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1 Others also had similar ideas

around the same time, but the

name has  stuck.

F u n c tio n a l p ro g ra m m in g h a s its ro o ts in A lo n z o

C h u rch 's la m b d a c a lc u lu s. A fu n c tio n a l p ro g ra m

is a c o lle c tio n o f fu n c tio n s th a t w o rk to g e th e r to

tra n sfo rm d a ta . T h o u g h L isp b ro u g h t fu n c tio n a l

p ro g ra m m in g to p u b lic a tte n tio n in th e 1 9 5 0 s,

it w a s J o h n B a c k u s's 1 9 7 7 T u rin g A w a rd le c tu re

c ritic iz in g th e lim ita tio n s o f im p e ra tiv e p ro g ra m -

m in g la n g u a g e s th a t le d to a re su rg e n c e o f in te r-

e st in th is ¯ e ld . T h e 1 9 7 0 s a n d 1 9 8 0 s sa w a n u m -

b e r o f a d v a n c e s, le a d in g to th e d e v e lo p m e n t o f

th e la n g u a g e H a sk e ll, w h ich c a re fu lly c o m b in e d

id e a s fro m m a n y e a rlie r la n g u a g e s. In th is a rti-

c le , w e e x p lo re so m e b a sic n o tio n s o f fu n c tio n a l

p ro g ra m m in g v ia H a sk e ll.

1 . Im p e ra tiv e P ro g ra m m in g

P rog ram m in g la n gu a ges su ch as C , C + + a n d J ava , a s
w ell as th eir p red ecesso rs F o r t r a n a n d P asca l, all sh are
a b ro ad ly sim ilar o p eration a l sty le. In each of th ese la n -
gu a ges, a p ro gram is a set of in stru ctio n s to m a n ip u late
valu es th at a re sto red in n a m ed variab les. T h e p ro cess
of com p u ta tio n co n sists o f tran sfo rm in g th e in itia l state
of th ese variab les to a d esired ¯ n al sta te. T h is sty le of

p rog ram m in g is som etim es ca lled im perative, b eca u se a
p rog ram is a seq u en ce of com m a n d s d escrib in g h ow to
m an ip u la te th e state.

Im p era tiv e p ro gra m m in g lan g u ages h ave a close con n ec-
tio n w ith th e w ay m o d ern com p u ters a re d esig n ed . T h is
is u su ally called th e v on N eu m a n n arch itectu re, after
th e fa m o u s m a th em atician J o h n v on N eu m an n w h o p ro -
p o sed th is d esign in th e 1 940 s 1 .

In th e vo n N eu m a n n m o d el, p ro gra m s an d d ata resid e in
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a co m m o n m em ory from w h ich a n in d iv id u al item can
b e id en tī ed an d m a n ip u lated u sin g its address. A ll th e
m an ip u la tio n h a p p en s in a sep a rate cen tral processin g
un it, o r C P U . T h u s, ex ecu tin g a p rogra m con sists o f th e
C P U con tin u o u sly fetch in g d a ta fro m th e m em ory a n d
u p d atin g it in sm all u n its.

In 197 7, J oh n B ack u s, th e in ven tor of F o r t r a n , re-

ceived th e p restigiou s T u rin g A w ard fo r h is con trib u -
tio n s to C o m p u tin g S cien ce. S om ew h at u n ex p ected ly,
in h is T u rin g A w ard ad d ress, en titled \C an P rog ram -
m in g b e L ib erated from th e von N eu m an n S ty le?", h e
stron gly criticized th e w ay th a t th e vo n N eu m an n a r-

ch itectu re h a d in ° u en ced th e ev olu tion of p rogra m m in g
la n gu a ges.

H e coin ed th e p h rase von N eum an n bottlen eck to d e-
scrib e th e con stra in t p la ced o n com p u ta tio n b y h av in g
all d ata ° ow th rou gh a n a rrow ch an n el b etw een th e C P U
an d th e m em ory. H is th esis w as th a t p rogra m m in g la n -
gu a ges th at w ere b a sed on th is arch itectu re w ere o b liged
to d escrib e com p u tation a s a seq u en ce of u p d ates to in -

d iv id u al m em ory lo ca tio n s. T h is sty le of p rogra m m in g
ob fu sca ted th e stru ctu re of th e ov era ll p rob lem b ein g
ad d ressed a n d m a d e it m u ch h ard er to b reak u p large
sy stem s in to sm all fu n ction al b lo ck s th a t co u ld b e com -
b in ed in a reliab le m an n er.

B a ck u s p rop osed a lan g u ag e th at em p h a sized th e role of
fu n ctio n s a n d m ech an ism s for co m b in in g th em to form
la rger p rogra m s. T h o u gh h e m ad e a d istin ctio n b e-
tw een h is p rop osal an d th e sty le k n ow n as fun ction al
program m in g, th ere w ere en ou g h sim ilarities in th e tw o
ap p ro ach es th a t h is a d d ress in sp ired a m u ch g rea ter in -
terest in fu n ction a l p rogra m m in g.

2 . F u n c tio n a l P ro g ra m m in g

F u n ction al p rogra m m in g h a s its ro o ts in an a b stract
m o d el of co m p u tation called th e la m b d a ca lcu lu s, p ro -

Backus proposed a

language that

emphasized the role

of functions and

mechanisms for

combining them to

form  larger programs.

Though he made a

distinction between

his proposal and the

style known as

functional

programming, there

were enough

similarities in the two

approaches that his

address inspired a

much greater interest

in functional

programming.
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p o sed b y A lon zo C h u rch in th e 193 0s. T h e la m b d a cal-
cu lu s p rov id ed a n otation for d escrib in g fu n ctio n s th at
cou ld b e e® ectively com puted, ev en th o u gh th e electro n ic
com p u ter w as y et to b e in v en ted at th e tim e! In p ara llel
w ith C h u rch 's ap p roach , A lan T u rin g p rop osed a m ore
op era tio n al m o d el of a n ab stra ct co m p u tatio n al d ev ice,
n ow called a T u rin g m a ch in e, in w h ich sy m b ols are w rit-
ten o n a tap e a n d m an ip u lated b y a h ead th a t m oves

u p a n d d ow n th e ta p e, rea d in g an d m o d ify in g sy m b o ls.
T h e T u rin g m ach in e is a d irect in tellectu al a n cesto r of
th e vo n N eu m an n arch itectu re.

A fu n ctio n al p ro gram ca n b e v iew ed as a b lack b ox

th at tran sfo rm s in p u ts to ou tp u ts. T h ese b ox es can b e
ch a in ed to geth er an d com b in ed in o th er w ay s to create
la rger b ox es. In its p u rest form , d a ta in a fu n ction al
p rog ram ° ow s from th e in p u t to th e o u tp u t an d gets
tran sfo rm ed alon g th e w ay b y each b ox th at it p a sses

th rou g h . T h ere is n o ex p licit m em ory, or sta te, a n d
h en ce th e w ay in w h ich com p u tation is d escrib ed is fu n -
d am en ta lly d i® eren t fro m im p erative p rog ram m in g.

O n e of th e ¯ rst fu n ctio n al la n gu a ges to a ch iev e a d e-
gree o f p op u larity w as L is p , in ven ted b y J o h n M cC a rth y
in th e 1 95 0s. L is p b eca m e p op u lar for w ritin g p ro -
gra m s th at p erform ed sym bolic co m p u tatio n s{ fo r ex am -
p le, rea d in g a n d u n d erstan d in g p la in tex t o r sy m b olic
d i® eren tiatio n a n d in tegra tio n of alg eb raic ex p ression s.

