, w e ca n d irectly u se it
in fu n ction s su ch as:

w e e k e n d : : D a y - > B o o l

w e e k e n d S u n = T r u e

w e e k e n d S a t = T r u e
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w e e k e n d d = F a l s e

W e can a lso w rite a fu n ction n e x t d a y .

n e x t d a y : : D a y - > D a y

n e x t d a y S u n = M o n

. . .

n e x t d a y S a t = S u n

W h at h a p p en s if w e ask H ask ell to evalu ate n e x t d a y

S a t ? T h e a n sw er is com p u ted correctly a s S u n b u t w e
get a m essa ge say in g C a n n o t f i n d " s h o w " f u n c t i o n

f o r D a y . S im ilarly, if w e a sk w h eth er T u e = = W e d , th e
resp o n se is C a n n o t i n f e r i n s t a n c e E q D a y .

T h e p rob lem is th a t w e h ave n o t a sso cia ted th e n ew d a ta
ty p e w ith an y ty p e classes, in clu d in g th e m ost b asic on es
su ch a s E q an d S h o w . T h e cla ss S h o w con sists o f th ose
ty p es w h o se valu es can b e d isp layed { th a t is, th e va lu e

can b e co n v erted to a S t r i n g an d p rin ted on screen .
T h e m ost n atu ra l d e¯ n ition s for E q a n d S h o w a re th at
each valu e is d istin ct a n d eq u al on ly to itself a n d ea ch
valu e is d isp lay ed in th e sam e w ay it is d e¯ n ed . W e can
in clu d e th ese \d efau lt" d e¯ n itio n s for E q an d S h o w u sin g
th e w ord d e r i v i n g as follow s:

d a t a D a y = S u n | M o n | T u e | W e d | T h u | F r i

| S a t

d e r i v i n g ( E q , S h o w )

In th e sam e w ay, w e can d erive a d e¯ n itio n fo r O r d { th e
d efau lt d e¯ n ition w o u ld o rd er th e va lu es in th e seq u en ce
th ey are p resen ted , n am ely S u n < M o n < ...< S a t .

5 .2 D a ta T y p e s w ith P a ra m e te rs

W e can g o b eyo n d ¯ n ite en u m erated ty p es a n d d escrib e
d ata ty p es w ith a p ara m eter, a s in th e fo llow in g ex am -
p le.
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d a t a S h a p e = S q u a r e F l o a t | C i r c l e F l o a t | R e c t a n g l e F l o a t F l o a t

d e r i v i n g ( E q , O r d , S h o w )

s i z e : : S h a p e - > F l o a t

s i z e ( S q u a r e x ) = x

s i z e ( C i r c l e r ) = r

s i z e ( R e c t a n g l e l w ) = l + w

E ach varian t of S h a p e h a s a con structor { S q u a r e , C i r c l e
or R e c t a n g l e . E ach co n stru ctor is attach ed to a gro u p
of valu es, w h ich can vary fro m con stru ctor to co n stru c-

tor. T h e valu es S u n , M o n , ...in th e ty p e D a y are a lso
con stru ctors w ith zero valu es a tta ch ed .

W h at h ap p en s w h en w e d eriv e E q fo r S h a p e ? A t th e

lev el of S h a p e , th is w ill en su re th a t ( S q u a r e x ) is eq u al
to ( S q u a r e y ) p rov id ed x = = y (th u s, fo r th e in n er
valu e, it derives eq u a lity from F l o a t ) b u t ( S q u a r e x ) is
n ever eq u al to ( C i r c l e y ) . S in ce w e a lso d eriv e O r d , w e
h ave S q u a r e < C i r c l e < R e c t a n g l e so ( S q u a r e x ) <

( C i r c l e y ) for all x an d y a n d ( C i r c l e z ) < ( C i r c l e

w ) if z < w .

