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T h e A C M T u r in g A w a r d fo r 2 0 0 7 w a s a w a r d e d t o

C la r k e , E m e r s o n a n d S ifa k is fo r t h e ir in v e n t io n

o f m o d e l-c h e c k in g , a n a u t o m a t e d t e c h n iq u e fo r

v e r ify in g ¯ n it e -s t a t e c o m p u t in g s y s t e m s . I n t h is

a r t ic le , w e d e s c r ib e t h e c e n t r a l id e a s u n d e r ly in g

t h e ir a p p r o a c h .

1 . I n t r o d u c t io n

E a ch y e a r, th e A sso cia tio n fo r C o m p u tin g M a ch in ery
(A C M ) c o n fe rs th e A M T u rin g A w a rd fo r \ c o n trib u -
tio n s o f la stin g a n d m a jo r te ch n ic a l im p o rta n c e to th e
c o m p u ter ¯ e ld " . T h is is th e m o st p re stig io u s a w a rd in

c o m p u tin g scie n ce a n d ca n b e c o n sid e re d th e eq u iv a len t
o f th e N o b e l P riz e fo r th e su b je c t.

T h e T u rin g a w a rd fo r 2 0 0 7 , a n n o u n c e d in 2 0 0 8 , w a s
sh a red b y E d m u n d M C la rk e (C a rn e g ie-M e llo n U n iv e r-

sity , U S A ), E A lle n E m e rso n (U n iv e rsity o f T e x a s a t
A u stin , U S A ) a n d J o se p h S ifa k is (V e rim a g , G re n o b le,
F ra n c e) fo r th e ir \ ro le in d e v e lo p in g m o d e l-ch e ck in g in to
a h ig h ly e® e ctiv e v e rī c a tio n te ch n o lo g y , w id e ly a d o p te d
in th e h a rd w a re a n d so ftw a re in d u strie s."

In th is a rtic le, w e g iv e a q u ick in tro d u ctio n to th e c en tra l
id ea s b eh in d m o d el-ch eck in g .

2 . V e r i¯ c a t io n o f P r o g r a m s

T h e n ee d to v e rify th e c o rre c tn ess o f p ro g ra m s is a s o ld
a s p ro g ra m m in g itse lf. F ro m th e 1 9 6 0 s, it w a s re a lize d

th a t m a th e m a tic a l lo g ic p ro v id e s a su ita b ly p re c ise la n -
g u a g e to fo rm u la te p ro p erties o f p ro g ra m s. T h e m e th o d
p ro p o se d w a s to a tta ch a p p ro p ria te lo g ic a l a sse rtio n s
a b o u t th e v a lu e s o f v a ria b le s a n d th e re la tio n sh ip s
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1Pnueli received the Turing

award in 1996 for this contribu-

tion.

b e tw ee n th em to d i® e ren t p o in ts in th e te x t o f a p ro -
g ra m a n d u se th e se a ssertio n s to p ro v e th e p ro g ra m co r-
re ct.

T h is a p p ro a ch w a s fo rm a liz e d b y C A R H o a re, b u ild -
in g o n id e a s o f R o b e rt F lo y d , in a sy ste m c a lle d H̀ o a re
lo g ic'. In H o a re lo g ic, e a ch p ie ce o f p ro g ra m tex t C

is a n n o ta ted b y tw o lo g ic a l a ssertio n s, th e p rec o n d itio n

a n d th e p o stco n d itio n , y ie ld in g a H oa re trip le w ritte n a s
f P re g C f P o stg . T h e in te rp re ta tio n is th a t if P re h o ld s
b e fo re th e ex e c u tio n o f C , th en P o st is g u a ra n tee d to
h o ld a fter th e e x e cu tio n o f C . G iv e n a se q u e n c e o f p ro -
g ra m b lo ck s C 1 ; C 2 ; : : : ; C k , o n e ca n th e n strin g to g eth e r

a p ro o f o f co rrec tn e ss b y sh o w in g th a t f P re ig C if P o stig
is a v a lid H o a re trip le fo r ea ch b lo ck C i a n d th a t P o sti

im p lie s P re i+ 1 fo r ea ch p a ir o f c o n sec u tiv e b lo ck s.

T h e m a in d i± c u lty w ith th is a p p ro a ch lie s in a u to m a t-
in g th e lo g ic a l re a so n in g in v o lv e d . A u to m a tio n is re -
q u ire d fo r th e te ch n iq u e to sca le u p to la rg e p ro g ra m s.
In d ep en d en tly, th e re a re d i± cu ltie s a p p ly in g th is tech -
n iq u e to c o n c u rren t p ro g ra m s, w h ere c o m p o n en ts ex e -

c u te in d e p e n d e n tly , c o m m u n ica tin g th ro u g h m e ch a n ism s
su ch a s sh a re d v a ria b le s o r m e ssa g e ch a n n els.

2 .1 T e m p o ra l L o g ic

In 1 9 7 7 , A m ir P n u e li p ro p o se d a n a lte rn a tiv e a p p ro a ch
to rea so n a b o u t c o n c u rren t p ro g ra m s u sin g a n o th e r lo g -
ic a l fo rm a lism ca lled t̀e m p o ra l lo g ic '1 . In H o a re lo g ic,
th e p ro o f o f c o rre ctn e ss w o rk s w ith th e a ctu a l p ro g ra m

te x t. P n u e li's a p p ro a ch w a s to b u ild a n a b stra c t m o d el
o f th e p ro g ra m , ca p tu rin g th e fe a tu re s e sse n tia l fo r v e r-
ī ca tio n . T h e se fe a tu re s a re th e n en c o d e d a s lo g ic a l
p ro p o sitio n s. A s th e p ro g ra m e x e c u te s, it g o e s th ro u g h
a se q u en ce o f d i® e ren t sta te s, e a ch d escrib e d b y a d if-

fere n t c o m b in a tio n o f th e se lo g ic a l p ro p o sitio n s.

