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Part Two: The Call String Approach 
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𝑟𝑚𝑎𝑖𝑛 

𝑛1 

𝑓(𝑟𝑚𝑎𝑖𝑛 ,𝑛1) 
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Recap 
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call p 

t := a * b 

a := a - 1 

T 

F 

p 

call p 

stop 

main 

𝑒𝑚𝑎𝑖𝑛 

Functional approach 

𝑛2 

𝑟𝑝 

𝑒𝑝 

read a, b 
t := a * b 

t := a * b 
print t 

if a=0 

return 
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call p 

t := a * b 

a := a - 1 

T 

F 

p 

call p 

stop 

main 

𝑒𝑚𝑎𝑖𝑛 

Functional approach 

a*b avail.? 
𝑛2 

𝑟𝑝 

𝑒𝑝 

read a, b 
t := a * b 

t := a * b 
print t 

if a=0 

return 
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call p 

t := a * b 

a := a - 1 

T 

F 

p 

call p 

stop 

main 

𝑒𝑚𝑎𝑖𝑛 

Functional approach 

a*b avail.? 
𝑛2 

𝑟𝑝 

𝑒𝑝 

read a, b 
t := a * b 

t := a * b 
print t 

𝜙(𝑟𝑝,𝑒𝑝) 

if a=0 

return 
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call p 

t := a * b 

a := a - 1 

T 

F 

p 

call p 

stop 

main 

𝑒𝑚𝑎𝑖𝑛 

Functional approach 

a*b avail.? 
𝑛2 

𝜙(𝑟𝑚𝑎𝑖𝑛,𝑛2) 

𝑟𝑝 

𝑒𝑝 

read a, b 
t := a * b 

t := a * b 
print t 

⊤ = 1 
𝜙(𝑟𝑝,𝑒𝑝) 

if a=0 

return 



Motivation for a different approach 

 Avoid expensive functional compositions 
 

 Possibility to trade off precision vs. 
performance to reduce complexity 
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Structure 

1. Definition of a new DF problem (𝑳∗ , 𝑭∗) 
 

2. Proof: Solution to 𝐿∗, 𝐹∗ ≡ MOP solution 
 

3. Feasibility and precise variants 
 

4. Approximative solution 
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Recap: Interprocedural Graphs 

Two representations: 

1. 𝐺 =  𝑁𝑝𝑝 ,  𝐸𝑝𝑝  

2. 𝐺∗ =  𝑁𝑝𝑝 , 𝐸∗  
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p 

… 

… 

call p 

s 

𝐸𝑠
0 

𝐸𝑠
0 

𝐸𝑠
1 

return 

… 

𝑟𝑝 

𝑒𝑝 
𝐸1 

𝐸1 
𝐸𝑝
0 

𝐸𝑝
0 

𝐸𝑝 = 𝐸𝑝
0 ∪ 𝐸𝑝

1 

𝐸∗ = 𝐸0 ∪ 𝐸1 

𝐸0 = 𝐸𝑝
0

𝑝

 



if a=0 

return 

𝑟𝑚𝑎𝑖𝑛 

𝑐1 

Basic idea 

12.06.2010 Nikolai Knopp 9 

call p 

t := a * b 

a := a - 1 

T 

F 

p 

call p 

stop 

main 

𝑒𝑚𝑎𝑖𝑛 

Call String (CS) approach 

a*b avail.? 
𝑛2 

𝑟𝑝 

𝑒𝑝 

read a, b 
t := a * b 

t := a * b 
print t 

𝑐2 



if a=0 

return 

𝑟𝑚𝑎𝑖𝑛 

𝑐1 

Basic idea 
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call p 

t := a * b 

a := a - 1 

T 

F 

p 

call p 

stop 

main 
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Call String (CS) approach 

a*b avail.? 
𝑛2 

𝑟𝑝 

𝑒𝑝 

read a, b 
t := a * b 

t := a * b 
print t 
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if a=0 

return 

𝑟𝑚𝑎𝑖𝑛 

𝑐1 

Basic idea 
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call p 

t := a * b 

a := a - 1 

T 

F 

p 

call p 

stop 

main 

𝑒𝑚𝑎𝑖𝑛 

Call String (CS) approach 

a*b avail.? 
𝑛2 

𝑟𝑝 

𝑒𝑝 

read a, b 
t := a * b 

t := a * b 
print t 

(  , ⊤) 

𝑐2 



if a=0 

return 

𝑟𝑚𝑎𝑖𝑛 

𝑐1 

Basic idea 
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call p 

t := a * b 

a := a - 1 
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call p 

stop 

main 

𝑒𝑚𝑎𝑖𝑛 

Call String (CS) approach 

a*b avail.? 
𝑛2 

𝑟𝑝 

𝑒𝑝 

read a, b 
t := a * b 

t := a * b 
print t 

(  , 1) 

𝑐2 



if a=0 ( 𝑐1 , 1) 

return 

𝑟𝑚𝑎𝑖𝑛 

𝑐1 

Basic idea 
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call p 

t := a * b 

a := a - 1 
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main 

𝑒𝑚𝑎𝑖𝑛 

Call String (CS) approach 
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𝑟𝑝 

𝑒𝑝 

read a, b 
t := a * b 
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if a=0 

return 

𝑟𝑚𝑎𝑖𝑛 

𝑐1 

Basic idea 
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call p 

t := a * b 

a := a - 1 

T 

F 

p 

call p 

stop 

main 

𝑒𝑚𝑎𝑖𝑛 

Call String (CS) approach 

a*b avail.? 
𝑛2 

𝑟𝑝 

𝑒𝑝 

read a, b 
t := a * b 

t := a * b 
print t 

( 𝑐1 , 1) 

𝑐2 



if a=0 

return 

𝑟𝑚𝑎𝑖𝑛 

𝑐1 

Basic idea 
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call p 

t := a * b 

a := a - 1 

T 

F 

p 

call p 

stop 

main 

𝑒𝑚𝑎𝑖𝑛 

Call String (CS) approach 

a*b avail.? 
𝑛2 

𝑟𝑝 

𝑒𝑝 

read a, b 
t := a * b 

t := a * b 
print t 

( 𝑐1 , ⊤) 𝑐2 



if a=0 ( 𝑐1𝑐2 , ⊤) 

return 

𝑟𝑚𝑎𝑖𝑛 

𝑐1 

Basic idea 
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call p 

t := a * b 

a := a - 1 

T 

F 

p 

call p 

stop 

main 

𝑒𝑚𝑎𝑖𝑛 

Call String (CS) approach 

a*b avail.? 
𝑛2 

𝑟𝑝 

𝑒𝑝 

read a, b 
t := a * b 

t := a * b 
print t 

𝑐2 



if a=0 

return ( 𝑐1𝑐2 , ⊤) 

𝑟𝑚𝑎𝑖𝑛 

𝑐1 

Basic idea 
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call p 

t := a * b 

a := a - 1 
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p 

call p 

stop 

main 

𝑒𝑚𝑎𝑖𝑛 

Call String (CS) approach 

a*b avail.? 
𝑛2 

𝑟𝑝 

𝑒𝑝 

read a, b 
t := a * b 

t := a * b 
print t 
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if a=0 

return 

𝑟𝑚𝑎𝑖𝑛 
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Basic idea 
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call p 

t := a * b 

a := a - 1 

T 

F 

p 

call p 

stop 

main 

𝑒𝑚𝑎𝑖𝑛 

Call String (CS) approach 

a*b avail.? 
𝑛2 

𝑟𝑝 

𝑒𝑝 

read a, b 
t := a * b 

t := a * b 
print t ( 𝑐1 , ⊤) 

𝑐2 



if a=0 

return ( 𝑐1 , 1) 

𝑟𝑚𝑎𝑖𝑛 

𝑐1 

Basic idea 
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call p 

t := a * b 

a := a - 1 

T 

F 

p 

call p 

stop 

main 

𝑒𝑚𝑎𝑖𝑛 

Call String (CS) approach 

a*b avail.? 
𝑛2 

𝑟𝑝 

𝑒𝑝 

read a, b 
t := a * b 

t := a * b 
print t 

𝑐2 



if a=0 

return 

𝑟𝑚𝑎𝑖𝑛 

𝑐1 

Basic idea 
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call p 

t := a * b 

a := a - 1 

T 

F 

p 

call p 

stop 

main 

𝑒𝑚𝑎𝑖𝑛 

Call String (CS) approach 

a*b avail.? 
𝑛2 

𝑟𝑝 

𝑒𝑝 

read a, b 
t := a * b 

t := a * b 
print t 
(  , 1) 

𝑐2 



Definition: Call strings 

 Let 𝑞 ∈ 𝐼𝑉𝑃 𝑟𝑚𝑎𝑖𝑛 , 𝑛   
decomposed as: 
 
 

 𝑐1𝑐2 …𝑐𝑗 =: 𝛾 ∈ Γ  
call string (CS) to 𝑞 in 𝐺∗. 

𝜆 ∈ Γ is empty call string (𝑗 = 0 in 𝑚𝑎𝑖𝑛). 
 

