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! = {p0, p1, . . .}
¬ ∨

Φ

p Φ

α Φ (¬α)
α β Φ (α∨β)

¬ ∨
¬α∨β ((¬α)∨β)

Φ ⊣

Φ

S

p S

α S (¬α)



α β S (α∨β)

Φ⊆ S

⊤ ⊥

v v :! → {⊤,⊥}

! v : ! → {⊤,⊥}
v ⊆! = {p | v(p) = ⊤} 2!

!
v :! → {⊤,⊥} !v : Φ→ {⊤,⊥}

p ∈! !v(p) = v(p)

α ¬β !v(α) =
"
⊤ !v(β) =⊥
⊥

α β∨ γ !v(α) =
"
⊥ !v(β) = !v(γ ) =⊥
⊤

!v
!v

v ! !v Φ
!v = {α | !v(α) =⊤}

! v
Φ !V ⊣

v !v
!v v



α∧β = ¬(¬α∨¬β)
α⊃β = ¬α∨β
α≡β = (α⊃β)∧ (β⊃ α)

∧ ⊃ ≡

v(α∧β) v(α⊃β) v(α≡β) v(α) v(β)
⊣

n+1
n

i ∈ {1,2, . . . , n+1} j ∈ {1,2, . . . , n} pi j
i j

n ⊣

α v
v(α) =⊤ v ! α v(α) =⊤

α v ! α v ! α
α

p p
p ∨¬p p ∧¬p

α α ¬α



α

α
(α) α

p ∈! (p) = {p}

α= ¬β (α) = (β)

α=β∨ γ (α) = (β)∪ (γ )

α v1, v2 v1 v2
(α) v1(α) = v2(α)

α ⊤

α⊃ (β⊃ α)
(α⊃ (β⊃ γ ))⊃ ((α⊃β)⊃ (α⊃ γ ))
(¬β⊃ ¬α)⊃ ((¬β⊃ α)⊃β)
α, α⊃β

β

α α⊃β β



α β γ p, q ∈! p ⊃ (q ⊃ p)

α
β1,β2, . . .βn

βn = α

i ∈ {1,2, . . . , n} βi
β j βk j , k <

i βk β j ⊃βi

⊢ α α
α

1. (p ⊃ ((p ⊃ p)⊃ p))⊃ ((p ⊃ (p ⊃ p))⊃ (p ⊃ p))
2. p ⊃ ((p ⊃ p)⊃ p)
3. (p ⊃ (p ⊃ p))⊃ (p ⊃ p))
4. p ⊃ (p ⊃ p)
5. p ⊃ p

(¬β⊃ ¬α)≡ (α⊃β) ⊣



α ⊢ α ! α

α ⊢ α ! α
⊢ α β1,β2, . . . ,βn α

β1,β2, . . . ,βn

α α⊃β
β ⊣

α

" α α α
" ¬α

α∨β α β

α∧β α β

⊢ α⊃β

α β

β α ⊣

α ¬α



β β β

β
¬¬β⊃β β

¬¬β β ¬¬β ⊃ β
" ¬(¬β) ¬β ¬β

β

X = {α1,α2, . . . ,αn}
α1∧α2∧. . .∧αn " ¬(α1∧α2∧. . .∧αn)

X ⊆ Φ X
Y ⊆ X Y X

X ⊆ Φ X
α /∈X X ∪ {α}

X α0,α1,α2, . . .
Φ

X0,X1,X2, . . .

X0 =X

i ≥ 0 Xi+1 =
"