A n im p o rta n t a sp e ct o f P n u eli's a p p ro a ch is th a t it is
in te n d e d to d e a l w ith sy ste m s th a t a re n o t ex p ec te d to

In Hoare logic, each

piece of program text

C is annotated by two

logical assertions,

the precondition and

the postcondition.

The main difficulty

with this approach

lies in automating the

logical reasoning

involved.
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Temporal logic is a

language for

asserting properties

about logical

propositions as

they vary over a

sequence of states.

We are dealing with

concurrent

programs, so we

cannot always fix

the order in which

events occur

across independent

components in the

system.

te rm in a te , su ch a s o p e ra tin g sy ste m s, sch e d u le rs a n d
c o n tro lle rs. F o r su ch rea ctive sy stem s, e a ch e x ec u tio n
o f th e sy ste m n o rm a lly g e n e ra te s a n in ¯ n ite se q u e n ce o f

sta te s.

T e m p o ra l lo g ic is a la n g u a g e fo r a sse rtin g p ro p e rtie s
a b o u t lo g ic a l p ro p o sitio n s a s th e y v a ry o v e r a se q u e n ce
o f sta tes. F o r in sta n c e, in tem p o ra l lo g ic w e ca n w rite

fo rm u la s o f th e fo rm \ in a fu tu re sta te f h o ld s" a n d
\ h e n c e fo rth f h o ld s in a ll sta tes" .

T h e re a re tw o m a in ° a v o u rs o f te m p o ra l lo g ic , lin ea r-

tim e a n d b ra n ch in g -tim e. In lin e a r-tim e te m p o ra l lo g ic,
w h ich w a s P n u e li's o rig in a l fo rm u la tio n , e a ch e x ec u tio n
o f th e sy ste m is a n a ly z e d in d e p en d e n tly . In th is in te r-
p re ta tio n , a sy ste m sa tis¯ e s a fo rm u la f , if f h o ld s a lo n g
e v e ry ex e cu tio n .

A n o th e r a p p ro a ch is to c o m b in e a ll p o ssib le e x e c u tio n s
o f th e sy stem in to a sin g le (in ¯ n ite) tree . E a ch p a th
in th e tree rep re se n ts o n e p o ssib le e x ec u tio n a n d th e
b ra n ch in g p o in ts ca p tu re th e n o n d ete rm in istic ch o ic es.
T h e se ch o ic e s ty p ica lly a rise fro m th e fa c t th a t w e a re
d e a lin g w ith c o n c u rre n t p ro g ra m s, so w e c a n n o t a lw a y s
¯ x th e o rd er in w h ich ev en ts o c cu r a cro ss in d ep en d en t
c o m p o n en ts in th e sy ste m . In b ra n ch in g -tim e lo g ic , a s-
se rtio n s a re in te rp rete d o v e r th is sin g le co m p u ta tio n tree

re p resen tin g th e o v era ll b eh a v io u r o f th e sy ste m . T e m -
p o ra l a sse rtio n s a re q u a n tī e d w ith re sp e c t to p a th s, so
w e c a n sa y \ o v er a ll p a th s f h o ld s" a n d \ th e re e x ists a
p a th o v e r w h ich f h o ld s" .

2 .2 M o d e l C h e c k in g

In m a th em a tic a l lo g ic, a tra d itio n a l q u e stio n is sa tis¯ a -

b ility { g iv e n a fo rm u la f , is th e re a stru c tu re in w h ich f

is tru e ? H o w e v er, th e a p p lica tio n o f lo g ic in v erī c a tio n
g iv e s rise to a n o th er n a tu ra l q u e stio n { g iv e n a stru ctu re
M a n d a fo rm u la f , is f tru e in M ? T h is co rresp o n d s
to a sk in g if a p ro g ra m m ee ts its sp e c ī c a tio n a n d is n o w
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2The term ‘model-checking’ was

first usedby Clarkeand Emerson

in [1].

Figure 1. Peterson's algo-

rithm for mutual exclusion.

The primary

contribution of Clarke,

Emerson and Sifakis

was to pose model-

checking as an

algorithmic problem

and provide an

efficient solution in the

setting of reactive

systems with respect

to temporal logic

assertions.

k n o w n a s th e m o d el-ch eck in g p ro b lem 2 :

T h e p rim a ry c o n trib u tio n o f C la rk e , E m e rso n a n d S ifa k is
[1 , 2 ] w a s to p o se m o d e l-ch e ck in g a s a n a lg o rith m ic p ro b -
le m a n d p ro v id e a n e ± c ie n t so lu tio n in th e settin g o f re -
a c tiv e sy ste m s w ith re sp ec t to te m p o ra l lo g ic a ssertio n s.