 Γ = space of valid call strings in 𝐺∗ 

 

 𝐶𝑀: 𝐼𝑉𝑃 → Γ with 𝐶𝑀 𝑞 = 𝛾 
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𝑚𝑎𝑖𝑛 

𝑛 

call 

call 

𝑐1 

𝑐𝑗 

… 
𝑞1 

𝑞𝑗 

𝑞𝑗+1 

𝑝𝑗 

𝑝𝑗+1 



New DF framework 

 𝐿∗, 𝐹∗  ≔ “Extended” version of (L,F) 

 Uses interprocedural flow graph 𝐺∗ 

 𝐿∗: Values ∈ 𝐿 tagged with call strings ∈ Γ 

 𝐹∗: For data set 𝜉 ∈ L∗ apply edge effect to call 
string and value 
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Value domain 𝐿∗ 

 𝐿∗ ≔ Γ → 𝐿 semi-lattice 

 ⊤∗ = 𝛾 ↦ ⊤ 

 ⊥∗ = 𝛾 ↦ ⊥ 

 ⋀ pointwise in 𝐿: 
𝜉1 ∧ 𝜉2 𝛾 = 𝜉1 𝛾 ∧ 𝜉2 𝛾  

 

 “𝜉 ∈ 𝐿∗ maps call strings 𝛾 
to values in 𝐿 propagated 
via all paths 𝑞 ∈ 𝐶𝑀−1 𝛾 ” 
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if a=0 

call p 

a := a - 1 

T 

F 

𝑟𝑝 

𝑐2 

𝜉 



Value domain 𝐿∗ 

 𝐿∗ ≔ Γ → 𝐿 semi-lattice 

 ⊤∗ = 𝛾 ↦ ⊤ 

 ⊥∗ = 𝛾 ↦ ⊥ 

 ⋀ pointwise in 𝐿: 
𝜉1 ∧ 𝜉2 𝛾 = 𝜉1 𝛾 ∧ 𝜉2 𝛾  

 

 “𝜉 ∈ 𝐿∗ maps call strings 𝛾 
to values in 𝐿 propagated 
via all paths 𝑞 ∈ 𝐶𝑀−1 𝛾 ” 
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𝜉 =

𝑐1 , 1 ,

𝑐1𝑐2 , ⊤ ,
𝑐1𝑐2𝑐2 , ⊤

 

𝜉 𝑐1 = 1 
𝜉 𝑐2 = ⊥ 

if a=0 

call p 

a := a - 1 

T 

F 

𝑟𝑝 

𝑐2 

𝜉 



Edge effects domain 𝐹∗ 

 𝐹∗ ≔ 𝐿∗ → 𝐿∗ embeds edge effects from 𝐹 
into 𝐿∗ domain 
 

 For 𝑚, 𝑛 ∈ 𝐸∗ and data 𝜉 = . . , 𝛾′ , 𝑣′ , . . ∈ 𝐿∗ 

at 𝑚, data at 𝑛 is 𝑓𝑚,𝑛
∗ 𝜉 = . . , 𝛾, 𝑣 , . .  

 update each 𝛾′ to reflect 𝑚, 𝑛  taken: 
𝛾 = 𝛾′ ∘ 𝑚,𝑛   

 propagate effect 𝑓𝑚,𝑛 ∈ 𝐿 applied to each 𝑣′: 

𝑣 = 𝑓𝑚,𝑛 𝑣′   



CS update operation ∘ 
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𝑝 𝑚𝑎𝑖𝑛 

𝑐2 call 𝑝1 

𝑟𝑝 𝑐1 call 𝑝1 

return 𝑛1 𝑒𝑝 

𝑛2 

 ∘∶ Γ × 𝐸∗ → Γ updates call strings along edges 



CS update operation ∘ 
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𝑝 𝑚𝑎𝑖𝑛 

𝑐2 call 𝑝1 

𝑟𝑝 

𝑐1 ∘ 𝑟𝑝, 𝑐2 = 〈𝑐1〉 

𝑐1 call 𝑝1 

return 𝑛1 𝑒𝑝 

𝑛2 

𝑐1 ∘ 𝑛2, 𝑒𝑝 = 〈𝑐1〉 

 ∘∶ Γ × 𝐸∗ → Γ updates call strings along edges 

1. Interproc. 



CS update operation ∘ 
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𝑝 𝑚𝑎𝑖𝑛 

𝑐2 call 𝑝1 

𝑟𝑝 

𝑐1 ∘ 𝑐2, 𝑟𝑝 = 〈𝑐1 , 𝑐2〉 

𝑐1 ∘ 𝑟𝑝, 𝑐2 = 〈𝑐1〉 

𝑐1 call 𝑝1 
𝜆 ∘ 𝑐1 , 𝑟𝑝 = 〈𝑐1〉 

return 𝑛1 𝑒𝑝 

𝑛2 

𝑐1 ∘ 𝑛2, 𝑒𝑝 = 〈𝑐1〉 

 ∘∶ Γ × 𝐸∗ → Γ updates call strings along edges 

1. Interproc. 

2. Call 



CS update operation ∘ 
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𝑝 𝑚𝑎𝑖𝑛 

𝑐2 call 𝑝1 

𝑟𝑝 

𝑐1 ∘ 𝑐2, 𝑟𝑝 = 〈𝑐1 , 𝑐2〉 

𝑐1 ∘ 𝑟𝑝, 𝑐2 = 〈𝑐1〉 

𝑐1 call 𝑝1 
𝜆 ∘ 𝑐1 , 𝑟𝑝 = 〈𝑐1〉 

return 𝑛1 𝑒𝑝 
𝑐1 ∘ 𝑒𝑝, 𝑛1 = 𝜆 

𝑐1𝑐2 ∘ 𝑒𝑝, 𝑛2 = 𝑐1  
𝑛2 

𝑐1 ∘ 𝑛2, 𝑒𝑝 = 〈𝑐1〉 

 ∘∶ Γ × 𝐸∗ → Γ updates call strings along edges 

1. Interproc. 

2. Call 

3. Return 



CS update operation ∘ 
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𝑝 𝑚𝑎𝑖𝑛 

𝑐2 call 𝑝1 

𝑟𝑝 

𝑐1 ∘ 𝑐2, 𝑟𝑝 = 〈𝑐1 , 𝑐2〉 

𝑐1 ∘ 𝑟𝑝, 𝑐2 = 〈𝑐1〉 

𝑐1 call 𝑝1 
𝜆 ∘ 𝑐1 , 𝑟𝑝 = 〈𝑐1〉 

return 𝑛1 𝑒𝑝 
𝑐1 ∘ 𝑒𝑝, 𝑛1 = 𝜆 

𝑐1𝑐2 ∘ 𝑒𝑝, 𝑛2 = 𝑐1  
𝑛2 

𝑐1 ∘ 𝑛2, 𝑒𝑝 = 〈𝑐1〉 

 ∘∶ Γ × 𝐸∗ → Γ updates call strings along edges 

𝑐1 ∘ 𝑒𝑝, 𝑛2  undef. 

𝑐1𝑐2 ∘ 𝑒𝑝, 𝑛1  undef. 

1. Interproc. 

2. Call 

3. Return 

4. invalid 



CS update operation ∘ 
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𝑝 𝑚𝑎𝑖𝑛 

𝑐2 call 𝑝1 

𝑟𝑝 

𝑐1 ∘ 𝑐2, 𝑟𝑝 = 〈𝑐1 , 𝑐2〉 

𝑐1 ∘ 𝑟𝑝, 𝑐2 = 〈𝑐1〉 

𝑐1 call 𝑝1 
𝜆 ∘ 𝑐1 , 𝑟𝑝 = 〈𝑐1〉 

return 𝑛1 𝑒𝑝 
𝑐1 ∘ 𝑒𝑝, 𝑛1 = 𝜆 

𝑐1𝑐2 ∘ 𝑒𝑝, 𝑛2 = 𝑐1  
𝑛2 

𝑐1 ∘ 𝑛2, 𝑒𝑝 = 〈𝑐1〉 

 ∘∶ Γ × 𝐸∗ → Γ updates call strings along edges 

𝑐1 ∘ 𝑒𝑝, 𝑛2  undef. 

𝑐1𝑐2 ∘ 𝑒𝑝, 𝑛1  undef. 

1. Interproc. 

2. Call 

3. Return 

4. invalid 

𝑐1 ∘ 𝑐1, 𝑟𝑝  undef. 



∘ consistent with 𝐼𝑉𝑃 

 𝛾′ ∘ 𝑚, 𝑛 = 𝛾 only defined iff: 
 

1. (By definition) 
A path 𝑞′ ∈ 𝐼𝑉𝑃 𝑟𝑚𝑎𝑖𝑛 , 𝑚  exists with 𝐶𝑀 𝑞′ = 𝛾′ 

 

2. (Lemma) 
𝑞 = 𝑞′||(𝑚,𝑛) lies in 𝐼𝑉𝑃 𝑟𝑚𝑎𝑖𝑛 , 𝑛  and 𝐶𝑀 𝑞 = 𝛾 

 

⇒ “∘ only updates and yields call strings 
for interprocedurally valid paths” 
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Edge effects domain 𝐹∗ 

 𝐹∗ ≔ 𝐿∗ → 𝐿∗ embeds edge effects from 𝐹 
into 𝐿∗ domain 
 

 For 𝑚, 𝑛 ∈ 𝐸∗ and data 𝜉 = . . , 𝛾′ , 𝑣′ , . . ∈ 𝐿∗ 

at 𝑚, data at 𝑛 is 𝑓𝑚,𝑛
∗ 𝜉 = . . , 𝛾, 𝑣 , . .  

 update each 𝛾′ to reflect 𝑚, 𝑛  taken: 
𝛾 = 𝛾′ ∘ 𝑚,𝑛   

 propagate effect 𝑓𝑚,𝑛 ∈ 𝐿 applied to each 𝑣′: 

𝑣 = 𝑓𝑚,𝑛 𝑣′   



𝑐1 , 1 ,

𝑐1𝑐2 , ⊤
 𝜉 

call p 

a := a - 1 

𝑐2  

𝑓𝑚,𝑐2
 

𝑚 

Edge effects 𝑓𝑚,𝑛
∗  

Definition: Let 𝑚, 𝑛 ∈ 𝐸∗, 𝑓𝑚,𝑛 ∈ 𝐹, 𝜉 ∈ 𝐿∗. 
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𝑐1 , 1 ,

𝑐1𝑐2 , ⊤
 𝜉 

𝑐1 , ⊤ ,

𝑐1𝑐2 , ⊤
 call p 

a := a - 1 

𝑐2  

𝑓𝑚,𝑐2
 

𝑓𝑚,𝑐2
∗ 𝜉  

𝑚 

Edge effects 𝑓𝑚,𝑛
∗  

Definition: Let 𝑚, 𝑛 ∈ 𝐸∗, 𝑓𝑚,𝑛 ∈ 𝐹, 𝜉 ∈ 𝐿∗. 
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𝑐1 , 1 ,

𝑐1𝑐2 , ⊤
 𝜉 

𝑐1 , ⊤ ,

𝑐1𝑐2 , ⊤
 call p 

a := a - 1 

𝑐2  

𝑓𝑚,𝑐2
 

𝜉 𝑐1  

𝑓𝑚,𝑐2
∗ 𝜉  

𝑓𝑚,𝑐2
∗ 𝜉 𝑐1  

𝑚 

Edge effects 𝑓𝑚,𝑛
∗  

Definition: Let 𝑚, 𝑛 ∈ 𝐸∗, 𝑓𝑚,𝑛 ∈ 𝐹, 𝜉 ∈ 𝐿∗. 
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𝑓𝑚,𝑛