Xi ∪ {αi} Xi ∪ {αi}
Xi

X0 ⊆X1 ⊆X2 ⊆ · · ·
Y =
⋃

i≥0 Xi Y X
Y

Y Z ⊆ Y
Z = {β1,β2, . . . ,βn} Z {αi1

,αi2
, . . . ,αin

}
Φ Z ⊆ Xj+1

X0 ⊆ X1 ⊆ X2 ⊆ · · · ⊆ Y j = (i1, i2, . . . , in) Xj+1



Y
Y ∪ {β} β /∈ Y β = α j
Φ α j /∈ Y α j j+1
Xj ∪ {α j } Z ⊆ Xj Z ∪ {α j }

Xj ⊆ Y Z ⊆ Y
Y ∪ {α j } ⊣

X

α α ∈X ¬α /∈X

α,β α∨β ∈X α ∈X β ∈X

X vX
{p ∈! | p ∈X } vX (p) =⊤ p ∈X

X α vX ! α α ∈X

α

α= p p ∈! vX ! p vX p ∈X

α ¬β
α β∨ γ
α = ¬β vX ! ¬β vX #β

β /∈X ¬β ∈X

α=β∨γ vX !β∨γ vX !β vX ! γ
β ∈ X γ ∈ X

β∨ γ ∈X ⊣

X vX
X

v Xv = {α | v ! α}
vXv

Xv v



α
{α} X vX ! α α ∈X
α ⊣

X

α α ∈X ¬α /∈X

{α,¬α} ̸⊆ X α ⊃ ¬¬α
¬¬α⊃ α

α ⊃ α ¬α ∨ α
¬¬(¬α ∨ α) ¬(¬α ∨ α) α ∧¬α ¬(α ∧¬α)

{α,¬α}
X X

α ¬α X
X X B ⊆ X C ⊆ X
B ∪ {α} C ∪ {¬α} B =

{β1,β2, . . . ,βn} C = {γ1,γ2, . . . ,γm} !β β1∧
β2 ∧ . . .∧βn !γ γ1 ∧ γ2 ∧ . . .∧ γm

⊢ ¬(α∧ !β) ⊢ ¬(¬α∧ !γ ) ∧ ∨
⊢ ¬α∨¬ !β ⊢ ¬¬α∨¬!γ ⊢ α ⊃ ¬ !β
⊢ ¬α⊃ ¬!γ

(α⊃β)⊃ ((δ ⊃ γ )⊃ ((α∨δ)⊃ (β∨γ )))
α = α δ = ¬α

β = ¬ !β γ = ¬!γ (α ∨¬α) ⊃ (¬ !β∨¬!γ ) ⊢ α ∨¬α
⊢ ¬ !β∨¬!γ ∨ ∧ ¬( !β∧ !γ )

(B ∪C )⊆ X

⊣

α α



X
X α X α

X

X v v !X
v !β β ∈X α X

X ! α v v !X v ! α

X α X
X ⊢ α α1,α2, . . . ,αn αn = α

i ∈ {1,2, . . . , n} αi X
α j ,αk j , k < i

X
X

X ⊆ Φ α ∈ Φ X ! α
X ⊢ α

X ⊆ Φ α,β ∈ Φ X ∪ {α} ⊢ β X ⊢
α⊃β

(⇐) X ⊢ α ⊃ β X ∪
{α} ⊢ α ⊃ β α ∈ X ∪ {α} X ∪ {α} ⊢ α
X ∪ {α} ⊢β



(⇒) X ∪ {α} ⊢β β1,β2, . . . ,βn β
n

n = 1 β X ∪ {α}
β X ⊢ β

X ⊢β⊃ (α⊃β) X ⊢ α⊃β
β ∈ X β ∈ X \ {α} X ⊢ β

X ⊢β⊃ (α⊃β) X ⊢ α⊃β β= α
X ⊢ α⊃ α α⊃ α

n > 1 βn = β βn
X ∪ {α}

X ⊢ α⊃β
βn βi β j

i , j < n β j βi ⊃ βn X ⊢ (α ⊃ (βi ⊃
βn))⊃ ((α⊃βi )⊃ (α⊃βn)) X ⊢ α⊃
(βi ⊃βn) X ⊢ α⊃βi X ⊢ α⊃βn ⊣

x y x
y

T
T

T

T x
T x x

x
x

x0x1x2 . . . T T
T x0 T

x0 x1
x1 x2 ⊣

X ⊆ Φ α ∈ Φ X ! α
Y ⊆ X Y ! α



2

p1 3→ ⊤

p1 3→ ⊤
p2 3→ ⊤
· · ·

p1 3→ ⊤
p2 3→ ⊥
· · ·

p1 3→ ⊥

p1 3→ ⊥
p2 3→ ⊤
· · ·

p1 3→ ⊥
p2 3→ ⊥
· · ·

T

X
X v v !X

X ⊆ Φ X Y ⊆
X

(⇒) X v v ! X
v ! Y Y ⊆ X

(⇐) X Y ⊆ X

! {p1, p2, . . .}
!0 = 2 i ∈ {1,2, . . .} !i = {p1, p2, . . . , pi} i ∈ {1,2, . . .} Φi