In th e rest o f th e a rticle , w e illu stra te th e ir a p p ro a ch
u sin g a n e x a m p le. W e ¯ rst sh o w h o w to ex tra c t a n a b -
stra c t m o d e l fro m a c o n cu rre n t p ro g ra m . W e th e n fo r-
m a liz e a v e rsio n o f b ra n ch in g -tim e tem p o ra l lo g ic a n d
d e sc rib e h o w th e co rresp o n d in g m o d e l-ch e ck in g a lg o -

rith m w o rk s.

3 . M o d e llin g C o n c u r r e n t P r o g r a m s

O u r ru n n in g e x a m p le w ill b e P e terso n 's a lg o rith m fo r
so lv in g th e p ro b le m o f m u tu a lly ex c lu siv e a c ce ss to a
sh a red re so u rce b y tw o co n c u rren t p ro c esses [3 ]. T h e
p ro ce sses c a n co m m u n ic a te w ith ea ch o th er u sin g sh a re d
v a ria b le s. H o w e v e r, n o a ssu m p tio n is m a d e a b o u t h o w

th e a c tio n s o f th e tw o p ro ce sse s in terlea v e . F o r in sta n c e,
if a p ro c ess d e cid e s to m o v e b a se d o n th e c u rre n t v a lu e
o f a sh a re d v a ria b le , it m a y h a p p en th a t th e v a lu e o f
th e v a ria b le is ch a n g e d b y th e o th e r p ro c ess b e tw ee n
th e tim e it is tested a n d th e n e x t a ctio n is ta k e n in th e

¯ rst p ro c e ss.

P ete rso n 's a lg o rith m is sh o w n in F igu re 1 . T h e p ro c e sse s
a re n u m b ere d 0 a n d 1 . T h e so lu tio n u ses th re e sh a re d
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v a ria b le s, requ est0 , requ est1 a n d tu rn . T h e a lg o rith m
d e sc rib es w h a t C la rk e a n d E m e rso n c a ll th e \ sy n ch ro -
n iza tio n sk e le to n " o f th e sy ste m { it o n ly re ° ec ts th e

m ech a n ism to c o o rd in a te m u tu a lly ex c lu siv e a c c ess to
th e sh a red re so u rc e , a b stra c tly re ferre d to a s th e c̀ riti-
c a l sec tio n ', w ith o u t b o th e rin g a b o u t th e a c tu a l n a tu re
o f th is sh a re d reso u rc e . N o tice th a t e a ch p ro c e ss is in
a n in ¯ n ite lo o p , sig n ify in g th a t th is rep re se n ts a re a c -

tiv e sy ste m th a t is n o t e x p e cte d to te rm in a te in a ¯ n ite
tim e .

In o u r a b stra ct m o d e l o f th is sy ste m , ea ch sta te re co rd s
th e v a lu es o f th e th re e sh a re d v a ria b le s. In a d d itio n , w e

a sso cia te th re e p h a se s w ith e a ch p ro c e ss, id le, tryin g a n d
critica l. In itia lly b o th p ro c e sse s a re id le . A fter a ssig n -
in g th e v a ria b le s requ esti a n d tu rn , p ro c ess i g o e s fro m
th e id le p h a se to th e try in g p h a se , w h ich c o rre sp o n d s to
th e \ b u sy w a it" lo o p in th e p ro g ra m te x t th a t ch e ck s

fo r a p p ro p ria te v a lu e s o f tu rn a n d th e o th er p ro c e ss's
requ est. If th e test su cc e ed s, th e p ro c ess en te rs th e crit-
ic a l se ctio n a n d h e n c e th e critic a l p h a se o f its a ctiv ity.
O n c o m p letin g th is p h a se , it re se ts requ esti a n d re tu rn s
to th e id le p h a se .

T h u s, th e sta te o f th e sy ste m is c a p tu re d b y n in e B o o lea n
v a lu e s f r 0 ; r 1 ; u ; i0 ; i1 ; t0 ; t1 ; c 0 ; c 1 g . T h e v a lu e s f r 0 ; r 1 ; u g
c o rre sp o n d to th e sh a red v a ria b le s requ est0 , requ est1 a n d
tu rn , resp e ctiv e ly . T h e v a lu es f ij ; tj ; c j g d e sc rib e w h ich

o f th e th re e p h a se s { id le, try in g o r c ritica l { p ro ce ss j

is in .

W e ca n rep rese n t th e d i® ere n t sta te s o f th e p ro g ra m in

te rm s o f a d ia g ra m , a s sh o w n in F igu re 2 . E a ch sta te is
la b e lle d b y th e B o o lea n v a lu e s tru e in th a t sta te . A n y
v a lu e n o t sh o w n is im p licitly fa lse in th e g iv e n sta te. T h e
a rro w s in d ica te th e tra n sitio n s th a t o c cu r b e tw e e n sta te s
w h e n o n e o f th e p ro c e sse s e x ec u te s a sta te m e n t. S o lid

a rro w s c o rre sp o n d to m o v e s o f p ro c e ss 0 w h ile d a sh e d
a rro w s c o rre sp o n d to m o v e s o f p ro c e ss 1 .

The "synchronization

skeleton" of the

system reflects the

mechanism to

coordinate mutually

exclusive access to

the shared resource.



672 RESONANCE  July 2009

GENERAL  ARTICLE

Figure2. Anabstract model

of Peterson's algorithm.

3 Queille and Sifakis used a

closely related logic in [2].