5 .3 P o ly m o rp h ic D a ta T y pe s

W e can ex ten d ou r d e¯ n ition of S h a p e to p erm it a n y n u -
m eric ty p e as th e p ara m eter. H ere is th e corresp o n d in g
d e¯ n ition .

d a t a ( N u m a ) = > ( S h a p e a ) = S q u a r e a | C i r c l e a | R e c t a n g l e a a

d e r i v i n g ( E q , O r d , S h o w )

s i z e : : ( S h a p e a ) - > a

s i z e ( S q u a r e x ) = x

s i z e ( C i r c l e r ) = r

s i z e ( R e c t a n g l e l w ) = l + w

N o te th e co n d ition a l d ep en d en ce on N u m a . O b serve
also th a t w e n eed to in clu d e th e ty p e p a ram eter a in th e
n am e of th e ty p e { th e d a ta ty p e is S h a p e a n o t ju st
S h a p e .
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The constructor Listof

combines a value of

type Int with a nested

instance of Mylist.

For example, a value

of type Mylist

corresponding to the

list [1,3,2] is written

Listof 1 (Listof 3

(Listof 2 Empty).

5 .4 R ec u rsiv e D a ta T y p e s

W e ca n h av e recu rsive d ata ty p es. H ere is an ex am p le.

d a t a M y l i s t = E m p t y | L i s t o f I n t M y l i s t

H ere th e con stru ctors a re E m p t y an d L i s t o f . E m p t y

h as zero arg u m en ts an d is h en ce a co n stan t, rep resen t-
in g th e b ase case of th e recu rsive ty p e. T h e co n stru ctor
L i s t o f co m b in es a va lu e of ty p e I n t w ith a n ested in -

stan ce of M y l i s t . F or ex a m p le, a va lu e of ty p e M y l i s t

corresp o n d in g to th e list [ 1 , 3 , 2 ] is w ritten L i s t o f 1

( L i s t o f 3 ( L i s t o f 2 E m p t y ) . In H ask ell's b u ilt-in d e-
¯ n itio n o f lists, E m p t y is w ritten as [ ] an d L i s t o f is
w ritten as an in ¯ x con stru cto r \: " , so th e valu e ab ove
b ecom es th e m ore fam ilia r 1 : ( 3 : ( 2 : [ ] ) .

It is a sm a ll step to ex ten d M y l i s t to b e p oly m o rp h ic.

d a t a M y l i s t a = E m p t y | L i s t o f a ( M y l i s t a )

N ow , a term th a t u ses th e con stru cto r L i s t o f h a s a
valu e of ty p e a a n d a n ested list of th e sa m e ty p e. N ote

ag ain th a t th e fu ll n am e of th e ty p e is M y l i s t a , n ot
ju st M y l i s t .

W e co u ld u se m u ltip le ty p es. F or in stan ce, h ere is a

list in w h ich ty p es a an d b altern ate, b egin n in g w ith a
valu e of ty p e a . T h e altern ation o f ty p es is ach ieved
b y in vertin g th e ord er o f a a n d b in th e n ested co p y of
T w o l i s t .

d a t a T w o l i s t a b = E m p t y | L i s t o f a ( T w o l i s t b a )

5 .5 S ta ck s

H a skell p rov id es th e b u ilt-in collectiv e d ata ty p e list. It
is often con ven ien t to h ave a d d ition a l collectiv e ty p es.
O n e su ch ty p e is a stack . A sta ck is a stru ctu re in w h ich
w e ca n a d d elem en ts o n e at a tim e a n d rem ov e elem en ts

on e a t a tim e su ch th at th e elem en t rem ov ed ¯ rst is th e
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A stack is a structure

in which we can add

elements one at a

time and remove

elements one at a

time such that the

element removed

first is the one that

was most recently

added – a last-in-

first-out structure.

on e th at w as m ost recen tly ad d ed { a last-in -̄ rst-out

stru ctu re. T h e in sert o p eration is u su a lly ca lled p u s h

an d th e rem ov e o p eration is u su a lly ca lled p o p . T h u s,

w e h ave:

p u s h : : a - > ( S t a c k a ) - > ( S t a c k a )

p o p : : S t a c k a - > ( a , S t a c k a )

N o tice th at p o p req u ires th e stack to b e n o n em p ty a n d
retu rn s a p air o f valu es { th e elem en t a t th e top of th e
stack an d th e resu ltin g stack w ith th is valu e rem oved .