!i Xi =
X ∩Φi

T !i i ∈ {0,1,2, . . .}
{v | ∃i ∈ {0,1,2, . . .}. v :!i → {⊤,⊥}}

T 2→ {⊤,⊥}
v :!i → {⊤,⊥} v

v ′, v ′′ :!i+1→ {⊤,⊥} v ′ v !i+1 pi+1
⊤ v ′′ v !i+1 pi+1 ⊥ p ∈ !i
v ′(p) = v ′′(p) = v(p) v ′(pi+1) =⊤ v ′′(pi+1) =⊥

T i
!i 2i



i v j j vi i vi v j
! j

T !
π = v0v1v2 . . . vπ : ! → {⊤,⊥}

pi 3→ vi (pi ) i ∈ {1,2, . . .} v : ! →
{⊤,⊥} πv = v0v1v2 . . . v0
T vi : !i → {⊤,⊥} v !i p ∈ !i
vi (p) = v(p)

v T v(β) = ⊥ β ∈ X v
v T

T

T ′ T

T ′

T ′ {v1, v2, . . . , vm} vi
βi ∈X vi (βi ) =⊥ {β1,β2, . . . ,βm}⊆

X v πv
{v1, v2, . . . , vm} vj vπv

(β j ) = vj (β j ) =
⊥ v # {β1,β2, . . . ,βm}

T ′

π = v0v1v2 . . .
π T

π vπ β ∈ X β ∈ Xj
j ∈ {1,2, . . .} vπ(β) = vj (β) = ⊤ vπ ! X

X ⊣

(⇐) Y ⊆ X Y ! α X ! α v !X v ! Y
Y ! α v ! α

(⇒) Z ⊆ Φ β ∈ Φ Z ! β Z ∪ {¬β}

X ! α X ∪ {¬α}
Y ⊆ X ∪{¬α} Y (Y \{¬α})∪{¬α}

(Y \ {¬α})⊆ X Y \ {¬α} ! α ⊣



X ⊢ α X ! α X ! α
Y ⊆ X Y ! α Y = {β1,β2, . . . ,βm}

β1(⊃ (β2(⊃ · · · (βm ⊃ α) · · · )
⊢ β1(⊃ (β2(⊃ · · · (βm ⊃ α) · · · )

m {β1,β2, . . . ,βm} ⊢ α
{β1,β2, . . . ,βm}⊆X X ⊢ α ⊣

X ! α X ⊢ α Y ⊆ X
α Y ⊢ α

Y ! α

X X Y ⊆ X

X {α1,α2, . . . ,αn} X
¬(α1 ∧α2 ∧ . . .∧αn)

X v
X

X

α α ∈X ¬α /∈X

α,β (α∨β) ∈X α ∈X β ∈X

X vX α
vX ! α α ∈X

X X vX
vX !X



X α X ! α Y ⊆ X Y ! α ⊣

X
α X ⊢ α X ⊢ ¬α

X X

X

X vX α vX ! α
α ∈X

X vX
vX !X

X ! α X ∪ {¬α}

X ! α X ⊢ ¬α ⊃ (β∧
¬β) β

X ! α X ⊢ α ⊣



! = {p0, p1, . . .} ¬ ∨
$

Φ

p Φ

α Φ (¬α)

α β Φ (α∨β)



α Φ ($α)

∧ ⊃ ≡
◊ $ ◊α = ¬$¬α

F = (W , R) W
R⊆W ×W w R w ′ w ′ R

w
W

W

M = (F ,V ) F = (W , R) V : W → 2!

v : ! → {⊤,⊥}
v ⊆ ! p v(p) = ⊤

V
W

w ∈ W V (w) : ! → {⊤,⊥} V W →
(! → {⊤,⊥}) V : W → 2!