F o r in sta n c e, th e tra n sitio n fro m th e sta te f i0 ; i1 g to th e
sta te f r 0 ; i0 ; i1 g co rresp o n d s to th e in itia l sta tem e n t in
th e lo o p w h ere p ro c ess 0 se ts requ est0 to tru e . S im ila rly,

th e tra n sitio n fro m f r 0 ; r 1 ; t0 ; i1 g to f r 0 ; r 1 ; u ; t0 ; t1 g re p -
re sen ts th e ste p w h ere p ro c e ss 1 se ts tu rn to tru e a n d
e n te rs its try in g p h a se (p ro c e ss 0 is a lrea d y in its try in g
p h a se w h e n th is tra n sitio n o c cu rs). N o tic e th a t in sta te s
f r 0 ; r 1 ; u ; t0 ; t1 g a n d f r 0 ; r 1 ; t0 ; t1 g , w h ere b o th p ro c e sse s

a re sim u lta n e o u sly in th e try in g p h a se , o n ly o n e o f th e
tw o p ro c esse s c a n m o v e . T h is g ra p h ic a lly illu stra te s th e
c le v e r w a y in w h ich th e th re e sh a re d v a ria b le s c o m b in e
in P ete rso n 's a lg o rith m to g u a ra n te e m u tu a l ex c lu sio n .

4 . B r a n c h in g -t im e T e m p o r a l L o g ic

W e n o w d e¯ n e a te m p o ra l lo g ic th a t c a n b e u se d to a s-
se rt p ro p e rtie s o f a b stra c t m o d e ls lik e th e o n e in F igu re
2 . A s w e h a d m en tio n e d e a rlie r, w e ca n w o rk e ith er in
a lin e a r-tim e fra m ew o rk o r in a b ra n ch in g -tim e fra m e -
w o rk . O u r e x p o sitio n is b a se d o n th e b ra n ch in g -tim e
te m p o ra l lo g ic u se d b y C la rk e a n d E m e rso n in [1 ] b e -
c a u se it a d m its o n e o f th e m o st d ire c t a lg o rith m s fo r

th e m o d e l-ch e ck in g p ro b le m 3 .
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Figure 3. The computation

tree for Peterson's algo-

rithm.

The computation

tree is a single

structure capturing

the complete

behaviour of the

model.

T h e ¯ rst ste p is to u n w in d o u r a b stra c t m o d e l in to a
c o m p u ta tio n tre e . L e t u s a ssu m e th a t th e sy ste m in
F igu re 2 sta rts e x e c u tio n in th e sta te f i0 ; i1 g . F ro m th is

sta te it c a n m o v e to tw o d i® e re n t sta tes, d ep en d in g o n
w h e th e r p ro c e ss 0 o r p ro c ess 1 m o v e s. F ro m e a ch o f
th e se sta te s, w e a g a in h a v e tw o p o ssib le m o v e s. If w e
sy ste m a tic a lly e x p lo re th e sta te s w e c a n re a ch , w e o b ta in
th e tree sh o w n in F igu re 3 . In th e tre e , w e m a k e a fre sh

c o p y o f e a ch sta te th a t w e en c o u n te r. N o tic e , fo r e x a m -
p le, th a t a t th e th ird le v e l w e h a v e tw o se p a ra te c o p ie s
o f th e sta te f r 0 ; r 1 ; i0 ; i1 g sin c e th e se a re rea ch e d b y tw o
d i® e ren t e x ec u tio n se q u e n ce s o f th e g lo b a l sy ste m . E a ch
p a th in th e tre e d e sc rib es o n e p o ssib le e v o lu tio n o f th e
sy ste m . S in ce th e o rig in a l p ro g ra m is d esig n ed to ru n

fo re v e r, p a th s in th e tree a re, in g e n e ra l, in ¯ n ite .

T h e c o m p u ta tio n tre e is a sin g le stru c tu re ca p tu rin g th e
c o m p le te b eh a v io u r o f th e m o d e l. F o r in sta n c e , to id e n -

tify if it is p o ssib le fo r b o th p ro c e sse s to b e sim u lta n e -
o u sly in th e try in g p h a se , it su ± c e s to ch eck if a sta te
c o n ta in in g f t0 ; t1 g is rea ch a b le in th e tre e. T o fu rth e r
v e rify if th e sy ste m c a n d ea d lo ck { fo r e x a m p le , b o th
p ro ce sses a re in th e try in g p h a se b u t e a ch is stu ck w a it-

in g fo r a co n d itio n to b e c o m e tru e, so n o p ro g ress c a n
b e m a d e { w e ca n ch eck w h e th er th ere is a n o d e in th e
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tre e th a t h a s n o su cc e sso r n o d e s. In o th e r w o rd s, a
sy ste m n e v e r d e a d lo ck s if a n d o n ly if e v e ry p a th in its
c o m p u ta tio n tre e is in ¯ n ite .

B ra n ch in g -tim e te m p o ra l lo g ic is a fo rm a lism fo r e x -
p re ssin g p ro p e rties o f th e co m p u ta tio n tre e g e n e ra te d
b y a n a b stra c t m o d e l. T h e sp e cī c v e rsio n o f b ra n ch in g -
tim e te m p o ra l lo g ic th a t w e w o rk w ith is c a lle d C o m p u -

ta tio n T ree L o g ic , o r C T L .