W e also ad d th e follow in g fu n ctio n th at ch eck s if th e
given sta ck is em p ty.

i s e m p t y : : ( S t a c k a ) - > B o o l

W e h ave y et to d e¯ n e h ow to rep resen t a stack . H ere is
on e p ossib le d e¯ n ition :

d a t a S t a c k a = E m p t y | S t a ( S t a c k a )

W e ca n n ow in stan tia te th e fu n ctio n s in term s of th is
d e¯ n ition .

p u s h : : a - > ( S t a c k a ) - > ( S t a c k a )

p u s h x s = S t x s

p o p : : S t a c k a - > ( a , S t a c k a )

p o p ( S t x s ) = ( x , s )

i s e m p t y : : ( S t a c k a ) - > B o o l

i s e m p t y E m p t y = T r u e

i s e m p t y s = F a l s e

E x cep t for ren am in g co n stru ctors, ou r d e¯ n ition o f th e

d ata ty p e S t a c k is th e sa m e as th at of th e h an d crafted
list d ata ty p e M y l i s t th at w e d e¯ n ed la st tim e. T h is
su g gests th a t w e cou ld d irectly u se th e b u ilt-in list ty p e
an d w rite

d a t a S t a c k a = S t [ a ]
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A queue is a first-in-

first-out structure.

Like a stack, it has

basic operations to

add and remove

elements, but the

element that is

removed is the one

that was added

earliest.

Adding an element to

a queue takes time

proportional to the

size of the queue.

Removing an element

takes constant time.

In contrast, in a stack,

both push and pop

take constant time,

independent of the

size of the stack.

W e n eed a con stru cto r to a sso cia te w ith th e valu e [ a ] ,
b u t oth erw ise all th e fu n ction s w e u se are d erived from
th e stru ctu re of lists.

p u s h x ( S t x s ) = S t ( x : x s )

p o p ( S t ( x : x s ) ) = ( x , S t x s )

i s e m p t y ( S t l ) = ( l = = [ ] )

5 .6 Q u e u es

A q u eu e is a ¯ rst-in -̄ rst-ou t stru ctu re. L ik e a stack , it
h as b asic op era tio n s to ad d an d rem ove elem en ts, b u t
th e elem en t th at is rem oved is th e on e th a t w as ad d ed
earliest. H ere are th e o p eration s th at w e w ou ld lik e to

p erform o n q u eu es:

a d d q : : a - > ( Q u e u e a ) - > ( Q u e u e a )

r e m o v e q : : ( Q u e u e a ) - > ( a , Q u e u e a )

i s e m p t y q : : ( Q u e u e a ) - > B o o l

O b serve th at th e sign a tu res a re th e sam e a s th ose for
th e fu n ctio n s p u s h , p o p an d i s e m p t y th at w e d e¯ n ed
for sta ck s, m o d u lo th e n ew n am e o f th e d ata ty p e. W e
can a gain im p lem en t a q u eu e u sin g a list, as follow s.

d a t a Q u e u e a = Q u [ a ]

a d d q x ( Q u x s ) = ( Q u x s + + [ x ] )

r e m o v e q ( Q u ( x : x s ) = ( x , Q u x s )

i s e m p t y ( Q u l ) = ( l = = [ ] )

H ere, r e m o v e q an d i s e m p t y q h av e essen tia lly th e sa m e

d e¯ n ition as p o p an d i s e m p t y for stack s. O n ly a d d q is
d i® eren t { th e n ew elem en t is ap p en d ed a t th e en d of
th e list ra th er th an at th e b eg in n in g.