M , w ! α α w M

M , w ! p p ∈V (w) p ∈!
M , w ! ¬α M , w # α
M , w ! α∨β M , w ! α M , w !β
M , w !$α w ′ ∈W , w R w ′ M , w ′ ! α

M , w ! $α w α w
w ′ w R w ′ M , w ! $α

α



M , w ! ◊α w ′ w R w ′ M , w ′ ! α ⊣

α F =
(W , R) M = (F ,V ) M , w ! α w ∈W
α ! α F = (W , R) M = (F ,V )

w ∈W M , w ! α

α
w M = ((W , R),V ) α

V (w) α M , w ! α
$(α ⊃ β) ⊃ ($α ⊃ $β) M =

((W , R),V ) w ∈W M , w ! $(α ⊃ β)
M , w ! $α ⊃ $β M , w ! $α

M , w ! $β R w ′ w
β M , w !$(α⊃β) M , w ′ ! α⊃β

M , w !$α M , w ′ ! α ⊃
M , w ′ !β
α $α

M = ((W , R),V ) w ∈ W M , w ! $α
R w α α M , w ′ ! α

w ′ ∈W R w α M , w !$α

$α∨¬$α
⊣

α
α



α

$ ◊
R F = (W , R)

α α 8α

F = (W , R) ∈ 8α V W
w ∈W β α ((W , R),V ), w !β

8α α
F = (W , R) 8α

V w β α
((W , R),V ), w #β

8
α 8 =8α

$α⊃ α

8$α⊃α M = ((W , R),V )
R w ∈W M , w !

$α M , w ! α M , w ! $α R
w α R w R M , w ! α

8$α⊃α
F = (W , R) w ∈W w R w

p V V (w) = 2 V (w ′) = {p}
w ′ ̸= w (F ,V ), w ! $p (F ,V ), w # p w

$p ⊃ p $α⊃ α ⊣



$α ⊃
$$α

8$α⊃$$α M =
((W , R),V ) R w ∈ W

M , w !$α M , w !$$α
R w ′ w $α

R w ′ w w ′ R
M , w ′ ! $α w ′ R

R w ′ α w ′′ R w ′ w R w ′

w ′ R w ′′ w ′′ R w
M , w !$α M , w ′′ ! α

8$α⊃$$α
F = (W , R) w, w ′, w ′′ ∈W w R w ′ w ′ R w ′′

w R w ′′ p
V

V ( !w) =
"
{p} w R !w
2

w ′′ R w V (w ′′) = 2 M , w ′ #$p
w ′′ R w ′ M , w ′′ # p M , w #$$p w ′

R w M , w ! $p V
M , w #$p ⊃$$p $α⊃$$α ⊣

◊◊α⊃ ◊α
w R w ′ R w ′′ w ′′

α R !w w α R w ′′

!w α ⊃ ◊α
$

α ⊃
$◊α

8α⊃$◊α M =
((W , R),V ) R w ∈W

M , w ! α M , w !$◊α
R w ′ w ◊α

R w ′ w R w R w ′

M , w ! α M , w ′ ! ◊α



w

w ′ w ′′

8α⊃$◊α
F = (W , R) w, w ′ ∈W w R w ′

w ′ R w p V

V ( !w) =
"
2 w ′ R !w
{p}

M , w ′ # ◊p wRw ′ M , w #$◊p
M , w ! p V M , w # p ⊃ $◊p

α⊃$◊α ⊣

R W w, w ′, w ′′ ∈W
w R w ′ w R w ′′ w ′ R w ′′ w ′′ R w ′

◊α ⊃
$◊α

8◊α⊃$◊α M =
((W , R),V ) R w ∈W

M , w ! ◊α M , w !$◊α
w ′ R w M , w ′ ! ◊α M , w !