T h e b a sic a ssertio n s in C T L a re th e lo g ica l p ro p o sitio n s
th a t w e u se to d e sc rib e th e sta te s o f th e sy stem { in th e

c a se o f P ete rso n 's a lg o rith m , w e h a v e n in e b a sic a sse r-
tio n s f r 0 ; r 1 ; u ; i0 ; i1 ; t0 ; t1 ; c 0 ; c 1 g .

F o rm u la s in C T L a re e v a lu a te d a t sta tes in th e c o m p u ta -

tio n tre e. R e m em b e r th a t e a ch sta te is d e¯ n ed in te rm s
o f th e lo g ic a l p ro p o sitio n s th a t h o ld in th a t sta te . T h u s,
a b a sic a sse rtio n is tru e a t a sta te w h e n e v e r th e co r-
re sp o n d in g lo g ic a l p ro p o sitio n h o ld s a t th a t sta te. F o r
in sta n c e , a t th e ro o t n o d e o f th e tre e in F igu re 3 , th e
b a sic a ssertio n s i0 a n d i1 a re tru e a n d a ll o th er b a sic

a ssertio n s a re fa lse .

W e c a n q u a lify fo rm u la s w ith tem po ra l m od a lities a sse rt-
in g w h e re th e fo rm u la h o ld s a lo n g a p a th . T h e se co m e

in tw o b a sic fo rm s.

² N e x t T h e fo rm u la X f h o ld s a t a sta te s a lo n g
a p a th in th e c o m p u ta tio n tre e if f h o ld s a t its
su c c esso r sta te a lo n g th e p a th .

² U n t il T h e fo rm u la f U g h o ld s a t a sta te s a lo n g

a p a th in th e c o m p u ta tio n tre e if g h o ld s a t so m e
fu tu re sta te a lo n g th e p a th a n d , sta rtin g a t th e
c u rren t sta te , f h o ld s a t e a ch sta te u n til th e sta te
w h e re g h o ld s. N o te th a t f U g h o ld s in a triv ia l
w a y a t s if g a lrea d y h o ld s a t s .

T w o u se fu l sp e cia l c a ses o f th e U n til m o d a lity a re w o rth

Branching-time

temporal logic is a

formalism for

expressing

properties of the

computation tree

generated by an

abstract model.

We can qualify

formulas with temporal

modalities asserting

where the formula

holds along a path.
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re co rd in g e x p licitly .

² E v e n t u a lly T h e fo rm u la F f h o ld s a t a sta te s

a lo n g a p a th in th e c o m p u ta tio n tre e if f h o ld s a t
so m e fu tu re sta te a lo n g th e p a th .

² H e n c e fo r t h T h e fo rm u la G f h o ld s a t a sta te s

a lo n g a p a th in th e c o m p u ta tio n tre e if f h o ld s a t

e v e ry fu tu re sta te a lo n g th e p a th .

A te m p o ra l fo rm u la is ev a lu a ted w ith resp e c t to a ¯ x e d
pa th in th e tre e . In C T L , ev ery tem p o ra l m o d a lity m u st
b e a cc o m p a n ie d b y a pa th qu a n tī er d e sc rib in g w h eth e r
th e p ro p erty h o ld s a lo n g a ll p a th s o r a lo n g so m e p a th .
W e w rite A to d e n o te th e q u a n tī e r \ o v e r a ll p a th s" a n d
E to d e n o te th e q u a n tī er \ th e re ex ists a p a th " .

O n c e w e p a ir u p e a ch a te m p o ra l fo rm u la w ith a p a th
q u a n tī e r, w e a re b a ck to e v a lu a tin g fo rm u la s a t sta te s
ra th e r th a n o v er p a th s. T h u s, fo r e x a m p le , A X f h o ld s

a t a sta te s in th e tree if f h o ld s in ev ery su c ce sso r sta te
o f s , a n d E f U g h o ld s a t a sta te s if th e re is so m e p a th
o rig in a tin g a t s a lo n g w h ich f U g h o ld s.

W e a re , o f co u rse , a lso a llo w e d to c o m b in e fo rm u la s u s-
in g th e u su a l B o o le a n co n n ec tiv e s (a n d (^ ), o r (_ ) a n d
n o t (: )), a s w e ll a s d eriv e d co n n e ctiv e s su ch a s lo g ic a l
im p lic a tio n () ). N o te, h o w e v e r, th a t th e stro n g restric -
tio n in C T L re q u irin g u s to p a ir p a th q u a n tī ers w ith

te m p o ra l m o d a litie s p rev en ts u s fro m d ire ctly w ritin g
a ssertio n s su ch a s E (G F f ), w h ich ca p tu re s th e p ro p e rty
th a t th e re is a p a th a lo n g w h ich f h o ld s in ¯ n ite ly o fte n
{ G F f sa y s th a t a t e v e ry p o in t a lo n g th e p a th , th ere
is a fu rth er p o in t w h e re f h o ld s, so a fte r e v e ry f w e
m u st se e o n e m o re f in th e fu tu re, y ield in g a n in ¯ n ite

su b seq u e n c e o f sta tes w h e re f h o ld s.

H e re a re so m e ex a m p le s o f p ro p ertie s th a t w e ca n e x -
p re ss in C T L .