V a lu es in L is p a re treated a s ab stra ct sy m b ols{th ere is
n o rea l n o tio n of data type. In th e 1 970 s, R ob in M il-
n er in v en ted a ty p ed fu n ction a l p rog ram m in g lan gu age

called M L a s p art of a th eorem p rov in g sy stem called
L C F . T y p ed lan gu ages are ty p ica lly easier to p ro gram
in th a n u n ty p ed o n es a n d M L led to a resu rgen ce of in -
terest in fu n ction al p ro gra m m in g . B ack u s's 19 77 lectu re
in sp ired a lot o f resea rch in to fu n ction al p rogra m m in g

th at led to a n u m b er of so -called lazy fu n ction al la n -
gu a ges su ch a s M ira n d a.

In its purest form,

data in a functional

program flows from

the input to the

output and gets

transformed along

the way by each box

that it passes

through.
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2  It turns out that types can be

automatically calculated for

functions defined in Haskell, so

we need not explicitly specify

the   type.  We will discuss this in

the second part of this article.

In th e 1 980 s, th e fu n ction al p rog ram m in g com m u n ity
m ad e a co n scio u s d ecision to com b in e fo rces a n d co m e
u p w ith a sin gle la n gu a ge th at u n ī ed th e featu res from

th e m an y fu n ctio n al lan g u ag es th a t h ad b een d ev elop ed .
T h is led to th e la n gu a ge H ask ell b ein g d e¯ n ed in th e m id
19 80s. H a skell h as sin ce b eco m e a stan d a rd lan g u ag e for
teach in g a n d research in fu n ctio n al p rog ram m in g. T h e
la n gu a ge w a s sta n d ard ized in 19 98 as H a skell 98. S in ce

th en , a n u m b er of ex ten sion s h ave b een p rop osed a n d
m ay resu lt in a n ew sta n d ard b ein g d e¯ n ed so on .

3 . H a sk e ll

P rog ram s in H askell a re fu n ction s th a t tran sform in p u ts
to ou tp u ts. T h e d escrip tion of a fu n ction f h a s tw o
p arts:

1. T h e ty p es of in p u ts a n d o u tp u ts.

2. T h e ru le fo r co m p u tin g th e o u tp u t from th e in p u t.

In m a th em atics, th e ty p e o f a fu n ctio n is often im p licit:
C o n sid er sqr (x ) = x 2 , w h ich m a p s each in p u t to its
sq u are. W e co u ld h av e sqr : Z ! Z or sqr : R ! R or
sqr :C ! C, d ep en d in g o n th e con tex t.

H ere is a co rresp on d in g d e¯ n ition in H a skell.

s q r : : I n t - > I n t

s q r x = x ^ 2

T h e ¯ rst lin e gives th e ty p e of s q r : it say s th at s q r
read s an I n t a s in p u t a n d p ro d u ces an I n t as ou tp u t 2 .

In gen eral, a fu n ctio n th a t tak es in p u ts o f ty p e A a n d
p ro d u ces ou tp u ts of ty p e B h as th e ty p e A - > B , w h ere
- > is in ten d ed to resem b le th e a rrow ! . T h e secon d lin e
gives th e ru le: it say s th at s q r x is x ^ 2 , w h ere ^ is th e
sy m b ol for ex p o n en tiation .

T h e b asic ty p es in H a skell co rresp on d to th o se in m a n y
oth er p rog ram m in g lan g u ages. F or in sta n ce, I n t d e-
n otes th e set o f in teg ers, w h ose ran g e is b ou n d ed , a s

In general, a function

that takes inputs of

type  A and produces

outputs of type B has

the type A- >  B,

where - >   is

intended to resemble

the arrow →
.
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3   This process is called curry-

ing, named after the logician

Haskell B Curry, after whom

Haskell is also named.  Ironi-

cally,   currying was not invented

by Haskell Curry.  This idea was

first  proposed Gottlob Frege

and later refined by Moses

Schönfinkel.

u su a l, b y th e n u m b er of b y tes allo cated to sto re a va lu e
of th is ty p e. (H askell also h a s th e ty p e I n t e g e r for in -
tegers of a rb itra ry size.) T h e ty p e B o o l con tain s th e

tw o b o olean valu es, w ritten T r u e an d F a l s e . T h e ty p e
F l o a t co n ta in s n o n -in tegra l n u m b ers{ th e n am e com es
from ° oatin g-poin t{w h ile C h a r d en otes th e ty p e of ch a r-
acters. T h is is n ot an ex h au stive list. In th is q u ick in tro -
d u ctio n to H ask ell, w e w ill g en era lly stick to th e ty p es

I n t an d B o o l .

3 .1 F u n c tio n s w ith M u ltip le In p u ts

O n e a ttrib u te th at w e h av e n ot b een in clu d ed in ou r
fu n ctio n d e¯ n ition is th e n u m b er o f in p u ts th a t it read s.
T h e fu n ction s q r th a t w e saw earlier h as o n ly on e in -
p u t. O n th e o th er h an d , w e co u ld w rite a fu n ction
w ith tw o in p u ts, su ch a s th e m a th em atical fu n ctio n p lu s:

plus(m ;n ) = m + n .

M ath em a tically, th e ty p e o f plus w o u ld b e Z£ Z ! Z (or
R £ R ! R). T h is m ean s th a t, in ad d itio n to th e ty p es
of th e in p u t an d ou tp u t an d th e ru le for com p u tation ,

w e a lso n eed to in clu d e in form ation ab ou t th e arity of
th e fu n ctio n , o r h ow m a n y in p u ts it takes.

T h is co m p lica tio n can b e av oid ed b y th e som ew h at d ras-

tic a ssu m p tion th a t all fu n ction s tak e on ly on e arg u -
m en t. H ow th en can w e d e¯ n e a fu n ctio n su ch a s plus
th at n eed s to op era te on tw o a rgu m en ts? W e say th at
plus ¯ rst p ick s u p th e argu m en t m an d b eco m es a n ew
fu n ctio n plus m , th a t ad d s th e n u m b er m to its arg u -

m en t n . T h u s, w e b rea k u p a fu n ctio n of tw o arg u m en ts
in to a seq u en ce of fu n ctio n s o f on e a rgu m en t 3 .

W h at is th e ty p e of plus? It ta kes in an in teg er m a n d

y ield s a n ew fu n ctio n plus m th a t is like sqr ab ove: it
read s a n in teger an d gen erates a n ou tp u t o f th e sa m e
ty p e, so its ty p e is Z ! Z. In H a skell n otation , p l u s
read s an I n t a n d gen era tes a fu n ctio n of ty p e ( I n t
- > I n t ) , so th e ty p e of p l u s is I n t - > ( I n t - > I n t ) .

In addition to the

types of the input and

output and the rule

for computation, we

also need to include

information about the

arity of the function,

or how many inputs it

takes.
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H ere is a co m p lete d e¯ n ition o f p l u s in H ask ell:

p l u s : : I n t - > ( I n t - > I n t )

p l u s m n = m + n

N o tice th at w e w rite p l u s m n an d n ot p l u s ( m , n ) {
th ere are n o p aren th eses aro u n d th e arg u m en ts to a
fu n ctio n . In fact, th e correct b ra cketin g for p l u s m n is
( p l u s m ) n . T h is tells u s to ¯ rst feed m to p l u s to g et a

fu n ctio n ( p l u s m ) to w h ich w e th en feed th e a rg u m en t
n .