◊α wα w R wα M , wα ! α R
w ′ R wα M , w ′ ! ◊α

8◊α⊃$◊α
F = (W , R) w, w ′, w ′′ ∈W w R w ′ w R w ′′

w ′ R w ′′ w ′′ R w ′

w ′′ R w ′



p V V (w ′) = {p}
V ( !w) = 2 !w ̸= w ′ w R w ′ M , w ! ◊p V

M , w ′′ # ◊p M , w #$◊p M , w # ◊p ⊃
$◊p ◊α⊃$◊α ⊣

R w ′ w w R w ′

w ′ R w ′ R R
R

(W , R) X
W x X x X y X

x R y

$($α⊃ α)⊃$α

$($α ⊃ α) ⊃ $α 8$($α⊃α)⊃$α M = ((W , R),V )
R w ∈W
M , w !$($α⊃ α) M , w !$α

R w ′ w α
R w ′ w w $($α ⊃ α) w ′ $α ⊃ α

R w ′ w α w ′

$α
X x w R x R

x X x R y w R y y X
W ρ = w0, w1, . . . , wn n ≥ 0

i : 0< i ≤ n wi R wi+1 (ρ)
n ρ= w0, w1, . . . , wn x x ∈W x = w0

x ∈W x (x) { (ρ) | ρ x }

x R y (y)< (x)
x ∈X (x) x $α

α (x) 0 y ∈W
x R y x $α

x X y ∈W x R y y ∈X (y)
(x) R y x

$α α x $α α
R w ′ w α w $α



F = (W , R)
W w, w ′, w ′′ w R w ′ w ′ R w ′′

w R w ′′ p V

V ( !w) =
"
{p} w R !w !w ̸= w ′

2

!w W w R !w w ′ ̸= !w !w p $p ⊃ p
w ′ $p R w ′′

p $p ⊃ p R
w $p ⊃ p w $($p ⊃ p) w
$p

F = (W , R)
X W R

x X y X x R y w X
p V

V ( !w) =
"
2 !w ∈X
{p}

!w /∈X !w p $p ⊃ p !w
X R X p !w
$p $p ⊃ p w $($p ⊃ p) w
$p ⊣

◊α⊃$α
◊α⊃ ◊◊α
α⊃$α ⊣



α F =
(W , R) M = (F ,V ) w M , w ! α

8 α 8
F = (W , R) 8 M = (F ,V ) w
M , w ! α α 8 !8 α

: :

!: α ! α
α 8 F = (W , R)

8 M = (F ,V ) w M , w ! α
:

:

$(α⊃β)⊃ ($α⊃$β)

α,α⊃β
β

α$α

α ⊢K α
α

⊢ α



α ⊢K α !: α

K ⊢K α !: α

: :
⊣

:

α
"K¬α {α1,α2, . . . ,αn} α1∧

α2∧ · · ·∧αn X
X

α α
:

α :
⊢K α

X X
α /∈X X ∪ {α}

X

β β ∈X

α⊃β ∈X α ∈X β ∈X

⊣



FK = (WK , RK )

WK = {X |X }

X Y X RK Y {α |$α ∈X }⊆ Y

MK = (FK ,VK )
X ∈WK VK (X ) =X ∩!

RK ◊ $
X RK Y {◊α | α ∈ Y }⊆X ⊣

X ∈ WK α ∈ Φ MK ,X ! α
α ∈X

α
α = p ∈ ! MK ,X ! p p ∈VK (X ) p ∈ X

VK

α = ¬β MK ,X ! ¬β MK ,X #β β /∈ X
¬β ∈X

α =β∨ γ MK ,X !β∨ γ MK ,X !β MK ,X ! γ
β ∈X γ ∈X β∨ γ ∈X

α=$β
(⇐) $β ∈ X MK ,X ! $β

Y X RK Y $β ∈X RK
β ∈ Y MK ,Y !β Y
MK ,X !$β



(⇒) MK ,X ! $β $β ∈ X
$β /∈ X X ¬$β ∈ X

Y0 = {γ |$γ ∈X }∪ {¬β}

Y0 Y X RK Y
¬β ∈ Y β /∈ Y MK ,Y # β

MK ,X #$β MK ,X !$β

Y0
{γ1,γ2, . . . ,γn} Y0 γ1∧ γ2∧ · · ·∧ γn ∧¬β

γ1 ∧ γ2 ∧ · · ·∧ γn γ̃

⊢ ¬(γ̃ ∧¬β)
⊢ ¬γ̃ ∨β
⊢ γ̃ ⊃β ⊃
⊢$(γ̃ ⊃β)
⊢$γ̃ ⊃$β
⊢ ¬($γ̃ ∧¬$β)