A temporal formula

is evaluated with

respect to a fixed

path in the tree.
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² D e a d lo c k R ec a ll th a t a sta te is d e a d lo ck e d if it
h a s n o su c c esso r sta te. L e t t t d e n o te th e fo rm u la
\ tru e " w h ich is tru e a t e v e ry sta te (fo r in sta n c e , t t

c a n b e a n a b b re v ia tio n fo r th e ta u to lo g y r 0 _ : r 0 ).
T h e n E X t t a sse rts th a t a sta te h a s a su cc e sso r,
fro m w h ich it fo llo w s th a t : E X t t ´ A X : t t a sse rts
th a t a sta te h a s n o su cc e sso r. T h u s th e fo rm u la
E F (A X : t t ) h o ld s a t th e ro o t o f th e co m p u ta tio n

tree p re c isely w h e n th e re is a rea ch a b le d e a d lo ck e d
sta te .

² P r o g r e s s W e w o u ld lik e to e n su re th a t w h en e v e r

a p ro ce ss a ttem p ts to e n ter th e c ritic a l re g io n , it
e v e n tu a lly m a k e s p ro g re ss a n d su cc e ed s. W e h a v e
u se d th e lo g ica l p ro p o sitio n s ti a n d c i to d e n o te
th a t p ro c e ss i is in its try in g p h a se a n d its c riti-
c a l p h a se, re sp ec tiv ely . T h e p ro g re ss p ro p e rty w e

w a n t fo r p ro c ess i is ca p tu re d b y a sse rtin g th e te m -
p o ra l fo rm u la tiU c i a lo n g e v e ry p a th o rig in a tin g
fro m ea ch sta te w h ere ti h o ld s. T h is is e q u iv a -
le n t to req u irin g th a t th e lo g ic a l im p lic a tio n ti )
A tiU c i h o ld s a t e v ery sta te in th e tre e . T h u s, P e -
terso n 's a lg o rith m sa tis¯ e s th e p ro g ress c o n d itio n

if th e fo rm u la A G (t0 ) A t0 U c 0 ) ^ A G (t1 ) A t1 U c 1 )
h o ld s a t th e ro o t o f th e c o m p u ta tio n tre e .

5 . M o d e l-c h e c k in g C T L F o r m u la s

W e n o w h a v e a ll th e in g re d ie n ts a v a ila b le to fo rm u la te

a n d d e sc rib e th e m o d e l-ch e ck in g p ro b le m fo r C T L . W e
a ssu m e w e h a v e a n a b stra c t m o d e l o f th e sy ste m a t h a n d
{ a g ra p h co n sistin g o f sta te s a n d tra n sitio n s in w h ich
e a ch sta te is la b e lled b y th e lo g ica l p ro p o sitio n s th a t
h o ld a t th a t sta te , lik e th e m o d e l fo r P e terso n 's a lg o -

rith m in F igu re 2 . W e ¯ x a sta te ŝ in th is m o d e l M a n d
a sk w h e th e r a g iv e n C T L fo rm u la f h o ld s a t th e ro o t o f
th e co m p u ta tio n tree o b ta in e d b y u n ra v e llin g th e m o d el
M sta rtin g w ith sta te ŝ .
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R ec a ll th a t th e c o m p u ta tio n tre e ro o ted a t ŝ is ty p i-
c a lly a n in ¯ n ite o b je ct, so w e c a n n o t ex h a u stiv e ly v e rify
w h e th e r fo rm u la f h o ld s b y e x p licitly c o n stru ctin g th is

tre e a n d ex a m in in g a ll its p a th s. In ste a d , w e p ro c ee d b y
o b serv in g th a t w e c a n re d u c e th e q u e stio n o f ch e ck in g
w h e th e r a fo rm u la h o ld s a t a sta te to q u e stio n s a b o u t
its c o n stitu e n t p a rts, o r su bfo rm u la s. F o r in sta n ce , a
fo rm u la o f th e fo rm f ^ g h o ld s a t a sta te s if a n d o n ly

if b o th f a n d g , w h ich a re su b fo rm u la s, h o ld a t s . T h is
o b serv a tio n fo rm s th e b a sis fo r a n in d u ctiv e p ro ce d u re
b y w h ich w e la b el th e m o d e l w ith su b fo rm u la s o f f so
th a t a sta te s is la b elled b y a su b fo rm u la g o f f w h en e v e r
g h o ld s a t f .

T h e sim p le st su b fo rm u la s o f f a re th e b a sic a sse rtio n s
c o rre sp o n d in g to th e lo g ic a l p ro p o sitio n s a tta ch ed to
sta te s in th e a b stra ct m o d e l. S in c e w e h a v e e x p licit
in fo rm a tio n a b o u t w h ich lo g ic a l p ro p o sitio n s a re tru e in

e v e ry sta te , it is a sim p le m a tte r to la b e l e a ch sta te b y
th e se t o f b a sic a ssertio n s th a t h o ld a t th a t sta te.

T h e B o o le a n c o n n e c tiv e s ^ , _ a n d : a re ea sy to h a n d le.

A sta te s c a n b e la b e lled w ith th e fo rm u la g ^ g 0p ro v id e d
it h a s a lre a d y b e e n la b e lle d w ith b o th g a n d g 0. A sta te
s c a n b e la b e lle d w ith th e fo rm u la g _ g 0 p ro v id e d it
h a s a lre a d y b ee n la b elle d w ith e ith e r g o r g 0. A sta te s

c a n b e la b e lle d w ith th e fo rm u la : g p ro v id ed w e h a v e
¯ n ish e d a ssig n in g th e la b e l g to a ll sta te s a n d th e sta te
s h a s n o t b e e n la b e lle d g .