          
  

if ∃𝛾′ with
𝛾 = 𝛾′ ∘ 𝑚, 𝑛

 

else ⊥ 

𝑓𝑚,𝑛
∗            ≔   

 
 
 
 

 𝜉  𝛾  
𝜉 𝛾′  ∀ 𝛾 ∈ Γ 



Edge effects domain 𝐹∗ 

Define 𝐹∗ ⊆ 𝐿∗ → 𝐿∗ such that 
 

1. 𝐹∗ smallest set containing 

𝑓𝑚,𝑛
∗ | 𝑚, 𝑛 ∈ 𝐸∗ ∪ 𝑖𝑑𝐿∗  

 
2. 𝐹∗ closed under functional composition and ⋀ 



Lemma: Properties of 𝐹∗ 

1. 𝐹
monotone
distributive

 in 𝐿 ⇒ 𝐹∗
monotone
distributive

 in 𝐿∗ 

 

2. 𝐹 distributive in 𝐿 ⇒ 𝐹∗ continuous in 𝐿∗: 
 

For an infinite collection 𝜉𝑘 𝑘≥1 ⊆ 𝐿∗ and 
𝑚, 𝑛 ∈ 𝐸∗: 

𝑓𝑚,𝑛
∗  𝜉𝑘

𝑘

= 𝑓𝑚,𝑛
∗ 𝜉𝑘

𝑘
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Dataflow equations 𝑥𝑛
∗  

 The dataflow problem for 𝐹∗, 𝐿∗ : 

 𝑥𝑟𝑚𝑎𝑖𝑛

∗ = 𝜆, ⊤  

 𝑥𝑛
∗        = ⋀ 𝑓𝑚,𝑛

∗ 𝑥𝑚
∗

𝑚,𝑛 ∈𝐸∗                𝑛 ∈ 𝑁∗ − 𝑟𝑚𝑎𝑖𝑛  

 
 Claim: 

∃ maximum fixed-point solution (MFPCS) for 
𝑥𝑛
∗
𝑛∈𝑁∗ 
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Proof: Existence of max. FP solution 

 Iteratively solving the equations yields decreasing 

(𝐹∗ monotone) chains 

𝑥𝑛
∗ 𝑖 ≥ 𝑥𝑛

∗ 𝑖+1     ∀𝑛 ∈ 𝑁∗. 
Then ∀𝛾 ∈ Γ 

𝑥𝑛
∗ 𝑖

𝛾 ≥ 𝑥𝑛
∗ 𝑖+1

𝛾  
a decreasing chain in 𝐿 with limit lim𝑥𝑛

∗ 𝛾  (exists as 
𝐿 bounded). 

 

 𝑥𝑛
∗ ≔ lim

𝑖→∞
𝑥𝑛
∗ 𝑖  possibly infinite but well-defined 

 

⇒ 𝑥𝑛
∗
𝑛∈𝑁∗ is maximal FP solution to DF problem. 
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Maximum FP solution of (𝐿∗, 𝐹∗) 
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 Initialise 𝑥𝑛
∗
𝑛∈𝑁∗ with 

 𝑥𝑟𝑚𝑎𝑖𝑛

∗ 0
= 𝜆, ⊤  

 𝑥𝑛
∗ 0

   = ⊥∗ 

 

 Result if Γ 

 finite: Any iterative algorithm terminates and 
reaches MFP. 

 infinite: Iteration may diverge, intermediate steps 
unsafe approx. of MFP 

 

𝑛 ∈ 𝑁∗ − 𝑟𝑚𝑎𝑖𝑛  



𝑓
𝑐2 ,𝑟𝑝

∗  𝑓
𝑐1 ,𝑟𝑝

∗  

Example  
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if a=0 

𝑟𝑚𝑎𝑖𝑛 

𝑐1 

call p 

a := a - 1 

T 

F 

p 

call p 

main 

𝑟𝑝 read a, b 
t := a * b 

𝑐2 

𝑓 𝑟𝑚𝑎𝑖𝑛,𝑐1
∗  

𝑓
𝑟𝑝,𝑛2

∗  

𝑛2 

𝑓 𝑛2,𝑐2
∗   



𝑓
𝑐2 ,𝑟𝑝

∗  𝑓
𝑐1 ,𝑟𝑝

∗  

Example  
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if a=0 

𝑟𝑚𝑎𝑖𝑛 

𝑐1 

call p 

a := a - 1 

T 

F 

p 

call p 

main 

𝑟𝑝 read a, b 
t := a * b 

𝑐2 

𝜆, ⊤  

𝑓 𝑟𝑚𝑎𝑖𝑛,𝑐1
∗  

𝑓
𝑟𝑝,𝑛2

∗  

𝑛2 

𝑓 𝑛2,𝑐2
∗   



𝑓
𝑐2 ,𝑟𝑝

∗  𝑓
𝑐1 ,𝑟𝑝

∗  

Example  
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if a=0 

𝑟𝑚𝑎𝑖𝑛 

𝑐1 

call p 

a := a - 1 

T 

F 

p 

call p 

main 

𝑟𝑝 read a, b 
t := a * b 

𝑐2 

𝜆, ⊤  

𝜆, 1  

𝑓 𝑟𝑚𝑎𝑖𝑛,𝑐1
∗  

𝑓
𝑟𝑝,𝑛2

∗  

𝑛2 

𝑓 𝑛2,𝑐2
∗   



𝑓
𝑐2 ,𝑟𝑝

∗  𝑓
𝑐1 ,𝑟𝑝

∗  

Example  
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if a=0 

𝑟𝑚𝑎𝑖𝑛 

𝑐1 

call p 

a := a - 1 

T 

F 

p 

call p 

main 

𝑟𝑝 read a, b 
t := a * b 

𝑐2 

𝜆, ⊤  

𝜆, 1  

〈𝑐1〉, 1  

𝑓 𝑟𝑚𝑎𝑖𝑛,𝑐1
∗  

𝑓
𝑟𝑝,𝑛2

∗  

𝑛2 

𝑓 𝑛2,𝑐2
∗   



𝑓
𝑐2 ,𝑟𝑝

∗  𝑓
𝑐1 ,𝑟𝑝

∗  

Example  
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if a=0 

𝑟𝑚𝑎𝑖𝑛 

𝑐1 

call p 

a := a - 1 

T 

F 

p 

call p 

main 

𝑟𝑝 read a, b 
t := a * b 

𝑐2 

𝜆, ⊤  

𝜆, 1  

〈𝑐1〉, 1  

〈𝑐1〉, 1  𝑓 𝑟𝑚𝑎𝑖𝑛,𝑐1
∗  

𝑓
𝑟𝑝,𝑛2

∗  

𝑛2 

𝑓 𝑛2,𝑐2
∗   



𝑓
𝑐2 ,𝑟𝑝

∗  𝑓
𝑐1 ,𝑟𝑝

∗  

Example  
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if a=0 

𝑟𝑚𝑎𝑖𝑛 

𝑐1 

call p 

a := a - 1 

T 

F 

p 

call p 

main 

𝑟𝑝 read a, b 
t := a * b 

𝑐2 

𝜆, ⊤  

𝜆, 1  

〈𝑐1〉, 1  

〈𝑐1〉, 1  

𝑐1 , ⊤  

𝑓 𝑟𝑚𝑎𝑖𝑛,𝑐1
∗  

𝑓
𝑟𝑝,𝑛2

∗  

𝑛2 

𝑓 𝑛2,𝑐2
∗   



𝑓
𝑐2 ,𝑟𝑝

∗  𝑓
𝑐1 ,𝑟𝑝

∗  

Example  
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if a=0 

𝑟𝑚𝑎𝑖𝑛 

𝑐1 

call p 

a := a - 1 

T 

F 

p 

call p 

main 

𝑟𝑝 read a, b 
t := a * b 

𝑐2 

𝜆, ⊤  
〈𝑐1〉, 1 ,

𝑐1𝑐2 , ⊤
 

𝜆, 1  

〈𝑐1〉, 1  

𝑐1 , ⊤  

𝑓 𝑟𝑚𝑎𝑖𝑛,𝑐1
∗  

𝑓
𝑟𝑝,𝑛2

∗  

𝑛2 

𝑓 𝑛2,𝑐2
∗   



𝑓
𝑐2 ,𝑟𝑝

∗  𝑓
𝑐1 ,𝑟𝑝

∗  

〈𝑐1〉, 1 ,

𝑐1𝑐2 , ⊤
 

Example  
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if a=0 

𝑟𝑚𝑎𝑖𝑛 

𝑐1 

call p 

a := a - 1 

T 

F 

p 

call p 

main 

𝑟𝑝 read a, b 
t := a * b 

𝑐2 

𝜆, ⊤  
〈𝑐1〉, 1 ,

𝑐1𝑐2 , ⊤
 

𝜆, 1  

𝑐1 , ⊤  

𝑓 𝑟𝑚𝑎𝑖𝑛,𝑐1
∗  

𝑓
𝑟𝑝,𝑛2

∗  

𝑛2 

𝑓 𝑛2,𝑐2
∗   



𝑓
𝑐2 ,𝑟𝑝

∗  𝑓
𝑐1 ,𝑟𝑝

∗  

〈𝑐1〉, 1 ,

𝑐1𝑐2 , ⊤
 

〈𝑐1〉, 1 ,

𝑐1𝑐2 , ⊤
 

Example  

12.06.2010 Nikolai Knopp 51 

if a=0 

𝑟𝑚𝑎𝑖𝑛 

𝑐1 

call p 

a := a - 1 

T 

F 

p 

call p 

main 

𝑟𝑝 read a, b 
t := a * b 

𝑐2 

𝜆, ⊤  
〈𝑐1〉, 1 ,

𝑐1𝑐2 , ⊤
 

𝜆, 1  

𝑓 𝑟𝑚𝑎𝑖𝑛,𝑐1
∗  

𝑓
𝑟𝑝,𝑛2

∗  

𝑛2 

𝑓 𝑛2,𝑐2
∗   



𝑓
𝑐2 ,𝑟𝑝

∗  𝑓
𝑐1 ,𝑟𝑝

∗  

〈𝑐1〉, 1 ,

𝑐1𝑐2 , ⊤
 

〈𝑐1〉, 1 ,

𝑐1𝑐2 , ⊤
 

Example  
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if a=0 

𝑟𝑚𝑎𝑖𝑛 

𝑐1 

call p 

a := a - 1 

T 

F 

p 

call p 

main 

𝑟𝑝 read a, b 
t := a * b 

〈𝑐1〉, 1 ,

𝑐1𝑐2 , ⊤ ,
𝑐1𝑐2𝑐2 , ⊤

 