⊢$(γ ∧δ)≡ ($γ ∧$δ)
⊢ γ ∧δ ⊃ γ
⊢ $(γ ∧δ ⊃ γ )

⊢ $(γ ∧ δ) ⊃ $γ
⊢$(γ ∧δ)⊃$δ ⊢$(γ ∧δ)⊃ ($γ ∧$δ)

⊢ γ ⊃ (δ ⊃ (γ ∧δ))
⊢$γ ⊃ ($δ ⊃$(γ∧δ))

⊢ ($γ ∧$δ)⊃$(γ ∧δ)
⊢ $(δ1 ∧ δ2 ∧ · · · ∧ δn) ≡

($δ1 ∧$δ2 ∧ · · ·$δn) n

⊢ ¬($γ1∧
$γ2 ∧ · · ·$γn ∧ ¬$β) {$γ1,$γ2, . . . ,$γn ,¬$β}

X X
X



α
α

Xα M ,Xα ! α α : ⊣

α
v α

α
α MK

8 8
:

$α⊃ α

MT = ((WT , RT ),VT )
(WT , RT )

X X RT X {α |$α ∈
X } ⊆ X $α ∈ X $α ⊃ α



$α⊃ α ∈X α ∈X
⊣

$α⊃$$α

M4 = ((W4, R4),V4)

(W4, R4)
X ,Y,Z X R4 Y Y R4 Z

X R4 Z {α | $α ∈ X } ⊆ Z
$α ∈ X $α ⊃ $$α
$$α ∈ X X R4 Y $α ∈ Y

Y R4 Z α ∈ Z ⊣

α⊃$◊α
⊣



MS4 = ((WS4, RS4),VS4)

RS4
RS4 ⊣

$α⊃ α
◊α⊃$◊α

⊣



w w1 w2 w3 w4 · · ·

M1 = ((W1, R1),V1) M2 = ((W2, R2),V2)
∼ ⊆W1×W2

w1 ∼ w2 w1R1w ′1 w ′2 w2R2w ′2 w ′1 ∼ w ′2

w1 ∼ w2 w2R2w ′2 w ′1 w1R1w ′1 w ′1 ∼ w ′2

w1 ∼ w2 V1(w1) =V2(w2)

∼ M1 = ((W1, R1),V1) M2 = ((W2, R2),V2)
w1 ∈W1 w2 ∈W2 w1 ∼ w2 α M1, w1 ! α

M2, w2 ! α

α

α= p ∈! V1(w1) =
V2(w2) M1, w1 ! p M2, w2 ! p

α = ¬β α = β∨ γ
α=$β

(⇒) M1, w1 ! $β M2, w2 ! $β
M2, w ′2 ! β w ′2 w2R2w ′2

∼ w ′2 w ′1 w1R1w ′1
w ′1 ∼ w ′2 M1, w1 ! $β M1, w ′1 ! β w ′1 ∼ w ′2

M2, w ′2 ! β w ′2
R2 w2 M2, w2 !$β
(⇐) M2, w2 ! $β M1, w1 ! $β

⊣



α

V β α β w V
V ′ wi V ′(wi ) =

V (w) w
wi w

wi β wi
β α

⊣

(W , R) w
w ′ w(R∪ R−1)∗w ′

(W , R) R

⊣

R W w R w ′ w ′ R w
w = w ′

α
α

M = ((W , R),V ) R

!M = (($W , !R), !V ) !R
!M M



(W , R) R w
w ′ W w R w ′ w ′ R w

w w ′

X ⊆W X ×X ⊆ R

W X ∈ X
w /∈ X (X ∪ {w})× (X ∪ {w}) ̸⊆ R R

{w}
w ∈W W

X ∈ WX = X ×& & {0,1,2, . . .}
WX X

WX WX
≤X X X ∈ RX ⊆WX ×WX

RX = {((w, i), (w, i)) | w ∈X i ∈&}
∪ {((w, i), (w ′, i )) | w, w ′ ∈X w ≤X w ′}
∪ {((w, i), (w ′, j )) | w, w ′ ∈X i < j }