W h at if w e h a d a fu n ction o f th ree arg u m en ts, su ch a s

p l u s 3 ( m , n , p ) = m + n + p ? O n ce ag ain , w e a ssu m e th at
p l u s 3 co n su m es its arg u m en ts on e a t a tim e. H av in g
read m , p l u s 3 b ecom es a fu n ctio n like p l u s th a t w e d e-
¯ n ed earlier, ex cep t it ad d s o n m to th e su m of its tw o
arg u m en ts. S in ce th e ty p e of p l u s w as I n t - > ( I n t

- > I n t ) , th is is th e o u tp u t ty p e of p l u s 3 . T h e in p u t to
p l u s 3 is an I n t , so th e ov era ll ty p e o f p l u s 3 is I n t - >
( I n t - > ( I n t - > I n t ) ) . H ere is a com p lete d e¯ n ition
of p l u s 3 in H ask ell:

p l u s 3 : : I n t - > ( I n t - > ( I n t - > I n t ) )

p l u s m n p = m + n + p

O n ce a gain , n ote th e lack o f b rack ets in p l u s m n p ,
w h ich is im p licitly b rack eted ( ( p l u s m ) n ) p .

In gen era l, su p p ose w e h ave a fu n ctio n f th at read s n
in p u ts x 1 , x 2 , ..., x n of ty p es t 1 , t 2 , ..., t n a n d p ro -
d u ces a n o u tp u t y of ty p e t . W e ca n v erify th a t th e
ty p e o f th is fu n ction w o u ld w o rk ou t to f : : t 1 - > ( t 2
- > ( . . . - > ( t n - > t ) . . . ) ) . In th is ex p ression , th e

b rackets are in tro d u ced u n iform ly from th e rig h t, so w e
can om it th e b ra ckets an d u n am b igu ou sly w rite f : : t 1
- > t 2 - > . . . - > t n - > t .

3 .2 M o re o n D e ¯ n in g F u n c tio n s

T h e sim p lest form of d e¯ n ition is th e on e w e h av e seen
in s q r , p l u s a n d p l u s 3 , w h ere w e ju st w rite a d e¯ n in g

In general, suppose

we have a function f

that reads n inputs x1,

x2, ..., xn of types t1,

t2, ..., tn and produces

an output y of type t.

We can verify that the

type of this function

would work out to

f::t1 - >   (t2 - >  (... - >
(tn - >  t)...)).
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eq u a tio n u sin g an a rith m etic ex p ression in v olv in g th e
arg u m en ts to th e fu n ctio n .

W e ca n also w rite ex p ression s in vo lv in g oth er ty p es. F or
in stan ce, for va lu es o f ty p e B o o l , th e op erator & & d e-
n otes an d, th e o p erator | | d en o tes or a n d th e u n ary
op era tor n o t in v erts its arg u m en t. U sin g th ese, w e can
d e¯ n e, fo r in stan ce, th e fu n ction x o r th a t ch eck s th at

p recisely o n e of its a rgu m en ts is T r u e .

x o r : : B o o l - > B o o l - > B o o l

x o r b 1 b 2 = ( b 1 & & ( n o t b 2 ) ) | | ( ( n o t b 1 ) & & b 2 )

3 .3 P a tte rn M a tc h in g

H a skell d o es n o t lim it u s to a sin g le d e¯ n ition for a fu n c-
tio n . It o ® ers p a ttern m atch in g a s a con ven ien t m ech -

an ism to b reak u p a sin gle d e¯ n itio n w ith m an y ca ses
in to in d ep en d en t m u ltip le d e¯ n ition s th at are scan n ed
from to p to b ottom . T h e ¯ rst d e¯ n ition th at m a tch es
is u sed to co m p u te th e ou tp u t. F or in sta n ce, h ere is an
altern ativ e d e¯ n ition of x o r .

x o r : : B o o l - > B o o l - > B o o l

x o r T r u e F a l s e = T r u e

x o r F a l s e T r u e = T r u e

x o r b 1 b 2 = F a l s e

W h en d o es a fu n ctio n in v o ca tio n m atch a d e¯ n itio n ?
W e h ave to ch eck th at it m a tch es for each argu m en t.
If th e d e¯ n ition h a s a va ria b le for an a rgu m en t, th en
an y va lu e su p p lied w h en in vok in g th e fu n ction m a tch es

on th a t argu m en t a n d th e va lu e su p p lied is u n iform ly
su b stitu ted fo r th e varia b le th rou g h ou t th e d e¯ n ition .
O n th e oth er h a n d , if th e d e¯ n ition h a s a con stan t va lu e
for a n argu m en t, th e va lu e su p p lied w h en in vok in g th e
fu n ctio n m u st m a tch p recisely.

F or in stan ce, in th e rev ised d e¯ n ition of x o r , if w e in -
vo ke th e fu n ctio n as x o r F a l s e T r u e , th e ¯ rst d e¯ n i-
tio n d o es n ot m atch , b u t th e seco n d on e d o es. If w e

Haskell does not

limit us to a single

definition for a

function.  It offers

pattern matching

as a convenient

mechanism to

break up a single

definition with

many cases into

independent

multiple definitions

that are scanned

from top to bottom.
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in v oke th e fu n ctio n as x o r T r u e T r u e , th e ¯ rst tw o d e-
¯ n itio n s b oth fail to m atch an d w e en d u p u sin g th e
th ird on e w ith b 1 an d b 2 set to T r u e .

3 .4 In d u c tiv e D e ¯ n itio n s

A n in d u ctive d e¯ n itio n o f a fu n ctio n h a s th e fo llow in g

stru ctu re:

² f (0 ) is d e¯ n ed ex p licitly

² F or n > 0, f (n ) is d e¯ n ed in term s o f f (n ¡ 1),
f (n ¡ 2), ...f (0).

F or in stan ce, w e ca n d e¯ n e th e fam ilia r fa cto ria lfu n ction
in th is w ay.

² factorial(0 ) = 1

² F or n > 0, factorial(n ) = n ¢factorial(n ¡ 1 )

W e can u se m u ltip le d e¯ n itio n s w ith p attern m a tch in g
to d e¯ n e a fu n ctio n in d u ctiv ely in H a skell. F o r in stan ce,
h ere is a d e¯ n itio n of th e fu n ction f a c t o r i a l .

f a c t o r i a l : : I n t - > I n t - > I n t

f a c t o r i a l 0 = 1

f a c t o r i a l n = n * ( f a c t o r i a l ( n - 1 ) )

If w e w rite, for in stan ce, f a c t o r i a l 3 , th en on ly th e
seco n d d e¯ n ition m a tch es, leav in g u s w ith th e ex p res-
sion 3 * ( f a c t o r i a l 2 ) , after u n iform ly su b stitu tin g 3
for n a n d sim p lify in g ( 3 - 1 ) to 2 . W e u se th e secon d d e¯ -

n ition tw o m ore tim es to get 3 *( 2 * ( f a c t o r i a l 1 ) ) a n d
th en 3 * ( 2 * ( 1 * ( f a c t o r i a l 0 ) ) ) . N ow , th e ¯ rst d e¯ n i-
tio n m atch es, a n d w e g et 3 * ( 2 * ( 1 * ( 1 ) ) ) w h ich H a skell
can evalu ate u sin g its b u ilt-in ru les for * to retu rn 6 .