T h is is a n im p orta n t d i® eren ce { ad d in g an elem en t to
a q u eu e ta kes tim e p rop ortion a l to th e size o f th e q u eu e.
R em ov in g an elem en t ta kes con sta n t tim e. In con trast,
in a stack , b oth p u s h an d p o p tak e co n sta n t tim e, in d e-
p en d en t of th e size of th e stack .
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S u p p ose w e p u sh an d p op n elem en ts in a stack . T h is
w ill ta ke O (n ) tim e, regard less o f th e w ay th e p u sh es a n d
p o p s are in terleaved . O n th e oth er h a n d , for a q u eu e,

if w e ¯ rst d o n a d d q 's an d th en n r e m o v e q 's, it ta kes
tim e O (n 2 ) to b u ild u p th e q u eu e, sin ce each a d d q ta kes
tim e p rop o rtio n al to th e len g th of th e q u eu e. W e co u ld ,
of co u rse, rev erse th e rep resen ta tio n a n d ad d elem en ts
to th e fron t of th e list an d rem ove th em from th e rear.

T h en , a d d q w ou ld b e a con stan t tim e op eration w h ile
r e m o v e q w o u ld ta ke tim e p rop ortio n al to th e len g th of
th e list.

C a n w e d o b etter? C an w e ¯ n d an im p lem en tation of

a q u eu e in w h ich n a d d q 's an d n r e m o v e q 's tak e O (n )
tim e, reg ard less of th e ord er in w h ich th ese op era tio n s
ap p ear? W e im a gin e th a t w e b reak a q u eu e in to tw o
p arts an d u se a sep ara te list to rep resen t th e fron t a n d
th e rear. S in ce w e rem ove elem en ts from th e fron t p o r-

tio n , th e ¯ rst elem en t in th e fron t sh o u ld b e a t th e h ead .
W e ad d elem en ts to th e en d o f th e rear, so , to avo id tra -
versin g th e rear p o rtion each tim e w e ad d a n ew elem en t,
w e m a in tain th e rea r p o rtio n in rev erse, w ith th e en d of
th e q u eu e a t th e h ead of th e list.

H ere is th e d ata d eclara tion an d th e d e¯ n itio n of a d d q .

d a t a Q u e u e a = N u q u [ a ] [ a ]

a d d q x ( N u q u y s z s ) = N u q u y s ( x : z s )

R eca ll th at z s rep resen ts th e rear of th e q u eu e, in re-
verse, so th e la st elem en t of th e q u eu e is a t th e h ead of
z s , an d x is ad d ed b efo re th is elem en t.

H ow ab o u t r e m o v e q ? If th e left list is n o n em p ty, w e ju st
ex tra ct its h ead . If it is em p ty, w e reverse th e en tire rear

in to th e fron t an d th en ex tra ct its h ea d .

r e m o v e q ( N u q u ( x : x s ) y s ) = ( x , N u q u x s y s )

r e m o v e q ( N u q u [ ] y s ) =

r e m o v e q ( N u q u ( r e v e r s e y s ) [ ] )



58 RESONANCE September 2007

GENERAL ARTICLE

W h y is th is an y b etter? A fter a ll, a fter a d d in g n el-
em en ts th e q u eu e w ou ld b e N u q u [ ] [ x n , . . . , x 2 , x 1 ] ,
so th e ¯ rst r e m o v e q w ill tak e O (n ) tim e, sin ce r e v e r s e

tak es O (n ) tim e. N ote, h ow ever, th at th e O (n ) tim e
tak en to ex tract x 1 also tran sfers [ x 2 , . . , x n ] to th e
fron t of th e q u eu e. T h u s, after on e r e m o v e q , w e h ave
N u q u [ x 2 , . . . , x n ] [ ] . T h e n ex t n ¡ 1 r e m o v e q o p er-
ation s ta ke o n ly O (1 ) tim e each . In th is w ay, overall,

ad d in g n elem en ts an d th en rem ov in g th em tak es o n ly
O (n ) o p eration s. T h e O (n ) cost o f ex tra ctin g th e ¯ rst
elem en t ca n b e th ou gh t o f a s am ortized, or sp read ou t,
over th e n ex t n ¡ 1 r e m o v e q o p eration s.