R

R′ =
⋃
{(WX ×WY ) |X ̸= Y w ∈X w ′ ∈ Y, w R w ′}

($W , !R) (W , R)

$W =
⋃

X∈ WX

!R= R′ ∪⋃X∈ RX

!R
$W (w, i ) w ∈ X

X ∈ i ∈& ($W , !R) !V ((w, i )) =V (w)
w ∈W i ∈&

∼ ⊆ $W ×W

∼ = {((w, i ), w) | w ∈W , i ∈&}



∼ !M M !V
!V ((w, i )) = V (w) w ∈ W i ∈ &

(w, i ) ∼ w (w, i ) !R (w ′, j ) w R w ′

w w ′ X w R w ′

X R w ∈ X w ′ ∈ Y
X Y (w, i ) R′ (w ′, j )

w1 ∈ X w ′1 ∈ Y w1 R w ′1 w R w1 w ′1 R w ′

R w R w ′

(w, i ) ∼ w w R w ′ (w ′, j )
(w, i ) !R (w ′, j ) w w ′ X
(w ′, j ) i < j RX (w, i ) RX (w ′, j )

(w, i ) !R (w ′, j ) w ∈ X w ′ ∈ Y
X Y (x, i ) R′ (y, j ) j ∈ &

(w ′, j ) (x, i ) !R (y, j )
∼ !M

M w ∈W α
M , w ! α !M , (w, i ) ! α i ∈ &

⊣

!R
⊣

α (W , R)
R

β α V (W , R) M , w ! ¬β
w ∈W M !M = (($W , !R), !V )
!R M , !w ! ¬β !w ∈ $W

β α
⊣



⊣

8
α "A α M = (F ,V ) F =

(W , R) ∈8 w ∈W M , w ! ¬α
8
8

8

8
8

8

α α
α

¬α ¬α
8



α α (α)

α ∈ (α)
¬β ∈ (α) β ∈ (α)
β∨ γ ∈ (α) β ∈ (α) γ ∈ (α)
$β ∈ (α) β ∈ (α)

(α) α
α |α| α

α |α|= n | (α)|≤ n | (α)|< |α| ⊣

X (X )
⋃
α∈X (α)

X X = (X )
M = ((W , R),V ) M ′ = ((W ′, R′),V ′)

∼ M M ′

(w, w ′) ∈∼ w w ′

w w ′

X
X

M = ((W , R),V ) M ′ = ((W ′, R′),V ′) X
X M M ′ f : W →W ′

w, w ′ ∈W w R w ′ f (w) R f (w ′)

f

p ∈! ∩X p ∈V (w) p ∈V ′( f (w))

( f (w), f (w ′)) ∈ R′ $α X M , w !
$α M , w ′ ! α

f
w R w ′ f (w)R′ f (w ′)

w w ′ X
(w, w ′) /∈ R $β /∈X M , w !$β M , w ′ #β



f X M = ((W , R),V ) M ′ = ((W ′, R′),V ′)
X α ∈X w ∈W M , w ! α

M ′, f (w) ! α

α
α = p ∈ ! ∩ X M , w ! p p ∈ V (w)

X p ∈V ′( f (w)) M , f (w) ! p

α = ¬β α = β ∨ γ
α=$β

(⇒) M , w ! $β M ′, f (w) ! $β
w ′ f (w)R′w ′ M ′, w ′ ! β w ′ f (w)R′w ′

f w ′′ ∈ W w ′ = f (w ′′)
M , w ′′ ! β X

β ∈ X M ′, f (w ′′) ! β
M ′, w ′ ! β w ′ R′ f (w)

M ′, f (w) !$β
(⇐) M ′, f (w) !$β M , w !$β

w ′ w R w ′ M , w ′ ! β w ′ w R w ′

f (w)R′ f (w ′)
M ′, f (w) ! $β M ′, f (w ′) ! β β ∈ X

M , w ′ ! β w ′ R
w M , w !$β ⊣

8 α 8 α
8

α M
α Xα Mα α ∈Xα

Xα M Mα α
Mα α

Xα Xα = (α) Mα
(Wα, Rα) Vα : Wα→ 2!