𝑐2 

𝜆, ⊤  

𝜆, 1  

𝑓 𝑟𝑚𝑎𝑖𝑛,𝑐1
∗  

𝑓
𝑟𝑝,𝑛2

∗  

𝑛2 

𝑓 𝑛2,𝑐2
∗   



𝑓
𝑐2 ,𝑟𝑝

∗  𝑓
𝑐1 ,𝑟𝑝

∗  

〈𝑐1〉, 1 ,

𝑐1𝑐2 , ⊤
 

〈𝑐1〉, 1 ,

𝑐1𝑐2 , ⊤
 

Example  

... 
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if a=0 

𝑟𝑚𝑎𝑖𝑛 

𝑐1 

call p 

a := a - 1 

T 

F 

p 

call p 

main 

𝑟𝑝 read a, b 
t := a * b 

〈𝑐1〉, 1 ,

𝑐1𝑐2 , ⊤ ,
𝑐1𝑐2𝑐2 , ⊤

 

𝑐2 

𝜆, ⊤  

𝜆, 1  

𝑓 𝑟𝑚𝑎𝑖𝑛,𝑐1
∗  

𝑓
𝑟𝑝,𝑛2

∗  

𝑛2 

𝑓 𝑛2,𝑐2
∗  



Chapter summary 

Call string approach: 
 

 New dataflow problem on top of (𝐿, 𝐹) 
 Data “tagged” with propagation history 

 Interprocedural flow explicit 

 

 Existence of MFPCS 

 No functional compositions 

 Only iteratively computable if Γ finite 
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Structure 

1. Definition of a new DF problem (𝐿∗, 𝐹∗) 
 

2. Proof: Solution to 𝑳∗, 𝑭∗ ≡ MOP solution 
 

3. Feasibility and precise variants 
 

4. Approximative solution 
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MOP solution and MFPCS 

 This chapter: Show that MOP solution 

𝑦𝑛 = 𝑓𝑞: 𝑞 ∈ 𝐼𝑉𝑃 𝑟𝑚𝑎𝑖𝑛 , 𝑛  ⊤  

can be acquired from MFPCS. 
 

 Chapter outline: 

1. Define MOPCS 

2. Show MOPCS = MFPCS 

3. Extract results 𝑥𝑛
′ ∈ 𝐿 from MFPCS 

4. Using MOPCS and MFPCS, show 𝑥𝑛
′ = MOP 
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MOP solution for call strings (MOPCS) 

 Propagation of data along paths in 𝐺∗ 

For 𝑞 = 𝑟𝑚𝑎𝑖𝑛 , 𝑠1, … , 𝑠𝑘 , 𝑛 ∈ 𝑝𝑎𝑡ℎ𝐺∗: 
𝑓𝑞
∗ ≔ 𝑓 𝑠𝑘,𝑛

∗ ∘ 𝑓 𝑠𝑘−1 ,𝑠𝑘
∗ ∘ ⋯∘ 𝑓 𝑠1,𝑠2

∗ ∘ 𝑓(𝑟𝑚𝑎𝑖𝑛 ,𝑠1)
∗  

 

 Call string MOP solution (MOPCS) 

∀𝑛 ∈ 𝑁∗:   𝑦𝑛
∗ ≔ ⋀ 𝑓𝑞

∗ 𝑥𝑟𝑚𝑎𝑖𝑛

∗ ∶ 𝑞 ∈ 𝑝𝑎𝑡ℎ𝐺∗ 𝑟𝑚𝑎𝑖𝑛 , 𝑛  
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𝑚𝑎𝑖𝑛 
𝑟𝑚𝑎𝑖𝑛 

𝑛 

𝑓𝑞1
∗  𝑓𝑞2

∗    … 



MOP solution for call strings (MOPCS) 

 Propagation of data along paths in 𝐺∗ 

For 𝑞 = 𝑟𝑚𝑎𝑖𝑛 , 𝑠1, … , 𝑠𝑘 , 𝑛 ∈ 𝑝𝑎𝑡ℎ𝐺∗: 
𝑓𝑞
∗ ≔ 𝑓 𝑠𝑘,𝑛

∗ ∘ 𝑓 𝑠𝑘−1 ,𝑠𝑘
∗ ∘ ⋯∘ 𝑓 𝑠1,𝑠2

∗ ∘ 𝑓(𝑟𝑚𝑎𝑖𝑛 ,𝑠1)
∗  

 

 Call string MOP solution (MOPCS) 

∀𝑛 ∈ 𝑁∗:   𝑦𝑛
∗ ≔ ⋀ 𝑓𝑞

∗ 𝑥𝑟𝑚𝑎𝑖𝑛

∗ ∶ 𝑞 ∈ 𝑝𝑎𝑡ℎ𝐺∗ 𝑟𝑚𝑎𝑖𝑛 , 𝑛  
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𝑝𝑎𝑡ℎ𝐺∗ ⊇ 𝐼𝑉𝑃 𝑚𝑎𝑖𝑛 
𝑟𝑚𝑎𝑖𝑛 

𝑛 

𝑓𝑞1
∗  𝑓𝑞2

∗    … ? 



Valid–path-only propagation 

Lemma:  

Let 𝑛 ∈ 𝑁∗, 𝑞 ∈ 𝑝𝑎𝑡ℎ𝐺∗ 𝑟𝑚𝑎𝑖𝑛 , 𝑛 , 𝛾 ∈ Γ. Then 
 

1. 𝑞 ∈ 𝐼𝑉𝑃 𝑟𝑚𝑎𝑖𝑛 , 𝑛  and 𝐶𝑀 𝑞 = γ 

⇔  𝑓𝑞
∗ 𝑥𝑟𝑚𝑎𝑖𝑛

∗ 𝛾  defined 

 

2. 𝑓𝑞
∗ 𝑥𝑟𝑚𝑎𝑖𝑛

∗ 𝛾 = 𝑓𝑞 ⊤  

 
⇒ “MOPCS only contains paths in 𝐼𝑉𝑃 and for each 

such 𝑝 yields the same result as 𝐿, 𝐹 ” 
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Valid–path-only propagation (Proof) 

By induction on 𝑙 𝑞  for 𝑞 = (𝑟𝑚𝑎𝑖𝑛 , 𝑠1 , … , 𝑠𝑘 , 𝑛): 
 

 𝒍 𝒒 = 𝟎: Let 𝑛 ∈ 𝑁∗. 
 

𝑞 = 𝑟𝑚𝑎𝑖𝑛 ∈ 𝐼𝑉𝑃 𝑟𝑚𝑎𝑖𝑛 , 𝑟𝑚𝑎𝑖𝑛 ⇒ 𝐶𝑀 𝑞 = 𝜆. 
 

𝑓𝑞
∗ 𝑟𝑚𝑎𝑖𝑛 = 𝜆, ⊤  only def. for 𝜆 with ⊤ = 𝑓𝑞 ⊤ . 
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 IH: 

Iff 𝑞 ∈ 𝐼𝑉𝑃 𝑟𝑚𝑎𝑖𝑛 , 𝑛 , 𝑙 𝑞 < 𝑘 and 𝛾 = 𝐶𝑀 𝑞  

then 𝑓𝑞
∗ 𝑥𝑟𝑚𝑎𝑖𝑛

∗ 𝜆 = 𝑓𝑝 ⊤ . 



Valid–path-only propagation (Proof) 

 IH: 

Iff 𝑞 ∈ 𝐼𝑉𝑃 𝑟𝑚𝑎𝑖𝑛 , 𝑛 , 𝑙 𝑞 < 𝑘 and 𝛾 = 𝐶𝑀 𝑞  

then 𝑓𝑞
∗ 𝑥𝑟𝑚𝑎𝑖𝑛

∗ 𝜆 = 𝑓𝑝 ⊤  
 

 IS: 𝑙 𝑞 = 𝑘. 
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𝑟𝑚𝑎𝑖𝑛 

𝑛 

𝑠𝑘−1 

𝑠𝑘 

... 

𝑓𝑞
∗ 𝑥𝑟𝑚𝑎𝑖𝑛

∗ 𝛾  

𝑞 

≝ 𝑓 𝑠𝑘,𝑛
𝑥𝑠𝑘
∗  



Valid–path-only propagation (Proof) 

 IH: 

Iff 𝑞 ∈ 𝐼𝑉𝑃 𝑟𝑚𝑎𝑖𝑛 , 𝑛 , 𝑙 𝑞 < 𝑘 and 𝛾 = 𝐶𝑀 𝑞  

then 𝑓𝑞
∗ 𝑥𝑟𝑚𝑎𝑖𝑛

∗ 𝜆 = 𝑓𝑝 ⊤  
 

 IS: 𝑙 𝑞 = 𝑘. 
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𝑟𝑚𝑎𝑖𝑛 

𝑛 

𝑠𝑘−1 

𝑠𝑘 

... 

𝑓𝑞
∗ 𝑥𝑟𝑚𝑎𝑖𝑛

∗ 𝛾  

𝑓𝑞′
∗ 𝑥𝑟𝑚𝑎𝑖𝑛

∗ 𝛾′  

𝑞′ 

𝑞 

𝛾 = 𝛾′ ∘ 𝑚, 𝑛 , 𝛾′ = 𝐶𝑀 𝑞′  

≝ 𝑓 𝑠𝑘,𝑛
𝑥𝑠𝑘
∗  



Valid–path-only propagation (Proof) 

 IH: 

Iff 𝑞 ∈ 𝐼𝑉𝑃 𝑟𝑚𝑎𝑖𝑛 , 𝑛 , 𝑙 𝑞 < 𝑘 and 𝛾 = 𝐶𝑀 𝑞  

then 𝑓𝑞
∗ 𝑥𝑟𝑚𝑎𝑖𝑛

∗ 𝜆 = 𝑓𝑝 ⊤  
 

 IS: 𝑙 𝑞 = 𝑘. 
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𝑟𝑚𝑎𝑖𝑛 

𝑛 

𝑠𝑘−1 

𝑠𝑘 

... 