5 .7 T rees

A tree is a stru ctu re in w h ich ea ch n o d e h a s m u ltip le su c-
cessors, called children . T h ere is a sp ecia l n o d e, called

th e root, fro m w h ich th e tree b eg in s. T h e ro ot is u su ally
d raw n as th e top m o st n o d e in th e tree. E very n o d e oth er
th an th e ro ot h a s a u n iq u e paren t (th e n o d e of w h ich
it is a child ), an d h en ce a u n iq u e p ath b ack to th e ro ot
follow in g p a ren t lin k s. F igure 3 sh ow s tw o ex am p les of

trees.

In th e trees w e h av e d raw n , a va lu e is stored at ea ch
n o d e. A s in lists, th ese valu es h av e a u n iform ty p e {
I n t , in th e ex am p les a b ov e. A b otto m lev el n o d e w ith

n o ch ild ren is ca lled a leaf n ode. N on -leaf n o d es are
called in tern al n odes. In tern al n o d es in a tree n eed n ot
h ave a u n ifo rm n u m b er o f ch ild ren . F o r in stan ce, th e
n o d e w ith valu e 5 in th e left tree h a s o n ly on e ch ild
w h ile th e n o d e w ith valu e 2 h as tw o ch ild ren . T h e ord er

of th e ch ild ren is im p o rtan t. In th e trees w e h av e d raw n ,
each n o d e h a s u p to tw o ch ild ren a n d th e tw o ch ild ren
are orien ted as left a n d right. T h u s, fo r th e tree on th e
left, 2 is th e left ch ild of th e ro o t 4 a n d 3 is th e righ t
ch ild of 2 . N otice th a t th ou g h 5 h as o n ly on e ch ild , 6 ,

th is is a rig h t ch ild , n ot a left ch ild .

Figure 3. Trees.

A tree is a structure in

which each node has

multiple successors,

called children. There

is a special node,

called the root, from

which the tree begins.

4

2 5

1 3 6

3

2 5

1 4 6
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W e w ill ty p ica lly lo ok a t bin ary trees, in w h ich each n o d e
h as u p to tw o ch ild ren . H ere is on e w ay to d escrib e a
b in ary d ata ov er a n a rb itrary ty p e a .

d a t a B T r e e a = N i l | N o d e ( B T r e e a ) a ( B T r e e a )

L ists h ave a lin ear stru ctu re, so th ere is o n ly o n e m easu re
of size for a list, th e len g th of th e list. T rees a re tw o
d im en sion a l, so w e co n sid er tw o q u an tities:

² S ize : th e n u m b er o f n o d es in th e tree

² H eight : th e len gth o f th e lon g est p ath fro m a ro ot

to a lea f

W e can co m p u te b oth of th ese q u a n tities in d u ctively, a s
w ith lists.

s i z e : : ( B t r e e a ) - > I n t

s i z e N i l = 0

s i z e ( N o d e t 1 x t 2 ) = 1 + ( s i z e t 1 ) + ( s i z e t 2 )

h e i g h t : : ( B t r e e a ) - > I n t

h e i g h t N i l = 0

h e i g h t ( N o d e t 1 x t 2 ) = 1 + m a x ( h e i g h t t 1 ) ( h e i g h t t 2 )

5 .8 B in a ry S ea rc h T rees

A n im p o rtan t u se of b in ary trees is to sto re valu es th at
w e m ay w an t to lo ok u p la ter. F or in sta n ce, a b in ary
search tree cou ld b e u sed to sto re a d iction a ry of w ord s.
A b in ary sea rch tree is a tree w ith n o d u p lica te valu es
th at sa tis¯ es th e follow in g p rop erty at ev ery n o d e v : all

valu es in th e su b tree ro o ted at v th a t are sm a ller th an
th e va lu e stored at v lie in th e left su b tree o f v a n d all
valu es in th e su b tree ro o ted at v th a t are larg er th an
th e valu e sto red at v lie in th e righ t su b tree of v . T o
em p h a size th a t th e valu es in th e tree ca n b e ord ered ,

w e ela b o rate sligh tly on th e H ask ell d e¯ n ition o f b in ary
trees to d escrib e search trees.