N o tice th at th ere is n o g u ara ntee th at a n in d u ctive d e-
¯ n itio n in H a skell is correct, n o r th at it term in ates on
all in p u ts. R e° ect, for in stan ce, on w h at w ou ld h a p p en
if w e in vok ed ou r fu n ction as fa c t o r i a l ( - 1 ) .

An inductive

definition of a

function has the

following structure:

•  f(0) is defined

explicitly

• For n > 0, f(n) is

defined in terms

of  f(n�–1),

f(n�–2), ... f(0).
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O b serve th e b rack etin g in th e secon d d e¯ n ition ab ov e.
W e w rite n * ( f a c t o r i a l ( n - 1 ) ) . T h is say s w e sh ou ld
com p u te ( n - 1 ) , th en feed th is to f a c t o r i a l an d m u lti-

p ly th e resu lt b y n . If, in stea d , w e w rite n * ( f a c t o r i a l
n - 1 ) , H a skell w ou ld in terp ret th is a s n * ( ( f a c t o r i a l
n ) - 1 ) b eca u se fu n ction ap p lica tion b in d s m o re tigh tly
th an arith m etic o p erato rs.

3 .5 C o n d itio n a l D e ¯ n itio n s

O ften , a fu n ctio n d e¯ n ition ap p lies o n ly if certain con d i-
tio n s a re satis¯ ed b y th e valu es o f th e in p u ts. F or ex am -

p le, to d e¯ n e f a c t o r i a l to w ork w ith n eg ative in p u ts,
w e co u ld n egate n ega tiv e in p u ts an d in v oke f a c t o r i a l
on th e co rresp on d in g p o sitive q u a n tity.

f a c t o r i a l : : I n t - > I n t

f a c t o r i a l 0 = 1

f a c t o r i a l n | n < 0 = f a c t o r i a l ( - n )

| n > 0 = n * ( f a c t o r i a l ( n - 1 ) )

In th is versio n of f a c t o r i a l , th e secon d d e¯ n itio n h a s
tw o op tion s d ep en d in g o n th e valu e o f n . If n < 0 ,

th e ¯ rst d e¯ n ition ap p lies. If n > 0 , th e seco n d d e¯ -
n ition ap p lies. T h ese con d itio n s a re called guards, sin ce
th ey restrict en try to th e d e¯ n ition th at fo llow s. E a ch
gu a rd ed d e¯ n ition is sig n alled u sin g | .

N o tice th at lin es b eg in n in g w ith | are in d en ted . T h is
tells H a skell th at th ese lin es are co n tin u ation s o f th e cu r-
ren t d e¯ n ition . H askell u ses th e lay ou t o f th e p ro gram
v ia in d en tation to recov er th e stru ctu re o f th e p rogra m ,
m ak in g th e u se of b ra ces, sem ico lo n s a n d o th er p u n ctu -

ation op tion al.

W e can com b in e d e¯ n ition s o f d i® eren t ty p es. In th is
ex a m p le, th e ¯ rst d e¯ n ition , f a c t o r i a l 0 is a sim p le

ex p ression w h ile th e secon d d e¯ n ition is a con d ition al
on e.

T h e g u ard s in a con d ition a l d e¯ n itio n a re sca n n ed from

Notice that there is

no guarantee that

an inductive

definition in

Haskell is correct,

nor that it

terminates on all

inputs.
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top to b ottom . T h ey m ay overlap , in w h ich ca se th e
d e¯ n ition th at is u sed is th e o n e co rresp on d in g to th e
¯ rst g u ard th a t is satis¯ ed . F or in stan ce, w e cou ld w rite:

f a c t o r i a l : : I n t - > I n t

f a c t o r i a l 0 = 1

f a c t o r i a l n | n < 0 = f a c t o r i a l ( - n )

| n > 1 = n * ( f a c t o r i a l ( n - 1 ) )

| n > 0 = n * ( f a c t o r i a l ( n - 1 ) )

N ow , f a c t o r i a l 2 w o u ld m atch th e gu ard n > 1 w h ile
f a c t o r i a l 1 w ou ld m atch th e gu ard n > 0 .

T h e g u ard s in a con d itio n al d e¯ n itio n m ay a lso n o t cover
all ca ses. F or in sta n ce, su p p ose w e w rite:

f a c t o r i a l : : I n t - > I n t

f a c t o r i a l 0 = 1

f a c t o r i a l n | n < 0 = f a c t o r i a l ( - n )

| n > 1 = n * ( f a c t o r i a l ( n - 1 ) )

f a c t o r i a l 1 = 1

N ow , th e in vo cation f a c t o r i a l 1 m atch es n eith er gu a rd
an d fa lls th ro u gh (fortu n ately ) to th e th ird d e¯ n ition . If
w e h a d n o t su p p lied th e th ird d e¯ n ition , an y in vo cation
oth er th a n f a c t o r i a l 0 w ou ld even tu ally h av e tried to
evalu ate f a c t o r i a l 1 , for w h ich n o m atch w ou ld h ave
b een fou n d , lead in g to an error m essag e.

O ften , w e d o w an t to catch all leftov er ca ses in th e la st
gu a rd . R ath er th a n ted iou sly sp ecify th e op tion s th at
h ave b een left ou t, w e can u se th e w o rd o t h e r w i s e a s

in th e follow in g d e¯ n ition of xo r :

x o r : : B o o l - > B o o l - > B o o l

x o r b 1 b 2 | b 1 & & n o t ( b 2 ) = T r u e

| n o t ( b 1 ) & & b 2 = T r u e

| o t h e r w i s e = F a l s e

The guards in a

conditional definition

are scanned from top

to bottom.  They may

overlap, in which case

the definition that is

used is the one

corresponding to the

first guard that is

satisfied.
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4 . H o w H a sk e ll `C o m p u te s'

C o m p u ta tio n in H askell is like sim p lify in g ex p ressio n s in
algeb ra. R elativ ely ea rly in sch o o l, w e learn th a t (a + b)2

is a 2 + 2 a b + b2 . T h is m ean s th a t w h erever w e see (x + y )2

in an ex p ression , w e can rep lace it b y x 2 + 2x y + y 2 .

In th e sam e w ay, H askell com p u tes b y rew ritin g ex p res-
sion s u sin g fu n ction s an d op erato rs. W e say rew ritin g
rath er th an sim plifyin g b ecau se it is n ot clear, som e-
tim es, th at th e rew ritten ex p ressio n is \sim p ler" th an
th e origin al on e!

T o b egin w ith , H ask ell h as rew ritin g ru les fo r op era tio n s
on b u ilt-in ty p es. F o r in stan ce, th e fact th a t 6 + 2 is 8 is
em b ed d ed in a H ask ell rew ritin g ru le th at say s th at 6 + 2

can b e rew ritten a s 8 . In th e sam e w ay, T r u e & & F a l s e
is rew ritten to F a l s e .