𝑓𝑞
∗ 𝑥𝑟𝑚𝑎𝑖𝑛

∗ 𝛾  

𝑓𝑞′
∗ 𝑥𝑟𝑚𝑎𝑖𝑛

∗ 𝛾′  

𝑞′ 

𝑞 
=𝑰𝑯 𝑓𝑞′ ⊤  

𝛾 = 𝛾′ ∘ 𝑚, 𝑛 , 𝛾′ = 𝐶𝑀 𝑞′  

≝ 𝑓 𝑠𝑘,𝑛
𝑥𝑠𝑘
∗  



Valid–path-only propagation (Proof) 

 IH: 

Iff 𝑞 ∈ 𝐼𝑉𝑃 𝑟𝑚𝑎𝑖𝑛 , 𝑛 , 𝑙 𝑞 < 𝑘 and 𝛾 = 𝐶𝑀 𝑞  

then 𝑓𝑞
∗ 𝑥𝑟𝑚𝑎𝑖𝑛

∗ 𝜆 = 𝑓𝑝 ⊤  
 

 IS: 𝑙 𝑞 = 𝑘. 
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𝑟𝑚𝑎𝑖𝑛 

𝑛 

𝑠𝑘−1 

𝑠𝑘 

... 

𝑓𝑞
∗ 𝑥𝑟𝑚𝑎𝑖𝑛

∗ 𝛾  

𝑓𝑞′
∗ 𝑥𝑟𝑚𝑎𝑖𝑛

∗ 𝛾′  

= 𝑓 𝑠𝑘,𝑛
𝑓𝑞′ ⊤ ≝ 𝑓𝑞 ⊤  

𝑞′ 

𝑞 
=𝑰𝑯 𝑓𝑞′ ⊤  

∎ 

𝛾 = 𝛾′ ∘ 𝑚, 𝑛 , 𝛾′ = 𝐶𝑀 𝑞′  



MFPCS = MOPCS: 𝑥𝑛
∗ = 𝑦𝑛

∗ 

Theorem: (𝐿, 𝐹) distributive ⇒ ∀𝑛 ∈ 𝑁∗:  𝑥𝑛
∗ = 𝑦𝑛

∗ 
Proof: 

 𝒙𝒏
∗ ≤ 𝒚𝒏

∗ : Let 𝑞 ∈ 𝑝𝑎𝑡ℎ𝐺∗ = 𝑟𝑚𝑎𝑖𝑛 , 𝑠1 , … , 𝑠𝑘 , 𝑛 . 

12.06.2010 Nikolai Knopp 65 

:𝑞 𝑟𝑚𝑎𝑖𝑛 

𝑛 

𝑠1 

𝑠2 

𝑡 𝑥𝑠1
∗ ≤ 𝑓 𝑟𝑚𝑎𝑖𝑛,𝑠1

∗  𝑥𝑟𝑚𝑎𝑖𝑛
∗  

𝑥𝑠2
∗ ≤ 𝑓 𝑠1 ,𝑠2

∗ 𝑥𝑠1
∗  

𝑥𝑛
∗  ≤ 𝑓 𝑠𝑘,𝑛

∗ 𝑥𝑠𝑘
∗  

... 



MFPCS = MOPCS: 𝑥𝑛
∗ = 𝑦𝑛

∗ 

Theorem: (𝐿, 𝐹) distributive ⇒ ∀𝑛 ∈ 𝑁∗:  𝑥𝑛
∗ = 𝑦𝑛

∗ 
Proof: 

 𝒙𝒏
∗ ≤ 𝒚𝒏

∗ : Let 𝑞 ∈ 𝑝𝑎𝑡ℎ𝐺∗ = 𝑟𝑚𝑎𝑖𝑛 , 𝑠1 , … , 𝑠𝑘 , 𝑛 . 

12.06.2010 Nikolai Knopp 66 

:𝑞 𝑟𝑚𝑎𝑖𝑛 

𝑛 

𝑠1 

𝑠2 

𝑡 𝑥𝑠1
∗ ≤ 𝑓 𝑟𝑚𝑎𝑖𝑛,𝑠1

∗  𝑥𝑟𝑚𝑎𝑖𝑛
∗  

𝑥𝑠2
∗ ≤ 𝑓 𝑠1 ,𝑠2

∗ 𝑥𝑠1
∗  

𝑥𝑛
∗  ≤ 𝑓 𝑠𝑘,𝑛

∗ 𝑥𝑠𝑘
∗  

... 

By monotonicity 

⇒ 𝑥𝑛
∗ ≤ 𝑓𝑞

∗ 𝑥𝑟𝑚𝑎𝑖𝑛
∗  

𝑀𝑂𝑃𝐶𝑆 = ⋀ 𝑓𝑞
∗

𝑞   

⇒ 𝑥𝑛
∗ ≤ ⋀ 𝑓𝑞

∗ 𝑥𝑟𝑚𝑎𝑖𝑛
∗

𝑞   



MFPCS = MOPCS: 𝑥𝑛
∗ = 𝑦𝑛

∗ 

 𝒙𝒏
∗ ≥ 𝒚𝒏

∗ : 

By induction on 𝑖: ∀𝑖 ≥ 0, 𝑛 ∈ 𝑁∗: 𝑥𝑛
∗ 𝑖

≥ 𝑦𝑛
∗ 

 𝒊 = 𝟎: 

𝑛 = 𝑟𝑚𝑎𝑖𝑛 ∶ 𝑥𝑟𝑚𝑎𝑖𝑛

∗(0)
≝ 𝜆,⊤ = 𝑓𝑞0

∗ 𝑥𝑟𝑚𝑎𝑖𝑛

∗ ≥ 𝑦𝑟𝑚𝑎𝑖𝑛

∗  
 

𝑛 ≠ 𝑟𝑚𝑎𝑖𝑛 ∶ 𝑥𝑛
∗ 0    ≝   ⊥∗    ≥ 𝑦𝑛

∗ 

 IH: 

∀𝑖 ≤ 𝑘, 𝑛 ∈ 𝑁∗:  𝑥𝑛
∗ 𝑖

≥ 𝑦𝑛
∗ 

 IS: 
 

𝑥𝑛
∗ 𝑘+1 ≝  𝑓𝑚,𝑛

∗ 𝑥𝑚
∗ 𝑘

𝑚,𝑛 ∈𝐸∗

IH
≥
 

 𝑓𝑚,𝑛
∗ 𝑦𝑚

∗

𝑚,𝑛 ∈𝐸∗

≥ 𝑦𝑛
∗ 
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∎ 

Cont.+Dist. 

of 𝑓𝑚,𝑛
∗  



Result for 𝐿, 𝐹  from MFPCS 

Define 𝑥𝑛
′ ∈ 𝐿 as follows: 

𝑥𝑛
′ ≔ 𝑥𝑛

∗ 𝛾

𝛾∈Γ

 

 
 
 
 
 
 
 
 
 
 
 
 

Claim: 𝑥𝑛
′  is the MOP solution in (𝐿, 𝐹) 
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𝑐1 , 1 ,

𝑐1𝑐2 , ⊤ ,

𝑐1𝑐2𝑐2 , ⊤ ,
…

 a := a - 1 = 𝑥𝑛
∗  

𝑥𝑛
′ = 𝑥𝑛

∗ 𝜆 ∧ 𝑥𝑛
∗ 𝑐1 ∧ 

           𝑥𝑛
∗ 𝑐1𝑐2 ∧ ⋯ 

      = ⊥ ∧ 1 ∧ ⊤ ∧⋯ 
      =         1 ∧ ⊤ ∧ ⋯ 
      = ⊤ 

𝑛 



MFPCS ≡ MOP 

Theorem: For each 𝑛 ∈ 𝑁∗: 𝑥𝑛
′ = 𝑦𝑛 

Proof: 
 

𝑥𝑛
′  
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= 𝑥𝑛
∗(𝛾)

𝛾∈Γ

 

= 𝑓𝑞
∗ 𝑥𝑟𝑚𝑎𝑖𝑛

∗ 𝛾 |𝑞 ∈ 𝑝𝑎𝑡ℎ𝐺∗(𝑟𝑚𝑎𝑖𝑛 , 𝑛)

𝛾∈Γ

 

= 𝑓𝑞 ⊤ |𝑞 ∈ 𝐼𝑉𝑃 𝑟𝑚𝑎𝑖𝑛 , 𝑛  sth. 𝐶𝑀 𝑞 = 𝛾

𝛾∈Γ

 

= 𝑓𝑞 ⊤ |𝑞 ∈ 𝐼𝑉𝑃 𝑟𝑚𝑎𝑖𝑛 , 𝑛  

= 𝑦𝑛 ∎ 

Def 𝑥𝑛
′  

MFPCS= 
MOPCS 

Only-valid-path 
 propag. Lemma 

𝐶𝑀−1 Γ ∩ 𝐼𝑉𝑃 
= 𝐼𝑉𝑃 



Chapter summary 

 Shown: 

 Get MOP solution from MFPCS 

 Conversion 𝑥𝑛
∗ → 𝑥𝑛

′  straightforward and without 
functional composition 

 

⇒ Call string approach is actually useful 
 
 But: Computing MFPCS still problematic 
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Structure 

1. Definition of a new DF problem (𝐿∗, 𝐹∗) 
 

2. Proof: Solution to 𝐿∗, 𝐹∗ ≡ MOP solution 
 

3. Feasibility and precise variants 
 

4. Approximative solution 
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Motivation 

 Observation: 𝐿 finite ⇒ functional approach 
converges, CS approach not necessarily 
 

 Idea: Ensure termination of CS approach by 

limiting to finite CS subset Γ0 ⊆ Γ  
 

 Show: Can be done for all (𝐿, 𝐹) with finite 𝐿 
without losing precision 
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Redefinitions using Γ𝑜 

 Γ0 is finite subset of Γ fulfilling: 
If 𝛾 ∈ Γ0 and 𝛾′ initial subtuple of 𝛾 ⇒ 𝛾′ ∈ Γ0 
 