Lists have a linear

structure, so there is

only one measure of

size for a list, the

length of the list.

Trees are two

dimensional, so we

consider two

quantities:

Size: the number of

nodes in the tree;

Height : the length of

the longest path from

a root to a leaf.
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Figure 4. A skewed search

tree.

A binary search tree is

a tree with no

duplicate values that

satisfies the following

property at every node

v: all values in the

subtree rooted at v

that are smaller than

the value stored at v

lie in the left subtree

of v and all values in

the subtree rooted at

v that are larger than

the value stored at v

lie in the right subtree

of v.

d a t a ( O r d a ) = > S T r e e a = N i l | N o d e ( S T r e e a )

a ( S T r e e a )

O b serve th a t th e stru ctu re of an S T r e e is id en tica l to
th at o f a n orm al B T r e e , b u t th ere is a ty p e class d ep en -
d en ce on O r d , sim ilar to th e o n e w e h ave seen for p oly -

m orp h ic fu n ctio n s su ch as q u i c k s o r t . W e h av e ch a n ged
th e n am e of th e d ata stru ctu re fro m B T r e e a to S T r e e

a to em p h a size th at w e a re w ork in g w ith search trees
rath er th a n ord in a ry b in a ry trees.

B o th th e trees in F igure 3 are ex am p les o f search trees
over th e valu es [ 1 , 2 , 3 , 4 , 5 , 6 ] . T h ou g h th ese tw o trees
lo o k reaso n ab ly w ell b alan ced , th is is n o t alw ay s th e
case. F or in stan ce, F igure 4 sh ow s a h ig h ly u n b a lan ced
search tree ov er th e sam e set of valu es.

T o ¯ n d a valu e in a b in ary search tree, w e start at th e
ro ot. A t each n o d e, if w e h ave n ot alrea d y fou n d th e
valu e w e a re lo ok in g for, w e can u se th e search tree p ro p -

erty to d ecid e w h eth er to search in th e rig h t su b tree or
th e left su b tree. W e keep w a lk in g d ow n th e tree in th is
fash ion till w e ¯ n d th e valu e w e seek o r w e reach a leaf
n o d e from w h ere w e ca n n ot d escen d fu rth er. T h u s, ea ch
lo o k u p in a b in a ry sea rch tree trav erses, in th e w o rst
case, a sin g le p a th from th e ro ot to a leaf n o d e.

H ow m u ch tim e d o es it take to lo ok u p a va lu e in a
b alan ced sea rch tree w ith n n o d es? A tree is b a lan ced
if at each n o d e th e size of th e left su b tree d i® ers from

th e size o f th e righ t su b tree b y a t m ost 1. In itially, w e
search for th e valu e in th e en tire tree, w ith n n o d es. If
w e d o n o t ¯ n d th e va lu e a t th e ro o t, w e search eith er
th e left or th e righ t su b tree. S in ce th e tree is b alan ced ,
th e n u m b er o f n o d es in ea ch of th ese su b trees is a t m o st
n
2
. In th is w ay, w e su ccessiv ely search trees of size n ,

n
2
; n
4
;::: till w e rea ch a leaf n o d e, a su b tree of size 1.

T h e len g th of th is seq u en ce is clea rly b ou n d ed b y lo g n
{ in oth er w ord s, th e h eig h t of a b a la n ced search tree
w ith n n o d es is log n .