T h e in te restin g p o in t is th a t th is la b ellin g a lg o rith m c a n
b e e x ten d ed to te m p o ra l a sse rtio n s in C T L .

² E X g , A X g : W e la b e l a sta te s w ith th e su b fo r-

m u la E X g p ro v id e d it h a s so m e su cc e sso r th a t h a s
a lrea d y b ee n la b e lled w ith g . S im ila rly, w e la b el
a sta te s w ith th e su b fo rm u la A X g p ro v id e d th a t
e v e ry su c ce sso r o f s h a s a lre a d y b e en la b e lle d w ith
g .

We can reduce the

question of checking

whether a formula

holds at a state to

questions about its

constituent parts, or

subformulas.
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² E g U g 0: T h ere a re tw o ca se s to co n sid er.

1 . If a sta te s h a s a lre a d y b e e n la b elle d w ith g 0, w e
c a n im m e d ia te ly a sse rt th a t g U g 0h o ld s a lo n g ev ery
p a th o rig in a tin g a t s , so w e d ire ctly la b e l s w ith

th e fo rm u la E g U g 0.

2 . O th e rw ise , w e o b se rv e th a t it m u st b e th e c a se

th a t g h o ld s a t s a n d g U g 0 h o ld s a lo n g so m e p a th
o rig in a tin g fro m s . T h is, in tu rn , a m o u n ts to re -
q u irin g th a t E g U g 0 h o ld s a t so m e su c ce sso r o f s .
In o th e r w o rd s, if g 0 d o es n o t h o ld a t s , th e n th e
fo rm u la g ^ E X (E g U g 0) m u st h o ld a t s in o rd er fo r
E g U g 0 to h o ld a t s .

P u ttin g th e se tw o o b se rv a tio n s to g e th e r, w e h a v e th e
fo llo w in g ite ra tiv e p ro ce d u re to la b e l sta tes w ith a su b -
fo rm u la o f th e fo rm E g U g 0.

1 . F o r e v e ry sta te s la b e lled w ith g 0, a d d th e la b el
E g U g 0.

2 . F o r ev ery sta te s la b elle d w ith g th a t h a s a su c -

c esso r sta te la b e le d E g U g 0, la b el s w ith E g U g 0.

3 . R ep e a t S te p 2 u n til n o fu rth er sta te s a re la b e lle d
E g U g 0.

E a ch itera tio n o f S te p 2 p ro p a g a tes th e la b e l to o n e m o re
sta te . T h is p ro ce d u re m u st te rm in a te in a ¯ n ite n u m b e r
o f step s b e c a u se w e o n ly h a v e a ¯ n ite n u m b e r o f sta te s

in o u r m o d e l to w h ich th e la b e l E g U g 0 c a n b e a d d e d .

A g U g 0: T h is c a se is sim ila r to th e p rev io u s o n e. H e re w e
o b serv e th a t A g U g 0 h o ld s a sta te s if eith e r g 0h o ld s a t s

o r g h o ld s a t s a n d A g U g 0 h o ld s a t e v e ry su c c esso r o f s .
T h is im m e d ia te ly y ie ld s a n itera tiv e la b e llin g p ro ce d u re
lik e th e o n e w e ju st d e sc rib ed fo r E g U g 0.
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Figure 4. The CTL model-

checking algorithm for

EaUb

A s w e h a d m e n tio n e d e a rlie r, F a n d G a re sp ec ia l ca se s
o f th e m o d a lity U . F o rm a lly , F f is th e sa m e a s t t U f

a n d G f is th e sa m e a s : F : f . T h is m e a n s th a t w e c a n

tra n sla te a ll fo rm u la s o f th e fo rm E F f , A F f , E G f a n d
A G f in te rm s o f E U a n d A U a n d a p p ly th e la b e llin g
p ro ce d u re d e sc rib ed a b o v e .

F igu re 4 illu stra te s th e la b e llin g p ro c ed u re o n a sim p le

m o d e l w ith fo u r sta te s. In th is e x a m p le , w e w o u ld lik e to
ch e ck w h e th er th e a sse rtio n E a U b h o ld s a t th e sta te s 0 ,
w h e re a a n d b a re b a sic a sse rtio n s. H ere is th e se q u e n ce
in w h ich la b e ls a re g e n e ra te d b y o u r m o d el-ch eck in g a l-
g o rith m .

1 . L a b e l e a ch sta te w ith th e b a sic a sse rtio n s c o rre -
sp o n d in g to th e lo g ic a l p ro p o sitio n s th a t h o ld a t

th a t sta te .

One extremely

useful feature of

model-checking is

that when the

algorithm fails, it

yields some

information about

why the formula

failed to hold.
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2 . L a b e l sta te s 3 w ith E a U b sin c e it is a lrea d y la b e lle d
b .

3 . L a b e l sta te s 2 w ith E a U b sin c e it is a lrea d y la b e lle d
a a n d it h a s a su c c esso r la b elled E a U b .

4 . L a b e l sta te s 0 w ith E a U b sin c e it is a lrea d y la b e lle d
a a n d it h a s a su c c esso r la b elled E a U b .

A t th is p o in t s 0 h a s b ee n la b elled b y th e fo rm u la th a t w e
a re a ttem p tin g to m o d e l-ch e ck , so th e a lg o rith m re p o rts
su c c ess.