In ad d ition to th e b u ilt-in ru les, th e fu n ctio n d e¯ n itio n s
th at w e su p p ly a re a lso u sed for rew ritin g. F or in stan ce,

given th e fo llow in g d e¯ n itio n of f a c t o r i a l

f a c t o r i a l : : I n t - > I n t - > I n t

f a c t o r i a l 0 = 1

f a c t o r i a l n = n * ( f a c t o r i a l ( n - 1 ) )

h ere is h ow f a c t o r i a l 3 w o u ld b e eva lu a ted . W e u se
; to d en o te rew rites to :

f a c t o r i a l 3 ; 3 * ( f a c t o r i a l ( 3 - 1 ) )

; 3 * ( f a c t o r i a l ( 2 ) )

; 3 * ( 2 * f a c t o r i a l ( 2 - 1 ) )

; 3 * ( 2 * f a c t o r i a l ( 1 ) )

; 3 * ( 2 * ( 1 * f a c t o r i a l ( 1 - 1 ) ) )

; 3 * ( 2 * ( 1 * f a c t o r i a l ( 0 ) ) )

; 3 * ( 2 * ( 1 * 1 ) )

; 3 * ( 2 * 1 )

; 3 * 2

; 6

Haskell computes by

rewriting expressions

using functions and

operators.  We say

rewriting rather than

simplifying because it

is not clear,

sometimes, that the

rewritten expression is

�“simpler�” than the

original one!



38 RESONANCE  August  2007

GENERAL   ARTICLE

W h en rew ritin g ex p ression s, b rack ets m ay b e o p en ed u p
to ch an g e th e ord er o f eva lu a tio n . S o m etim es, m o re th an
on e rew ritin g p a th m ay b e ava ilab le. F o r in stan ce, w e

cou ld h av e com p leted th e com p u tation ab ove a s fo llow s.

f a c t o r i a l 3 ; 3 * ( f a c t o r i a l ( 3 - 1 ) )

; 3 * ( f a c t o r i a l ( 2 ) )

; 3 * ( 2 * f a c t o r i a l ( 2 - 1 ) )

; ( 3 * 2 ) * ( f a c t o r i a l ( 2 - 1 ) ) N ew expression !
; 6 * ( f a c t o r i a l ( 2 - 1 ) ) )

; ...
; 6

In H a skell, th e result o f a co m p u tation is an ex p ression
th at can n o t b e fu rth er sim p lī ed . In g en eral, it is gu a r-
an teed th at a n y p ath w e follow lea d s to th e sam e resu lt,
if a resu lt is fo u n d . It co u ld h a p p en th at on e ch oice of
sim p lī ca tio n y ield s a resu lt w h ile an o th er d o es n o t. F or
in stan ce, co n sid er th e fo llow in g d e¯ n ition o f th e fu n ction

p o w e r th a t com p u tes x n fo r n o n -n egative in teg er ex p o -
n en ts.

p o w e r : : F l o a t - > I n t - > F l o a t

p o w e r x 0 = 1 . 0

p o w e r x n | n > 0 = x * ( p o w e r x ( n - 1 )

If w e con sid er th e ex p ressio n p o w e r ( 8 . 0 / 0 . 0 ) 0 , w e
cou ld u se th e ¯ rst ru le an d o b serve th a t th e valu e x is

n ot u sed in th e ¯ n al an sw er, resu ltin g in th e fo llow in g
red u ction :

p o w e r ( 8 . 0 / 0 . 0 ) 0 ; 1 . 0

H ow ever, if w e ¯ rst try to sim p lify ( 8 . 0 / 0 . 0 ) , w e get
an ex p ression w ith o u t a valu e so, in a sen se, w e h av e

p o w e r ( 8 . 0 / 0 . 0 ) 0 ; E r r o r

H a skell u ses a fo rm of sim p lī cation th at is called lazy {
it d o es n ot sim p lify th e a rgu m en t to a fu n ctio n u n til th e

In Haskell, the result

of a computation is

an expression that

cannot be further

simplified.  In

general, it is

guaranteed that any

path we follow leads

to the same result, if

a result is found.
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valu e of th e a rgu m en t is actu ally n eed ed in th e eva lu a -
tio n o f th e fu n ctio n . In p a rticu la r, H ask ell w ou ld eval-
u ate th e ex p ression ab ove to 1 . 0 . W e w ill ex am in e th e

con seq u en ces of h av in g su ch a lazy evalu ation strategy
in th e seco n d p a rt of th is article.

5 . L ists

S u p p ose w e w a n t a fu n ctio n th a t ¯ n d s th e m a x im u m of
all valu es from a collectio n . W e can n o t u se a n in d iv id u al
variab le to rep resen t ea ch valu e in th e co llection b ecau se
w h en w e w rite o u r fu n ction d e¯ n ition w e h ave to ¯ x th e

n u m b er of va ria b les w e u se, w h ich lim its o u r fu n ctio n to
w ork on ly w ith collection s th at h ave ex a ctly th at m a n y
variab les.

In stea d , w e n eed a w ay to collectiv ely asso ciate a gro u p
of valu es w ith a va ria b le. In H ask ell, th e m ost b a sic
w ay of co llectin g a gro u p o f valu es is to form a list. A
list is a seq u en ce o f valu es o f a ¯ x ed ty p e an d is w rit-
ten w ith in sq u a re b ra ck ets sep arated b y co m m as. T h u s,
[ 1 , 2 , 3 , 1 ] is a list o f I n t , w h ile [ T r u e , F a l s e , T r u e ] is

a list of B o o l . L ists can b e n ested : w e can h ave lists of
lists. F or in stan ce, [ [ 1 , 2 ] , [ 3 ] , [ 4 , 4 ] ] is a list, ea ch
of w h o se m em b ers is a list of I n t . T h e u n d erly in g ty p e
of a list m u st b e u n iform : w e can n o t w rite lists su ch a s
[ 1 , 2 , T r u e ] o r [ [ 7 ] , 8 ] .

A list o f u n d erly in g ty p e T h as ty p e [ T ] . T h u s, [ 1 , 2 , 3 , 1 ]
is of ty p e [ I n t ] , [ T r u e , F a l s e , T r u e ] is of ty p e [ B o o l ] ,
an d [ [ 1 , 2 ] , [ 3 ] , [ 4 , 4 ] ] is of ty p e [ [ I n t ] ] . T h e em p ty

list is u n ifo rm ly d en oted [ ] fo r all list ty p es.

In tern ally, H ask ell b u ild s lists in crem en ta lly, o n e ele-
m en t a t a tim e, startin g w ith th e em p ty list. T h is in -

crem en ta l b u ild in g can b e d o n e fro m left to righ t (ea ch
n ew elem en t is tag ged on a t th e en d o f th e cu rren t list)
or from rig h t to left (each n ew elem en t is tagg ed o n at
th e b egin n in g o f th e cu rren t list). F o r h istorica l reason s,
H a skell ch o oses th e latter.

Haskell uses a form

of simplification that

is called lazy �– it

does not simplify the

argument to a

function until the

value of the

argument is actually

needed in the

evaluation of the

function.