6

5

4

3

2

1
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H ere is a H a skell d e¯ n ition of th e search p ro ced u re w e
ju st d escrib ed :

f i n d t r e e : : ( S t r e e a ) - > a - > B o o l

f i n d t r e e N i l x = F a l s e

f i n d t r e e ( N o d e t l e f t y t r i g h t ) x

| x = = y = T r u e

| x < y = f i n d t r e e t l e f t x

| o t h e r w i s e = f i n d t r e e t r i g h t x

S earch trees a re n ot static o b jects. In g en eral, w e h ave

to in sert n ew va lu es in to sea rch trees an d rem ove sta le
valu es from sea rch trees.

W h ere sh ou ld w e in sert a va lu e in to a sea rch tree? F rom
th e d e¯ n ition of a sea rch tree, th ere is o n ly o n e p o ssib il-

ity. S earch for th e va lu e in th e tree. If it alrea d y ex ists,
th ere is n oth in g to b e d o n e. O th erw ise, w e reach a leaf
n o d e. T h is is th e sam e p ath th at w e w ou ld h ave to fol-
low to ¯ n d th e n ew valu e a fter it h a s b een in serted . S o,
in sert th e n ew valu e a s a left or rig h t ch ild o f th e leaf

n o d e w h ere th e u n su ccessfu l sea rch term in a tes.

i n s e r t t r e e : : ( S t r e e a ) - > a - > ( S t r e e a )

i n s e r t t r e e N i l x = N o d e N i l x N i l

i n s e r t t r e e ( N o d e t l e f t y t r i g h t ) x

| x = = y = N o d e t l e f t y t r i g h t

| x < y = N o d e ( i n s e r t t r e e t l e f t x ) y t r i g h t

| o t h e r w i s e = N o d e t l e f t y ( i n s e r t t r e e t r i g h t x )

C lea rly, th e m ax im u m n u m b er of step s req u ired to in -
sert a valu e in to a sea rch tree is eq u al to th e len gth of
th e lon g est p ath in th e tree. T h u s, if th e sea rch tree is
b alan ced a n d h a s n n o d es, i n s e r t t r e e tak es tim e log n ,

b u t w ill n ot in gen eral p reserve th e b alan ced stru ctu re
of th e tree.

H ow d o w e d elete a valu e from a tree? W e in terp ret
\delete x from t " a s \delete x from t if the value exists

in t". S u p p ose w e w an t to d elete a valu e x fro m a tree

Where should we

insert a value into a

search tree? From

the definition of a

search tree, there is

only one possibility.

Search for the value

in the tree. If it

already exists, there

is nothing to be done.

Otherwise, we reach

a leaf node. So,

insert the new value

as a left or right child

of the leaf node where

the unsuccessful

search terminates.

The maximum

number of steps

required to insert a

value into a search

tree is equal to the

length of the longest

path in the tree.
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Figure 5. Deleting a value

from a search tree.

w h o se ro o t is y . If x < y , w e in d u ctively d elete x from
th e left su b tree o f y . S im ilarly, if x > y , w e in d u ctively
d elete x from th e righ t su b tree o f y . S o, th e in terestin g

case is w h en y = = x , a s sh ow n in F igure 5.

If w e rem ove y , w e h ave a h ole at th e ro ot o f th e tree.
It is tem p tin g to m ove eith er w (o r z ) in to th is p la ce
an d recu rsiv ely d elete w from th e left su b tree (o r z from

th e rig h t su b tree). H ow ever, th is w o u ld n ot p reserve th e
stru ctu re o f th e tree { for in stan ce, if w e m ove w u p to
th e ro ot, valu es in th e tree t 2 , w h ich are b ig ger th an w ,
w ill en d u p to th e left of w .