 𝐼𝑉𝑃′ ≔ 𝑞 ∈ 𝐼𝑉𝑃 | ∀ prefix 𝑞′of 𝑞: 𝐶𝑀 𝑞′ ∈ Γ0  
 

 Let ∘0 only act in Γ0 
 discards 𝛾′ entirely iff 𝛾′ ∘0 𝑚,𝑛 ∉ Γ0 

 ∘0 is consistent with 𝐼𝑉𝑃′ 

12.06.2010 Nikolai Knopp 73 



Definitions: DF analysis with Γ0 

Now consider 𝐿0
∗ , 𝐹0

∗  with 𝐿0
∗ ≔ Γ0 → 𝐿 finite 

 

 Dataflow equations now iteratively solvable 

𝑥𝑛
′
0
≔  𝑥𝑛

∗ 𝛾

𝛾∈Γ0

 

 

 MOP solution using only paths in 𝐼𝑉𝑃′ 

𝑦𝑛
′
0
≔ 𝑓𝑞 0  | 𝑞 ∈ 𝐼𝑉𝑃′ 𝑟𝑚𝑎𝑖𝑛 , 𝑛  
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(MFPCS0) 

(MOPCS0) 



MOPCS0 = MFPCS0 

Theorem: ∀𝑛 ∈ 𝑁∗:  𝑥𝑛
′
0
= 𝑦𝑛

′
0

 
 
Proof: 

 Completely analogous to MOPCS=MFPCS proof by 
replacing Γ, 𝐼𝑉𝑃,∘ by Γ0, 𝐼𝑉𝑃

′,∘0 

 No reasoning about infinite meets or continuity 
of 𝐹0

∗ required 
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∎ 



𝑓
𝑐2 ,𝑟𝑝

∗  𝑓
𝑐1 ,𝑟𝑝

∗  

Motivation: CS of limited length 
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if a=0 

𝑟𝑚𝑎𝑖𝑛 

𝑐1 

call p 

a := a - 1 

T 

F 

p 

call p 

main 

𝑟𝑝 read a, b 
t := a * b 

𝑐2 

𝜆, ⊤  

𝜆, 1  

𝑓 𝑟𝑚𝑎𝑖𝑛,𝑐1
∗  

𝑓
𝑟𝑝,𝑛2

∗  

𝑛2 

𝑓 𝑛2,𝑐2
∗  

〈𝑐1〉, 1 ,

𝑐1𝑐2 , ⊤
 

〈𝑐1〉, 1 ,

𝑐1𝑐2 , ⊤
 

〈𝑐1〉, 1 ,

𝑐1𝑐2 , ⊤
 

 



𝑓
𝑐2 ,𝑟𝑝

∗  𝑓
𝑐1 ,𝑟𝑝

∗  

Motivation: CS of limited length 
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if a=0 

𝑟𝑚𝑎𝑖𝑛 

𝑐1 

call p 

a := a - 1 

T 

F 

p 

call p 

main 

𝑟𝑝 read a, b 
t := a * b 

𝑐2 

𝜆, ⊤  

𝜆, 1  

𝑓 𝑟𝑚𝑎𝑖𝑛,𝑐1
∗  

𝑓
𝑟𝑝,𝑛2

∗  

𝑛2 

𝑓 𝑛2,𝑐2
∗  

〈𝑐1〉, 1 ,

𝑐1𝑐2 , ⊤ ,
𝑐1𝑐2𝑐2 , ⊤

 

〈𝑐1〉, 1 ,

𝑐1𝑐2 , ⊤
 

〈𝑐1〉, 1 ,

𝑐1𝑐2 , ⊤
 

 



𝑓
𝑐2 ,𝑟𝑝

∗  𝑓
𝑐1 ,𝑟𝑝

∗  

Motivation: CS of limited length 
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if a=0 

𝑟𝑚𝑎𝑖𝑛 

𝑐1 

call p 

a := a - 1 

T 

F 

p 

call p 

main 

𝑟𝑝 read a, b 
t := a * b 

𝑐2 

𝜆, ⊤  

𝜆, 1  

𝑓 𝑟𝑚𝑎𝑖𝑛,𝑐1
∗  

𝑓
𝑟𝑝,𝑛2

∗  

𝑛2 

𝑓 𝑛2,𝑐2
∗  

〈𝑐1〉, 1 ,

𝑐1𝑐2 , ⊤ ,

𝑐1𝑐2𝑐2 , ⊤

 

〈𝑐1〉, 1 ,

𝑐1𝑐2 , ⊤ ,
𝑐1𝑐2𝑐2 , ⊤

 

〈𝑐1〉, 1 ,

𝑐1𝑐2 , ⊤
 

 



𝑓
𝑐2 ,𝑟𝑝

∗  𝑓
𝑐1 ,𝑟𝑝

∗  

Motivation: CS of limited length 
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if a=0 

𝑟𝑚𝑎𝑖𝑛 

𝑐1 

call p 

a := a - 1 

T 

F 

p 

call p 

main 

𝑟𝑝 read a, b 
t := a * b 

𝑐2 

𝜆, ⊤  

𝜆, 1  

𝑓 𝑟𝑚𝑎𝑖𝑛,𝑐1
∗  

𝑓
𝑟𝑝,𝑛2

∗  

𝑛2 

𝑓 𝑛2,𝑐2
∗  

〈𝑐1〉, 1 ,

𝑐1𝑐2 , ⊤ ,

𝑐1𝑐2𝑐2 , ⊤

 

〈𝑐1〉, 1 ,

𝑐1𝑐2 , ⊤ ,

𝑐1𝑐2𝑐2 , ⊤

 

〈𝑐1〉, 1 ,

𝑐1𝑐2 , ⊤ ,
𝑐1𝑐2𝑐2 , ⊤

 

 



𝑓
𝑐2 ,𝑟𝑝

∗  𝑓
𝑐1 ,𝑟𝑝

∗  

Motivation: CS of limited length 
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if a=0 

𝑟𝑚𝑎𝑖𝑛 

𝑐1 

call p 

a := a - 1 

T 

F 

p 

call p 

main 

𝑟𝑝 read a, b 
t := a * b 

𝑐2 

𝜆, ⊤  

𝜆, 1  

𝑓 𝑟𝑚𝑎𝑖𝑛,𝑐1
∗  

𝑓
𝑟𝑝,𝑛2

∗  

𝑛2 

𝑓 𝑛2,𝑐2
∗  

〈𝑐1〉, 1 ,

𝑐1𝑐2 , ⊤ ,

𝑐1𝑐2𝑐2 , ⊤

 

〈𝑐1〉, 1 ,

𝑐1𝑐2 , ⊤ ,

𝑐1𝑐2𝑐2 , ⊤

 

〈𝑐1〉, 1 ,

𝑐1𝑐2 , ⊤ ,

𝑐1𝑐2𝑐2 , ⊤ ,

𝑐1𝑐2𝑐2𝑐2 , ⊤

 

 



𝑓
𝑐2 ,𝑟𝑝

∗  𝑓
𝑐1 ,𝑟𝑝

∗  

Motivation: CS of limited length 

 No information gain on further iteration 
 Stop if data tagged by longer CS „irrelevant“ 
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if a=0 

𝑟𝑚𝑎𝑖𝑛 

𝑐1 

call p 

a := a - 1 

T 

F 

p 

call p 

main 

𝑟𝑝 read a, b 
t := a * b 

𝑐2 

𝜆, ⊤  

𝜆, 1  

𝑓 𝑟𝑚𝑎𝑖𝑛,𝑐1
∗  

𝑓
𝑟𝑝,𝑛2

∗  

𝑛2 

𝑓 𝑛2,𝑐2
∗  

〈𝑐1〉, 1 ,

𝑐1𝑐2 , ⊤ ,

𝑐1𝑐2𝑐2 , ⊤

 

〈𝑐1〉, 1 ,

𝑐1𝑐2 , ⊤ ,

𝑐1𝑐2𝑐2 , ⊤

 

〈𝑐1〉, 1 ,

𝑐1𝑐2 , ⊤ ,

𝑐1𝑐2𝑐2 , ⊤ ,

𝑐1𝑐2𝑐2𝑐2 , ⊤

 



𝑓
𝑐2 ,𝑟𝑝

∗  𝑓
𝑐1 ,𝑟𝑝

∗  

Motivation: CS of limited length 

 No information gain on further iteration 
 Stop if data tagged by longer CS „irrelevant“ 
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if a=0 

𝑟𝑚𝑎𝑖𝑛 

𝑐1 

call p 

a := a - 1 

T 

F 

p 

call p 

main 

𝑟𝑝 read a, b 
t := a * b 

𝑐2 

𝜆, ⊤  

𝜆, 1  

𝑓 𝑟𝑚𝑎𝑖𝑛,𝑐1
∗  

𝑓
𝑟𝑝,𝑛2

∗  

𝑛2 

𝑓 𝑛2,𝑐2
∗  

〈𝑐1〉, 1 ,

𝑐1𝑐2 , ⊤
 

〈𝑐1〉, 1 ,

𝑐1𝑐2 , ⊤
 

〈𝑐1〉, 1 ,

𝑐1𝑐2 , ⊤
 



Redundant information in analysis 

 Why paths of arbitrary length? 

 𝐾 ≔ number of call sites in program ∈ ℕ 
⇒ only possible by recurring on call site(s) 

 

 At each call, analysis arrives with value 𝑥 ∈ 𝐿 and 
returns with value 𝑦 ∈ 𝐿. 
𝐿 is finite ⇒ 𝐿 2 many distinct begin/end value 
combinations per call 

 

 Idea: Recurring on any of the 𝐾 calls more 
than 𝐿 2 times is redundant. 
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Lemma: Path shortening 

Let 

 (𝐿, 𝐹) with 𝐿 finite 

 𝑀 ≔ 𝐾 ∗ 𝐿 2 
 𝐾 ≔ # call blocks in 𝐺∗  

 Γ0 = Γ𝑀. 
 