Internally, Haskell

builds lists

incrementally, one

element at a time,

starting with the

empty list.  This

incremental building

can be done from left

to right (each new

element is tagged on

at the end of the

current list) or from

right to left (each new

element is tagged on

at the beginning of the

current list).
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T h e b a sic list-b u ild in g op erator, d en o ted : , takes an el-
em en t a n d a list an d retu rn s a n ew list. F o r in sta n ce
1 : [ 2 , 3 , 4 ] retu rn s [ 1 , 2 , 3 , 4 ] . A s m en tion ed ea rlier,

all lists in H askell are b u ilt u p righ t to left, startin g
w ith th e em p ty list. S o, in tern ally th e list [ 1 , 2 , 3 , 4 ]
is actu ally 1 : ( 2 : ( 3 : ( 4 : [ ] ) ) ) . W e alw ay s b rack et th e
b in ary o p erator : fro m rig h t to left, so w e can u n am -
b igu ou sly leave o u t th e b rack ets a n d w rite [ 1 , 2 , 3 , 4 ] a s

1 : 2 : 3 : 4 : [ ] . It is im p o rtan t to n ote th a t a ll th e h u m an
read ab le form s of a list [ x 1 , x 2 , x 3 , . . . , x n ] are in ter-
n ally rep resen ted can o n ically as x 1 : x 2 : x 3 : . . . : x n : [ ] .
T h u s, th ere is n o d i® eren ce b etw een th e lists [ 1 , 2 , 3 ] ,
1 : [ 2 , 3 ] , 1 : 2 : [ 3 ] an d 1 : 2 : 3 : [ ] .

5 .1 D e ¯ n in g F u n c tio n s o n L ists

M an y fu n ction s o n lists are d e¯ n ed b y in d u ction on th e

stru ctu re o f th e list. T h e b ase case sp ecī es a va lu e for
th e em p ty list. T h e in d u ctive case sp ecī es a w ay to
com b in e th e leftm ost elem en t w ith a n in d u ctive eva lu a -
tio n o f th e fu n ction on th e rest of th e list. T h e fu n ctio n s
h e a d an d t a i l retu rn th e ¯ rst elem en t a n d th e rest of

th e list fo r a ll n on em p ty lists. T h ese fu n ctio n s a re u n -
d e¯ n ed fo r th e em p ty list. W e ca n u se h e a d an d t a i l
in ou r in d u ctive d e¯ n ition s.

H ere is a fu n ctio n th a t com p u tes th e len gth of a list of

I n t .

l e n g t h : : [ I n t ] - > I n t

l e n g t h [ ] = 0

l e n g t h l = 1 + ( l e n g t h ( t a i l l ) )

N o tice th a t if th e secon d d e¯ n ition m a tch es, w e k n ow
th at l is n on em p ty, so t a i l l retu rn s a valid va lu e.

In gen eral, th e in d u ctive step in a list b ased co m p u tation
w ill u se b o th th e h ead a n d th e tail o f th e list to b u ild
u p th e ¯ n al valu e. H ere is a fu n ction th a t co m p u tes th e

su m o f th e elem en ts o f a list of I n t .

In general, the

inductive step in a

list based

computation will

use both the head

and the tail of the

list to build up the

final value.
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s u m : : [ I n t ] - > I n t

s u m [ ] = 0

s u m l = ( h e a d l ) + ( s u m ( t a i l l ) )

5 .2 U sin g P a tte rn M a tc h in g in L ist F u n c tio n s

W e can im p licitly d ecom p o se a list in to its h ea d a n d tail
b y p rov id in g a p attern w ith tw o variab les to d en ote th e
tw o com p o n en ts of a list, as follow s:

l e n g t h : : [ I n t ] - > I n t

l e n g t h [ ] = 0

l e n g t h ( x : x s ) = 1 + ( l e n g t h x s )

H ere, in th e seco n d d e¯ n itio n , th e in p u t list l is im p lic-
itly d ecom p o sed so th at x gets th e va lu e h e a d l w h ile
x s g ets th e va lu e t a i l l . T h e b ra cket a rou n d ( x : x s ) is

n eed ed ; oth erw ise, H a skell w ill try to com p u te ( l e n g t h
x ) b efore d ea lin g w ith th e : . In th is ex am p le, th e list is
b rok en u p in to a sin gle valu e x an d a list o f valu es x s .
T h is is to b e read as \ th e list con sists o f a n x follow ed
b y m an y x 's" a n d is a u sefu l co n v en tion for n am in g lists.

B y u sin g p attern m atch in g to d irectly d eco m p ose a list
in to its h ead a n d ta il, w e can av oid h av in g to in v oke
th e b u ilt-in fu n ction s h e a d a n d t a i l ex p licitly in m o st

fu n ctio n d e¯ n ition s.

H ere is a fu n ction a p p e n d th a t com b in es tw o lists in to a
sin gle la rger list. F o r ex a m p le a p p e n d [ 3 , 2 ] [ 4 , 6 , 7 ]
sh o u ld eva lu a te to [ 3 , 2 , 4 , 6 , 7 ] .

a p p e n d : : [ I n t ] - > [ I n t ] - > [ I n t ]

a p p e n d [ ] y s = y s

a p p e n d ( x : x s ) y s = x : ( a p p e n d x s y s )

T h is is su ch a u sefu l fu n ction th a t H a skell h a s a b u ilt-in

b in ary o p erator + + for th is. T h u s [ 1 , 2 , 3 ] + + [ 4 , 3 ]
; [ 1 , 2 , 3 , 4 , 3 ] .

W e ca n rev erse a list b y ¯ rst rev ersin g th e ta il of th e list

an d th en ap p en d in g th e h ead of th e list a t th e en d , a s
follow s.

We can reverse a

list by first

reversing the tail of

the list and then

appending the

head of the list at

the end.
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r e v e r s e : : [ I n t ] - > [ I n t ]

r e v e r s e [ ] = [ ]

r e v e r s e ( x : x s ) = ( r e v e r s e x s ) + + [ x ]

T h e fu n ction s s u m , l e n g t h an d r e v e r s e are actu ally
b asic list fu n ction s in H a skell, like th e fu n ction s h e a d
an d t a i l . T w o o th er u sefu l b u ilt-in fu n ction s in H a skell
are t a k e an d d r o p . T h e ex p ression t a k e n l retu rn s
th e ¯ rst n valu es in l w h ile d r o p n l retu rn s th e list

ob ta in ed b y om ittin g th e ¯ rst n valu es in l . F o r a n y
list l a n d an y in teg er n w e a re gu a ran teed th a t l = =
( t a k e n l ) + + ( d r o p n l ) . In p a rticu lar, th is m ea n s
th at if n < 0 , t a k e n l is [ ] an d d r o p n l is l , w h ile
if n > ( l e n g t h l ) , t a k e n l is l an d d r o p n l is [ ] .

6 . M a p , F ilte r a n d L ist C o m p re h e n sio n

S u p p ose w e w a n t to sq u are each elem en t in a list of

in tegers. A ssu m in g w e h ave alrea d y d e¯ n ed s q r , w e
cou ld w rite th e follow in g.

s q u a r e a l l : : [ I n t ] - > [ I n t ]

s q u a r e a l l [ ] = [ ]

s q u a r e a l l ( x : x s ) = ( s q r x ) : ( s q u a r e a l l x s )

O n th e oth er h a n d , su p p o se w e h av e a list ea ch of w h ose
elem en ts is itself of ty p e [ I n t ] , an d w e w an t to co m p u te
th e len gth of ea ch of th ese lists. W e cou ld w rite th e
follow in g .

l i s t l e n g t h s : : [ [ I n t ] ] - > [ I n t ]

l i s t l e n g t h s [ ] = [ ]

l i s t l e n g t h s ( x : x s ) = ( l e n g t h x ) : ( l i s t l e n g t h s x s )

N o tice th at th ese tw o fu n ctio n s sh are a sim ila r stru ctu re.
W e h ave a n in p u t list ` an d a fu n ction f th at is ap p lied

to each elem en t in `. T h e b u ilt-in fu n ctio n m a p allow s
u s to ap p ly a fu n ction f p̀ o in t w ise' to each elem en t of
a list. In oth er w o rd s,

m a p f [ x 0 , x 1 , . . , x k ] = [ ( f x 0 ) , ( f x 1 ) , . . . , ( f x k ) ]
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A n im p ortan t p o in t to n o tice is th at w e ca n p ass a fu n c-
tio n to an oth er fu n ction , a s w e d o in m a p , w ith ou t a n y
fu ss in H ask ell. T h ere is n o restrictio n in H askell ab ou t

w h a t w e can p ass as an argu m en t to a fu n ctio n : if it can
b e a ssign ed a ty p e, it can b e p assed .