T h e co rrect so lu tion is to m ove th e larg est va lu e from
th e left su b tree o f y (o r th e sm allest va lu e from th e righ t
su b tree o f y ) in p la ce of y. T h e larg est va lu e in a sea rch
tree can b e fo u n d ea sily, b y fo llow in g th e rig h tm ost p ath

in th e tree. R em ov in g th is valu e fro m a tree is also a rel-
atively easy o p eration . H ere is a fu n ction th at rem oves
th e m ax im u m valu e from a n on em p ty tree, retu rn in g
b o th th e valu e an d th e m o d ī ed tree, a fter d eletion .

d e l e t e m a x : : ( S T r e e a ) - > ( a , S T r e e a )

d e l e t e m a x ( N o d e t 1 y N i l ) = ( y , t 1 )

d e l e t e m a x ( N o d e t 1 y t 2 ) = ( z , N o d e t 1 y t z )

w h e r e ( z , t z ) = d e l e t e m a x t 2

W e can n ow rew rite d e l e t e t r e e as follow s:

d e l e t e t r e e : : ( S t r e e a ) - > a - > ( S t r e e a )

d e l e t e t r e e N i l x = N i l

d e l e t e t r e e ( N o d e t l e f t y t r i g h t ) x

| x < y = N o d e ( d e l e t e t r e e t l e f t x ) y t r i g h t

| x > y = N o d e t l e f t y ( d e l e t e t r e e t r i g h t x )

- - I n a l l c a s e s b e l o w , w e m u s t h a v e x = = y

d e l e t e t r e e ( N o d e N i l y t r i g h t ) x = t r i g h t

d e l e t e t r e e ( N o d e t l e f t y t r i g h t ) x =

N o d e t z z t r i g h t

w h e r e ( z , t z ) = d e l e t e m a x t l e f t

y == x

w

t1 t2

z

t3 t4



63RESONANCE September 2007

GENERAL ARTICLE

5 .9 B a la n ced B in a ry S ea rc h T rees

In gen era l, th e fu n ction s i n s e r t a n d d e l e t e th at w e
h ave d escrib ed m ay resu lt in sk ew ed trees w h ere th e
h eig h t is n ot lo garith m ic in th e size. W e can in d u c-
tiv ely m ain ta in b alan ce in a tree b y a p p rop riately rotat-

in g p arts o f a tree a fter each u p d ate. A ty p ical ro tation
is sh ow n in F igure 6. W e w ill n ot go in to th e d etails of

h ow to u se su ch ro tation s to m a in tain a b a la n ced sea rch
tree. H ow ev er, it is in stru ctiv e to n ote th at th e restru c-
tu rin g sh ow n in F igure 6 ca n b e d irectly ren d ered in
H a skell a s follow s, ag ain em p h a sizin g th e clarity th at is
ach ieved w ith a d eclara tiv e sty le of p ro gram m in g .

r o t a t e r i g h t ( N o d e x ( N o d e y t 1 t 2 ) t 3 ) =

N o d e y t 1 ( N o d e x t 2 t 3 )

6 . C o n c lu sio n

T h is co n clu d es ou r tw o -p art in tro d u ctio n to fu n ction al

p rog ram m in g in H a skell3 . W e h ave seen th at fu n ction al
p rog ram m in g a llow s u s to d escrib e com p lex co m p u ta -
tio n s in a d ecla rative m an n er. H a skell's ty p e m ech an ism
su p p orts a sop h isticated v ersio n of co n d ition a l p oly m o r-
p h ism . O u term ost eva lu atio n a llow s u s to d escrib e in -

¯ n ite d ata stru ctu res, w h ich ca n b e fru itfu lly u sed in
so lv in g sea rch p rob lem s. F in a lly, w e h av e seen th a t w e
can d e¯ n e a n d m a n ip u la te u ser-d e¯ n ed d ata ty p es q u ite
n atu ra lly.

Figure 6. A tree rotation.
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3 A number of compilers and

interpreters are available in the

public domain for Haskell. The

easiest to install and use is the

interpreter Hugs, which runs on

both Windows and Unix based

systems. There is an active

website, http://www.haskell.org,

that has pointers to software,

tutorials, books and reference

material on Haskell.
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