It is e a sy to v e rify th a t th e a lg o rith m fa ils fo r th e fo rm u la
A a U b . W e a re a b le to la b e l s 3 a n d s 2 w ith A a U b, b u t
n o t s 1 . W h e n w e re a ch s 0 w e ¯ n d th a t it is la b e lled a

b u t n o t a ll its su cc e sso rs a re la b e lled A a U b , so w e c a n n o t
a d d th e la b e l A a U b to s 0 .

O n e e x tre m ely u se fu l fea tu re o f m o d el-ch e ck in g is th a t
w h e n th e a lg o rith m fa ils, it y ie ld s so m e in fo rm a tio n a b -

o u t w h y th e fo rm u la fa iled to h o ld . F o r in sta n c e , in
th e p re v io u s ex a m p le, w e c a n id e n tify th a t A a U b fa ils
to h o ld a t s 0 b ec a u se it a lso fa ils to h o ld a t o n e o f th e
su c c esso rs o f s 0 , n a m ely s 1 . T h is in tu rn is d u e to th e
fa c t th a t n o sta te la b elled b is re a ch a b le fro m s 1 . T h is

k in d o f d ia g n o stic in fo rm a tio n m a k e s m o d e l-ch e ck in g a
v a lu a b le to o l fo r d e b u g g in g c o n cu rre n t p ro g ra m s.

T h e m o d el-ch eck in g a lg o rith m fo r C T L w o rk s in tim e

p ro p o rtio n a l to jM j ¢ jf j, w h e re jM j d e n o te s th e siz e o f
th e a b stra c t m o d el (a s a g ra p h ) a n d jf j is th e len g th
o f th e fo rm u la f . T h is is b ec a u se w e h a v e to la b el th e
m o d e l w ith a ll su b fo rm u la s in f , so w e h a v e jf j ro u n d s
o f la b e llin g . In e a ch ro u n d , w e m a y h a v e to tra v e rse
th e en tire g ra p h to p ro p a g a te th e su b fo rm u la la b e l to a ll

sta te s, so e a ch ro u n d o f la b ellin g ta k e s tim e p ro p o rtio n a l
to jM j.
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6 . B e y o n d C T L M o d e l-c h e c k in g

A fte r th e p io n ee rin g w o rk o f E m e rso n , C la rk e a n d S ifa k is,
m o d e l-ch e ck in g a lg o rith m s h a v e b e en d e v ise d fo r o th e r
v a ria n ts o f te m p o ra l lo g ic , in c lu d in g lin ea r-tim e tem p o -
ra l lo g ic . M o d e l-ch e ck in g a lg o rith m s sy ste m a tic a lly e x -
p lo re a ll e x e cu tio n s o f th e m o d e l th a t a re re le v a n t fo r
in te rp re tin g fo rm u la s in th e u n d erly in g te m p o ra l lo g ic.

H o w e v e r, th e a lg o rith m s fo r o th er te m p o ra l lo g ic s a re
ty p ic a lly m o re co m p lic a te d th a n th e m o d el-ch e ck in g a l-
g o rith m fo r C T L , w h ich is u n e x p e cte d ly sim p le , b o th
c o n c ep tu a lly a n d fro m th e p o in t o f v iew o f c o m p u ta -
tio n a l c o m p le x ity .

T h e m a in b o ttle n e ck to th e p ra ctica l a p p lica b ility o f
m o d e l-ch e ck in g is th e fa ct th a t th e siz e o f th e a b stra c t
m o d e l is ty p ica lly v e ry la rg e. T h is is p a rtic u la rly tru e fo r

c o n c u rren t sy stem s w ith a la rg e n u m b e r o f in d ep en d en t
c o m p o n en ts. T h e g lo b a l sta te sp a c e o f su ch a c o n c u r-
re n t sy stem is th e p ro d u c t o f th e lo ca l sta te sp a ce s a n d
h e n ce g ro w s e x p o n en tia lly in th e n u m b e r o f c o m p o n en ts.
T h is is o fte n re fe rred to a s th e sta te exp lo sio n p ro blem
in m o d e l-ch e ck in g .

A lo t o f re se a rch h a s g o n e in to te ch n iq u es fo r o v erc o m in g
th e sta te e x p lo sio n p ro b le m . O n e im p o rta n t d e v e lo p -
m en t h a s b e e n th e in v e n tio n o f sy m b o lic m o d el-ch eck in g ,

in w h ich th e m o d e l is d esc rib e d im p licitly u sin g lo g ic a l
fo rm u la s, ra th e r th a n e x p lic itly rep rese n tin g a ll re a ch -
a b le sta te s a n d tra n sitio n s a s a g ra p h . A n o th er fru itfu l
a re a o f cu rre n t re se a rch is to e x ten d m o d e l-ch e ck in g to
sy ste m s w ith a n in ¯ n ite n u m b er o f sta tes.

A re c en t c o lle c tio n o f a rticle s su rv ey in g th e sta te o f th e
a rt in m o d e l-ch eck in g c a n b e fo u n d in [4 ]. In p a rtic -
u la r, th is co llec tio n in clu d e s a n in fo rm a tiv e a rticle b y

E m erso n o n th e h isto ry o f m o d e l-ch e ck in g [5 ]. A n in -
d e p th tre a tm e n t o f m o d e l-ch e ck in g ca n b e fo u n d in th e
te x tb o o k b y C la rk e , G ru m b erg a n d P ele d [6 ].

The main bottleneck to

the practical

applicability of model-

checking is the fact

that the size of the

abstract model is

typically very large.