W e can n ow w rite th e fu n ction s s q u a r e a l l an d
l i s t l e n g t h s in term s of m a p :

s q u a r e a l l l = m a p s q r l

l i s t l e n g t h s l = m a p l e n g t h l

A ctu a lly, th e p ro cess o f red u ction in fu n ctio n al p rog ram -
m in g can tak e p lace an y w h ere w ith in a n ex p ressio n , so
w e can alw ay s rep la ce èq u als b y eq u als'. T h is a llow s u s
to fu rth er sim p lify th ese d e¯ n ition s as:

s q u a r e a l l = m a p s q r

l i s t l e n g t h s = m a p l e n g t h

T h en , in an y con tex t o f th e fo rm s q u a r e a l l l , red u c-
tio n allow s u s to rep la ce s q u a r e a l l b y m a p s q r to get
m a p s q r l .

A n oth er u sefu l o p eration o n lists is to select elem en ts
th at m a tch a certain p rop erty. F o r in stan ce, w e can
select th e even n u m b ers from a list of in tegers a s fo llow s.

e v e n o n l y : : [ I n t ] - > [ I n t ]

e v e n o n l y [ ] = [ ]

e v e n o n l y ( n : n s ) | m o d n 2 = = 0 = n : ( e v e n o n l y n s )

| o t h e r w i s e = e v e n o n l y n s

W e h ave u sed th e b u ilt-in fu n ction m o d to ch eck th at
a n u m b er is ev en : m o d m n retu rn s th e rem ain d er th at

resu lts w h en m is d iv id ed b y n . A rela ted fu n ctio n is d i v
{ d i v m n retu rn s th e in teger p art of (m d iv id ed b y n ).
W e ca n th in k of e v e n o n l y as th e resu lt o f a p p ly in g th e
test

i s e v e n : : I n t - > B o o l

i s e v e n n = ( m o d n 2 = = 0 )

An important point to

notice is that we can

pass a function to

another function, as

we do in map,

without any fuss in

Haskell.  There is no

restriction in Haskell

about what we can

pass as an argument

to a function: if it can

be assigned a type, it

can be passed.

Actually, the process

of reduction in

functional

programming can

take place anywhere

within an expression,

so we can always

replace �‘equals by

equals�’.
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to each elem en t o f th e in p u t list an d retain in g th ose
valu es th a t p ass th is test.

T h is is a gen era l p rin cip le th at w e can u se to ¯ lter ou t
valu es fro m a list. L et l b e list an d let p b e a fu n c-
tio n from th e u n d erly in g ty p e o f th e list to B o o l . T h en ,
f i l t e r p l retain s th ose elem en ts in l for w h ich p eval-
u ates to T r u e . T h u s, w e can w rite e v e n o n l y as f i l t e r

i s e v e n .

6 .1 L ist C o m p re h e n sio n : C o m b in in g M a p a n d
F ilte r

In set th eory, w e ca n b u ild n ew sets fro m old sets u s-
in g n ota tio n ca lled set com prehen sion . F o r in stan ce,
given th e set of in tegers f1 ;2;:::;m g , w e ca n d e¯ n e
th e set o f sq u ares of th e even n u m b ers in th is set a s
f n 2 j n 2 f 1 ;2;:::;m g ;even (n )g , w h ere even (n ) is a
p red icate th at evalu a tes to tru e p recisely w h en n is ev en .

A n alo go u sly, w e ca n b u ild n ew lists fro m old lists u sin g

list com prehen sion . F or in sta n ce, th e list of sq u a res of
all th e ev en n u m b ers fro m 1 to m is given b y

[ n ^ 2 | n < - [ 1 . . m ] , i s e v e n n ]

w h ere i s e v e n is th e fu n ctio n w e w rote earlier to ch eck if
n is even an d [ 1 . . m ] is H askell's sh o rtcu t for d en otin g
th e list [ 1 , 2 , . . . , m ] . T h e n otation < - is su p p osed to

lo o k like th e elem en t of n ota tion 2 from set th eo ry. T h is
ex p ression is in terp reted as fo llow s:

F or each n in th e list [ 1 . . m ] , if i s e v e n n is

tru e, a p p en d n ^ 2 to th e o u tp u t.

T h e ¯ rst p a rt, n < - [ 1 . . m ] , is referred to as th e gen -
erator, w h ich su p p lies th e in itial list of va lu es to b e o p -

erated on . T h e fu n ction i s e v e n n serv es to ¯ lter th e
list w h ile n ^ 2 o n th e left o f th e | is a fu n ctio n th a t is
m ap p ed o n to all elem en ts th at su rv ive th e ¯ lter. In fa ct,
it is p ossib le to give a p recise tran sla tion o f list com p re-
h en sion in term s of m a p , f i l t e r an d a fu n ctio n called

Let  l be list and let p

be a function from the

underlying type of the

list to Bool.  Then,

filter p l retains those

elements in l for which

p evaluates to True.
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c o n c a t , w h ich takes a list o f lists a n d \ d issolves" on e
lev el of b rackets, m ergin g its con ten ts in to a sin gle lo n g
list.

R ath er th a n go in to th e p recise tran sla tio n of list com -
p reh en sio n in term s of m a p , f i l t e r a n d c o n c a t , w e lo ok
at som e illu strative ex am p les of h ow to u se th is n otation .

W e ¯ rst w rite a fu n ction to com p u te th e list of d iv iso rs
of a n u m b er n .

d i v i s o r s n = [ m | m < - [ 1 . . n ] , m o d n m = = 0 ]

T h is say s th at th e d iv iso rs o f n are p recisely th ose n u m -
b ers b etw een 1 a n d n su ch th at th ere is n o rem a in d er

w h en n is d iv id ed b y th e n u m b er.

W e can n ow w rite a fu n ctio n th a t ch eck s w h eth er n is
p rim e, as fo llow s:

p r i m e n = ( d i v i s o r s n = = [ 1 , n ] )

In oth er w o rd s, n is a p rim e if its list o f d iv isors is p re-
cisely [ 1 , n ] . N otice th at 1 (co rrectly ) fa ils to b e a p rim e
u n d er th is criterion b ecau se d i v i s o r s 1 = [ 1 ] w h ich is
n ot th e sam e as [ 1 , 1 ] .

7 . D e c la ra tiv e P ro g ra m m in g

O n e a d van tag e o f fu n ction a l p ro gram m in g is th a t it al-

low s u s to d escrib e algorith m s in a form th a t d irectly
re° ects th e stru ctu re o f th e algorith m . T h is sty le is
so m etim es referred to as declarative program m in g {th e
p rog ram d eclares w h a t it com p u tes in a n atu ral w ay.
W e illu strate th e d ecla rative asp ect of H ask ell b y w rit-
in g fu n ctio n s fo r th ree co m m on algorith m s fo r sortin g a

list.