Then ∀ 𝑛 ∈ 𝑁∗ : 
If 𝑞 ∈ 𝐼𝑉𝑃 𝑟𝑚𝑎𝑖𝑛 , 𝑛  then exists 
𝑞′ ∈ 𝐼𝑉𝑃′(𝑟𝑚𝑎𝑖𝑛 , 𝑛) with 

𝑓𝑞 0 = 𝑓𝑞′ 0 . 
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𝑝1 𝑚𝑎𝑖𝑛 

𝑐2 call 𝑝1 

𝑟𝑝2 𝑐1 call 𝑝1 

return 𝑛1 𝑒𝑝2 

𝑛2 
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Lemma: Path shortening 

Let 

 (𝐿, 𝐹) with 𝐿 finite 

 𝑀 ≔ 𝐾 ∗ 𝐿 2 
 𝐾 ≔ # call blocks in 𝐺∗  

 Γ0 = Γ𝑀. 
 

Then ∀ 𝑛 ∈ 𝑁∗ : 
If 𝑞 ∈ 𝐼𝑉𝑃 𝑟𝑚𝑎𝑖𝑛 , 𝑛  then exists 
𝑞′ ∈ 𝐼𝑉𝑃′(𝑟𝑚𝑎𝑖𝑛 , 𝑛) with 

𝑓𝑞 0 = 𝑓𝑞′ 0 . 
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𝑟𝑝2 𝑐1 call 𝑝1 

return 𝑛1 𝑒𝑝2 
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Lemma: Path shortening 

Let 

 (𝐿, 𝐹) with 𝐿 finite 

 𝑀 ≔ 𝐾 ∗ 𝐿 2 
 𝐾 ≔ # call blocks in 𝐺∗  

 Γ0 = Γ𝑀. 
 

Then ∀ 𝑛 ∈ 𝑁∗ : 
If 𝑞 ∈ 𝐼𝑉𝑃 𝑟𝑚𝑎𝑖𝑛 , 𝑛  then exists 
𝑞′ ∈ 𝐼𝑉𝑃′(𝑟𝑚𝑎𝑖𝑛 , 𝑛) with 

𝑓𝑞 0 = 𝑓𝑞′ 0 . 
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Lemma: Path shortening (proof) 

 Proof: By induction on 𝑙(𝑞) ≔ length of 𝑞. 

 𝒍 𝒒 =  𝟎: 𝜆 ∈ Γ and 𝜆 ∈ Γ0. 

 IH: Lemma holds for all paths with 𝑙 𝑞 < 𝑘, 𝑘 ∈ ℕ+. 

 IS: Let 𝑛 ∈ 𝑁∗, 𝑞 ∈ 𝐼𝑉𝑃 𝑟𝑚𝑎𝑖𝑛 , 𝑛 , 𝑙 𝑞 = 𝑘. 
 

Assume 𝑞 ∉ 𝐼𝑉𝑃′ 𝑟𝑚𝑎𝑖𝑛 , 𝑛 . 
Let 𝑞′ the shortest prefix with 𝑞′ ∉ 𝐼𝑉𝑃′ 𝑟𝑚𝑎𝑖𝑛 , 𝑛 .  
Then 𝑞′ contains 𝑀 +1 unreturned calls. 

 

By decomposition Lemma: 
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𝑞′ = 𝑞0|| 𝑐1, 𝑟𝑝1 ||𝑞1|| 𝑐2, 𝑟𝑝2 ||… || 𝑐𝑀+1, 𝑟𝑝𝑀+1
||𝑞𝑀+1 



Lemma: Path shortening (proof) 

 𝑀 + 1 calls, but max. 𝑀 distinct elements. Let 𝑐 , 𝑟𝑝  

a duplicate call. If 𝑐  returns, let 𝑒𝑝 , 𝑛  the return 
edge.  
 

 Rewrite 𝑞 as 

𝑞0
′  || 𝑐 , 𝑟𝑝 || 𝑞1

′  || 𝑐 , 𝑟𝑝 || 𝑞2
′  || 𝑒𝑝 , 𝑛 || 𝑞3

′  || 𝑒𝑝 , 𝑛 || 𝑞4
′  

 

 Shorter 𝑞 ∈ 𝐼𝑉𝑃 𝑟𝑚𝑎𝑖𝑛 , 𝑛  with 𝑓𝑞 = 𝑓𝑞 by dropping 
redundant parts 
 

 By IH, ∃𝑞′ ∈ 𝐼𝑉𝑃′ 𝑟𝑚𝑎𝑖𝑛 , 𝑛  for 𝑞  with 𝑓𝑞′ = 𝑓𝑞  and thus 

𝑓𝑞′ = 𝑓𝑞. 
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Lemma: Path shortening (proof) 

 𝑀 + 1 calls, but max. 𝑀 distinct elements. Let 𝑐 , 𝑟𝑝  

a duplicate call. If 𝑐  returns, let 𝑒𝑝 , 𝑛  the return 
edge.  
 

 Rewrite 𝑞 as 

𝑞0
′  || 𝑐 , 𝑟𝑝 || 𝑞1

′  || 𝑐 , 𝑟𝑝 || 𝑞2
′  || 𝑒𝑝 , 𝑛 || 𝑞3

′  || 𝑒𝑝 , 𝑛 || 𝑞4
′  

 

 Shorter 𝑞 ∈ 𝐼𝑉𝑃 𝑟𝑚𝑎𝑖𝑛 , 𝑛  with 𝑓𝑞 = 𝑓𝑞 by dropping 
redundant parts 
 

 By IH, ∃𝑞′ ∈ 𝐼𝑉𝑃′ 𝑟𝑚𝑎𝑖𝑛 , 𝑛  for 𝑞  with 𝑓𝑞′ = 𝑓𝑞  and thus 

𝑓𝑞′ = 𝑓𝑞. 
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𝑞′ = 𝑞0|| 𝑐1, 𝑟𝑝1 ||𝑞1|| 𝑐2, 𝑟𝑝2 ||… || 𝑐𝑀+1, 𝑟𝑝𝑀+1
||𝑞𝑀+1 
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MOPCS0=MOP 

 For 𝑀 ∈ ℕ ≥ 0, define Γ𝑀 as set of all 𝛾 ∈ Γ with 
length ≤ 𝑀. 
 

 Theorem: 
Let 𝐿, 𝐹  a distributive DF framework with 𝐿 finite, 
and Γ0 = Γ𝑀 with 𝑀 = 𝐾 ∗ 𝐿 2. Then 

 
∀𝑛 ∈ 𝑁∗: 𝑥𝑛

′
0
= 𝑦𝑛 

 
⇒ “If 𝛾 is too long and gets discarded, a shorter one 
 in the set represents the same data.” 
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Better bounds for 𝑀 

 𝑀 impractically large for most problems 
 

 Lower bounds exists for certain problem 
classes. 
Example: Decomposable frameworks 
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Decomposable frameworks 

𝐿 =  , 𝑡 , 𝑢 , 𝑡, 𝑢 , ⊥                    𝑀 = 50 
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if … 

return 

𝑟𝑚𝑎𝑖𝑛 

𝑐1 

call p 

b := b + 1 
t := a * b 

a := a - 1 

T 

F 

p 

call p 

stop 

main 

𝑒𝑚𝑎𝑖𝑛 

𝑛2 

𝑟𝑝 

𝑒𝑝 

read a,b 
t := a * b 
u := 2 * b 

t := a * b 
u := 2 * b 
print t,u 

𝑐2 

a*b,2*b 
 avail.? 



Decomposable frameworks 

𝐿 =  , 𝑡 , 𝑢 , 𝑡, 𝑢 , ⊥                    𝑀 = 50 
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if … 

return 

𝑟𝑚𝑎𝑖𝑛 

𝑐1 

call p 

b := b + 1 
t := a * b 

a := a - 1 

T 

F 

p 

call p 

stop 

main 

𝑒𝑚𝑎𝑖𝑛 

𝑛2 

𝑟𝑝 

𝑒𝑝 

read a,b 
t := a * b 
u := 2 * b 

t := a * b 
u := 2 * b 
print t,u 

𝑐2 

+𝑡 + 𝑢 

𝑖𝑑 

−𝑡 

𝑖𝑑 

+𝑡 − 𝑢 

a*b,2*b 
 avail.? 



Decomposable frameworks 

𝐿 =  , 𝑡 , 𝑢 , 𝑡, 𝑢 , ⊥                    𝑀 = 50 
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if … 

return 

𝑟𝑚𝑎𝑖𝑛 

𝑐1 

call p 

b := b + 1 
t := a * b 

a := a - 1 

T 

F 

p 

call p 

stop 

main 

𝑒𝑚𝑎𝑖𝑛 

𝑛2 

𝑟𝑝 

𝑒𝑝 

read a,b 
t := a * b 
u := 2 * b 

t := a * b 
u := 2 * b 
print t,u 

𝑐2 

+𝑡 + 𝑢 

𝑖𝑑 

−𝑡 

𝑖𝑑 

+𝑡 − 𝑢 

𝑢  

𝑢  

  

𝑡, 𝑢  

𝑢  

  

  𝑡  
a*b,2*b 
 avail.? 



Decomposable frameworks 

𝐿𝑡 =  , 𝑡 ,⊥ , 𝐿𝑢 =  , 𝑢 , ⊥ , ⇒ 𝐿 = 𝐿𝑡 × 𝐿𝑢      𝑀 = 18 
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if … 

return 

call p 

b := b + 1 
t := a * b 

a := a - 1 

T 

F 

call p 

stop 

read a,b 
t := a * b 
u := 2 * b 

t := a * b 
u := 2 * b 
print t,u 

𝑟𝑚𝑎𝑖𝑛 

𝑐1 

p main 

𝑒𝑚𝑎𝑖𝑛 

𝑛2 

𝑟𝑝 

𝑒𝑝 

𝑐2 

+𝑡 +𝑢 

𝑡  𝑢  

    
  𝑢  

id 𝑖𝑑 

  𝑢  

−𝑡 𝑖𝑑 

  𝑢  𝑖𝑑 𝑖𝑑 

    

+𝑡 −𝑢 

    𝑡    
a*b,2*b 
 avail.? 



Bound for decomposable frameworks 

 Theorem: Let 𝐿, 𝐹  decomposable into 𝑘 

frameworks 𝐿𝑖 ,𝐹𝑖 𝑖=1
𝑘 . 

Setting the maximum callstring length to 
 

𝑀 = 𝐾 ∗ max
𝑖∈ 1..𝑘

𝐿𝑖
2 

 

yields 𝑦𝑛
′
0
= 𝑦𝑛  ∀𝑛 ∈ 𝑁∗. 
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1-related frameworks 

 Definition: A decomposable DF framework 

(L,F) is 1-related if each 𝐹𝑖 only consists of 
constant and identity functions. 
 