7 .1 In se rtio n S o rt

S u p p ose w e h a d a d eck of ca rd s to b e arran g ed in se-
q u en ce. W e b egin w ith th e to p ca rd an d create a n ew

One advantage of

functional

programming is that it

allows us to describe

algorithms in a form

that directly reflects

the structure of the

algorithm.  This style

is sometimes referred

to as declarative

programming �– the

program declares

what it computes in a

natural way.
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d eck w ith ju st on e card , th at is triv ia lly sorted . W e th en
tak e each card from th e u n so rted d eck , on e at a tim e,
an d in sert it in to th e correct slot o f th e p a rtially sorted
d eck . W e can fo rm a lize th is fo r lists u sin g th e fo llow in g
in d u ctive d e¯ n itio n .

i s o r t [ ] = [ ]

i s o r t ( x : x s ) = i n s e r t x ( i s o r t x s )

w h e r e

i n s e r t x [ ] = [ x ]

i n s e r t x ( y : y s ) | ( x < = y ) = x : y : y s

| o t h e r w i s e y : ( i n s e r t x y s )

T h is sortin g a lg orith m is ca lled in sertio n sort, w h ich is
w h y w e h av e u sed th e n am e i s o r t for th e fu n ction . W e
h ave u sed th e H a skell con stru ct w h e r e th a t a llow s u s to

ad d a n ew local d e¯ n itio n atta ch ed to th e m ain fu n ction .

7 .2 M e rg e S o rt

A m o re e± cien t w ay to so rt lists is to u se a tech n iq u e
called divide an d con quer. S u p p ose w e d iv id e th e list
in to tw o h a lv es an d so rt th em sep arately. C a n w e com -
b in e tw o so rted lists e± cien tly in to a sin gle sorted list?
W e ex am in e th e ¯ rst elem en t of ea ch list a n d p ick u p

th e sm a ller on e, a n d con tin u e to com b in e w h at rem ain s
in d u ctively. W e ca ll th is p ro cess m ergin g an d d e¯ n e it
as follow s.

m e r g e [ ] y s = y s

m e r g e x s [ ] = x s

m e r g e ( x : x s ) ( y : y s ) | x < = y = x : ( m e r g e x s ( y : y s ) )

| o t h e r w i s e = y : ( m e r g e ( x : x s ) y s )

N ow , w e sp lit a list of size n in to tw o lists of n
2
, recu r-

sively so rt th em an d m erge th e so rted su b lists as fo llow s:

m e r g e s o r t [ ] = [ ]

m e r g e s o r t [ x ] = [ x ]

m e r g e s o r t l = m e r g e ( m e r g e s o r t ( f r o n t l ) )

( m e r g e s o r t ( b a c k l ) )
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w h e r e

f r o n t l = t a k e ( d i v ( l e n g t h l ) 2 ) l

b a c k l = d r o p ( d i v ( l e n g t h l ) 2 ) l

N o te th at w e n eed ex p licit b a se cases for b oth th e em p ty
list a n d th e sin gleto n list. If w e om it th e case m e r g e s o r t
[ x ] , w e w o u ld en d u p w ith th e u n en d in g seq u en ce of

sim p lī ca tio n s b elow

m e r g e s o r t [ x ] = m e r g e ( m e r g e s o r t [ ] ) ( m e r g e s o r t [ x ] )

= m e r g e [ ] ( m e r g e s o r t [ x ] ) )

= m e r g e s o r t [ x ]

= . . .

7 .3 Q u ic k so rt

In m erg e sort, w e sp lit th e list in to tw o p a rts d irectly.

S in ce th e seco n d p a rt cou ld h ave h a d elem en ts sm aller
th an th ose in th e ¯ rst p a rt an d v ice v ersa, w e h av e to
sp en d som e tim e m erg in g th e tw o so rted lists.

W h at if w e cou ld lo ca te th e m ed ian (m id d le) valu e in th e

list? W e co u ld th en collect all th e elem en ts less th an th e
m ed ian in o n e h alf an d th ose b ig ger th an th e m ed ian in
th e o th er h alf. If w e sort th ese tw o h a lv es in d u ctiv ely, w e
can d irectly co m b in e th em u sin g + + ra th er th an m erge.

U n fo rtu n ately, ¯ n d in g th e m ed ia n valu e is n ot ea sier
th an sortin g th e list. H ow ever, w e ca n u se a va ria tio n of
th is id ea b y p ick in g u p an arb itrary elem en t of th e list
an d u sin g it to split th e list in to a low er h alf a n d u p p er
h alf. T h is algorith m is ca lled quicksort, an d is d u e to C
A R H oare (1 96 1).

q u i c k s o r t [ ] = [ ]

q u i c k s o r t ( x : x s ) = ( q u i c k s o r t l o w e r ) + + [ s p l i t t e r ]

+ + ( q u i c k s o r t u p p e r )

w h e r e

s p l i t t e r = x

l o w e r = [ y | y < - x s , y < = x ]

u p p e r = [ y | y < - x s , y > x ]
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T h is d e¯ n itio n o f q u ick so rt, in p a rticu lar, sh ow s h ow
e® ective fu n ction a l p rog ram m in g is for ex p ressin g algo -
rith m s d eclaritiv ely. In im p era tive p rogra m m in g la n -

gu a ges, th e clarity of th e u n d erly in g algo rith m is o b -
fu scated b y a sca n th at sw ap s elem en ts w ith in th e a r-
ray to p artitio n th e given list in to th e fo rm l o w e r + +

[ s p l i t t e r ] + + u p p e r . P ro gram m in g th is p artitio n in g
p ro cess correctly ta kes a b it of p ra ctice an d ty p ically

resu lts in n ov ices b ein g afra id of q u ick sort, d esp ite th e
fact th at it is on e o f th e m o st e± cien t w ay s in p ractice
to sort a list.

8 . E x p e rim e n tin g w ith H a sk e ll

A n u m b er of com p ilers a n d in terp reters are availa b le in
th e p u b lic d o m a in fo r H a skell. T h e easiest to in stall
an d u se is th e in terp reter H u g s , w h ich ru n s on b oth

W in d ow s a n d U n ix b ased sy stem s. T h ere is an a ctive
w eb site, h t t p : / / w w w . h a s k e l l . o r g , th at h as p o in ters
to softw are, tu torials, b o ok s an d referen ce m a terial on
H a skell.

9 . W h a t n e x t?

In th is a rticle, w e h ave d escrib ed som e of th e b asic fea -
tu res of H ask ell. B u ild in g on th is fou n d atio n , w e w ill

lo o k , in th e n ex t p art, a t som e o f th e id eas th at m ake
fu n ctio n al p rog ram m in g a very p ow erfu l a n d attra ctive
p ara d ig m . T h ese in clu d e:

² P olym orphism { th e a b ility to d e¯ n e fu n ction s th at
b eh av e in th e sam e w ay o n m an y d i® eren t in p u t ty p es.

² In ¯ n ite data types an d com putation s { th ese arise a s
a con seq u en ce of lazy evalu ation an d can b e fru itfu lly

u sed to sim p lify som e ty p es of com p u tation s.

² U ser de¯ n ed data types { h ow w e ca n d e¯ n e d a ta ty p es
su ch as b in ary trees an d m a n ip u late th em d irectly.
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This definition of

quicksort, in

particular, shows how

effective functional

programming is for

expressing

algorithms

declaritively.