 Theorem: In this case, using Γ0 = Γ3𝐾 yields 

𝑦𝑛
′
0
= 𝑦𝑛  ∀𝑛 ∈ 𝑁

∗. 

 
 Example: Available expressions is 1-related. 

Decomp. into subproblems 𝐿𝑒 , 𝐹𝑒  for each 
expression 𝑒 with 
𝐿𝑒 = ⊤, 1,⊥ , 𝐹𝑒 = 𝑖𝑑, 𝑓⊤, 𝑓1 , 𝑓⊥  
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Chapter summary 

 If 𝐿 finite, MFPCS iteratively computable on Γ0 

 Precision/safeness depending on choice for Γ0 

 

 Enforce termination by limiting max. CS 
length 

 Precision preserving bounds exist, but only of 
theoretical value 

 Better bounds exist for special problem classes 

12.06.2010 Nikolai Knopp 98 



Structure 

1. Definition of a new DF problem (𝐿∗, 𝐹∗) 
 

2. Proof: Solution to 𝐿∗, 𝐹∗ ≡ MOP solution 
 

3. Feasibility and precise variants 
 

4. Approximative solutions 
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Motivation 

 Prefer a safe approximative solution 𝑥 𝑛 ≤ 𝑦𝑛 
over MFPCS if 

 MFPCS not (iteratively) computable 

 computation not feasible MFPCS by time/space 
constraints 

 and computation of 𝑥 𝑛 ≤ 𝑦𝑛 feasible. 
 

⇒ Accept precision loss for less complexity. 
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Reducing complexity of CS approach 
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Γ Γ  

𝜎 



Embedding Γ into Γ  

 Let ∗ an operation in Γ  with left identity 

𝑤 ∈ Γ . 
 

 Encoding function 𝜎: Γ → Γ  

 Define 𝜎 𝑛  for each call node 𝑛 in 𝐺∗. 

 For 𝛾 = 𝑐1𝑐2…𝑐𝑛 ∈ Γ: 
 

𝜎 𝛾 = 𝜎 𝑐1 ∗ ⋯∗ 𝜎 𝑐𝑛  
and 

𝜎 𝛾 = 𝑤. 
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Transfer relation 𝑅 𝑚,𝑛  

 For each 𝑚, 𝑛 ∈ 𝐸∗, define transfer relation 

𝑅 𝑚,𝑛 ∈ Γ × Γ : 
 
 

 If 𝑚,𝑛  intraproc.: 

∀𝑎 ∈ Γ :   𝑎 𝑅 𝑚,𝑛  𝑎  
 

 

 If 𝑚,𝑛  interproc.: 

𝜎 𝛾′  𝑅 𝑚,𝑛  𝜎 𝛾   
 

⇒ 𝑅𝑐𝑎𝑙𝑙 = 𝑅𝑟𝑒𝑡𝑢𝑟𝑛
−1   
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𝑚 𝑛 

𝑛′ 𝑚′ 

𝛾′ 𝛾 

𝛾 𝛾′ 

𝑚 

𝑛 

𝛾′ 

𝛾′ 𝜎 𝛾′ = 𝑎 



Acceptable paths 

Let 𝑞 = 𝑛1 , 𝑛2 , … , 𝑛𝑘 ∈ 𝑝𝑎𝑡ℎ𝐺∗. 
 

 Define 𝑅𝑞 ≔ 𝑅 𝑛1,𝑛2
∘ 𝑅 𝑛2,𝑛3

∘ ⋯ ∘ 𝑅 𝑛𝑘−1,𝑛𝑘
 

 
 

 𝑞 acceptable ∶⇔ 𝑅𝑞 ≠ ∅ 

 
 
 Intraprocedurally acceptable paths: 

𝐼𝐴𝑃 𝑟𝑚𝑎𝑖𝑛 , 𝑛 ≔ 𝑞 ∈ 𝑝𝑎𝑡ℎ𝐺∗ 𝑟𝑚𝑎𝑖𝑛 , 𝑛 |𝑅𝑞 𝑤 ≠ ∅  
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Invalid paths in 𝐼𝐴𝑃 
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𝑎 𝑅 𝑚,𝑛  𝑏 

𝜎 𝐶𝑀 𝑞′ = 𝛾′ 

𝐶𝑀 𝑞′|| 𝑚, 𝑛 = 𝛾 

𝑎 

𝑏 
𝜎 

𝑚 

𝑛 

𝑟𝑚𝑎𝑖𝑛 

𝑞′ 

𝑤 𝑅𝑞′  𝜎 𝛾  



Invalid paths in 𝐼𝐴𝑃 
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𝑎 𝑅 𝑚,𝑛  𝑏 

𝜎 𝐶𝑀 𝑞′ = 𝛾′ 

𝐶𝑀 𝑞′|| 𝑚, 𝑛 = 𝛾 

𝑎 

𝑏 
𝜎 

𝑥 

𝑞  

𝑚 

𝑛 

𝑟𝑚𝑎𝑖𝑛 

𝑞′ 

𝑤 𝑅𝑞′  𝜎 𝛾  



Invalid paths in 𝐼𝐴𝑃 
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𝑎 𝑅 𝑚,𝑛  𝑏 

𝜎 𝐶𝑀 𝑞′ = 𝛾′ 

𝐶𝑀 𝑞′|| 𝑚, 𝑛 = 𝛾 

𝑎 

𝑏 
𝜎 

𝐶𝑀 𝑞 = 𝛾  
𝜎 

𝑥 

𝑞  

𝑚 

𝑛 

𝑟𝑚𝑎𝑖𝑛 

𝑞′ 

𝑤 𝑅𝑞′  𝜎 𝛾  



Invalid paths in 𝐼𝐴𝑃 
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𝑎 𝑅 𝑚,𝑛  𝑏 

𝜎 𝐶𝑀 𝑞′ = 𝛾′ 

𝐶𝑀 𝑞′|| 𝑚, 𝑛 = 𝛾 

𝑎 

𝑏 
𝜎 

𝐶𝑀 𝑞 = 𝛾  
𝜎 

𝑥 

𝑞  

𝑚 

𝑛 

𝑟𝑚𝑎𝑖𝑛 

𝑞′ 

𝑤 𝑅𝑞′  𝜎 𝛾  𝑤 𝑅𝑞  𝜎 𝛾  



Invalid paths in 𝐼𝐴𝑃 
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𝑎 𝑅 𝑚,𝑛  𝑏 

𝜎 𝐶𝑀 𝑞′ = 𝛾′ 

𝐶𝑀 𝑞′|| 𝑚, 𝑛 = 𝛾 

𝑎 

𝑏 
𝜎 

𝐶𝑀 𝑞 = 𝛾  
𝜎 

𝑥 

𝑞  

𝑚 

𝑛 

𝑟𝑚𝑎𝑖𝑛 

𝑞′ 

𝑤 𝑅𝑞′  𝜎 𝛾  𝑤 𝑅𝑞  𝜎 𝛾  

 
 
 

⇒ 𝐼𝐴𝑃 𝑟𝑚𝑎𝑖𝑛 , 𝑛 ⊇ 𝐼𝑉𝑃 𝑟𝑚𝑎𝑖𝑛 , 𝑛  
 
 
 



Dataflow analysis using Γ  

Now define framework 𝐿 , 𝐹  

 𝐿 ≔ Γ → 𝐿 

 For edge 𝑚,𝑛 , data in 𝜉𝑚 is propagated to 𝜉𝑛 

from all 𝑎 ∈ Γ  to 𝑏 ∈ Γ  for which 𝑎 𝑅 𝑚,𝑛  𝑏: 
 

𝑓𝑚,𝑛
∗ 𝜉𝑚 𝑏 ≔ ⋀ 𝑓𝑚,𝑛 𝜉𝑚 𝑎  |𝑎 𝑅 𝑚,𝑛  𝑏  

 

 As before, define DF equations, the MFP solution 

𝑥 𝑛
∗
𝑛∈𝑁∗ (which exists as Γ  finite), and the MOP 

solution 𝑦 𝑛 using 𝐼𝐴𝑃. 
⇒ Obviously 𝑦 𝑛 ≤ 𝑦𝑛, so a safe approximation. 
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Dataflow analysis using Γ  (contd.) 

 Without proof: 

 𝐿 distributive: 𝑥 𝑛 = 𝑦 𝑛 ≤ 𝑦𝑛 

 𝐿 only monotone:  𝑥 𝑛 ≤ 𝑦 𝑛 ≤ 𝑦𝑛 

 

 Examples: 
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 Γ = 𝑤  
𝜎: 𝛾 ↦ 𝑤 
∗: 𝑤, 𝑤 ↦ 𝑤 

 
⇒ intraproc. analysis 

 Γ = ℤ/𝑘ℤ, 𝑘 ∈ ℕ 
∀ call 𝑐𝑖 ∈ 𝑁∗: 𝜎 𝑐𝑖 = 𝑖 
𝑎 ∗ 𝑏 ≔ 𝑎 + 𝑏  𝑚𝑜𝑑 𝑘 
 

⇒ only 𝑘 call strings 



Summary 
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Summary: CS Approach structure 

 CS approach makes interprocedural flow 
explicit 

 Avoids functional composition of propagation 
functions 

 Keeps track of origin of data by tagging with CS 

 Complexity of approach “controlled” by Γ 
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Summary: Results of CS approach (1/2) 

Assume 𝐿, 𝐹  distributive. 
 

 𝐿 and Γ finite: 
MFPCS iteratively computable and yields MOP 
solution. 
 

 Only 𝐿 finite: 
Iterative calculation of MFPCS will converge 
on MOP if Γ replaced by Γ𝑀, else likely to 
diverge 

 Depending on problem, better bounds exist. 
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Summary: Results of CS approach (2/2) 

All other cases combinations of: 

 𝐿, 𝐹  not distributive 

 𝐿 infinite 

 𝐹 not bounded 

 

 Convergence then only guaranteed if Γ 
embedded into finite subset Γ  

 Also likely to be the only feasible approach to the 
other situations 

 
 Solution then is safe approximation of MOP 
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Thanks! 