Wα Vα
Wα ≃α W w ≃α w ′

β ∈ Xα M , w ! β M , w ′ ! β w ≃α w ′ w
w ′ Xα [w]

w ≃ [w] = {w ′ | w ′ ≃α w}



Wα = {[w] | w ∈W } Wα Xα
Xα = (α) Xα

Vα [w] ∈Wα Vα([w]) =
⋂

w ′∈[w]V (w
′)

Rα

Rα

:

: :
α M = ((W , R),V ) α

wα ∈W M , wα ! α Xα = (α) Wα Vα
Rα

Rα = {([w],[w ′]) | β ∈Xα, M , w !$β M , w ′ !β}

Mα = ((Wα, Rα),Vα)
f : W →Wα w 3→ [w] w ∈W

f Xα M Mα f

f
p ∈ ! ∩Xα

w ∈W p ∈V (w) p ∈Vα([w]) [w]
Xα p ∈V (w) w ′ ≃α w p ∈V (w ′) p ∈⋂w ′∈[w]V (w ′)

Vα p ∈Vα([w])
(w, w ′) ∈ R ([w],[w ′]) ∈ Rα

Rα ([w],[w ′]) ∈ Rα β ∈ Xα M , w ! $β M , w ′ !β
(w, w ′) ∈ R
([w],[w ′]) ∈ Rα

$β ∈ Xα M , w ! $β M , w ′ ! β
Rα

f Xα M Mα Mα,[wα] !
α Mα α ⊣



α wα M = ((W , R),V ) (W , R)
α

Xα Mα = ((Wα, Rα),Vα)
f : w 3→ [w] Xα M Mα

(Wα, Rα)

R (w, w) ∈ R w ∈ W
(w, w) ∈ R ([w],[w]) ∈ Rα f

Rα
M M ′ ⊣

α wα M = ((W , R),V )
(W , R) α

Xα = (α) Wα Vα ≃α Rα

Rα = {([w],[w ′]) | $β ∈Xα. M , w !$β M , w ′ !$β.}

Mα = ((Wα, Rα),Vα)
f : W →Wα w 3→ [w]

f
Rα (w, w ′) ∈ R ([w],[w ′]) ∈
Rα M , w ! $β (W , R) M , w ! $β ⊃ $$β
M , w !$$β (w, w ′) M , w ′ !$β ([w],[w ′]) ∈ Rα

([w],[w ′]) ∈ Rα
$β Xα M , w ! $β M , w ′ ! β Rα

M , w ! $β M , w ′ ! $β (W , R)
M , w ′ !$β⊃β M , w ′ !β

f Xα M Mα
(Wα, Rα) (W , R)



(Wα, Rα)
([w1],[w2]) ([w2],[w3]) Rα

([w1],[w3]) ∈ Rα
$β Xα M , w1 ! $β M , w3 ! $β
M , w1 ! $β ([w1],[w2]) ∈ Rα M , w2 ! $β
([w2],[w3]) ∈ Rα M , w3 !$β ⊣

Rα

Rα = {([w],[w ′]) | $β ∈Xα, M , w !$β M , w ′ !β
M , w ′ !$β M , w !β}

Rα

Rα = {([w],[w ′]) | $β ∈Xα, M , w !$β M , w ′ !$β}

⊣

Wα
≃α (α)

|α| |Wα| 2|α|

≃α
α

8
f8 : &→ & α

8 α 8 f8 (|α|)
f8 (|α|) = 2|α|



α f8 (|α|)

α

f8 (|α|)

α |α|
⊣

(S,→) S
→ ⊆ S × S

(W , R)

s s ′

(S,Σ,→) S
Σ →⊆ S ×Σ× S



⇒ = {(s , s ′) | ∃a ∈ Σ : (s ,a, s ′) ∈ →} (S,⇒)
$ ◊

(W , R1, R2, . . . , Rn)
Ri W i ∈ {1,2, . . . , n}

n (W , R1) (W , R2) (W , Rn)

! ¬ ∨
n $1 $2 $n

V : W → 2!

M , w ! α

i ∈ {1,2, . . . , n}
M , w !$iα w ′ ∈W , w Ri w ′ M , w ′ ! α

{$i}i∈{1,2,...,n}
{Ri}i∈{1,2,...,n}

$3α ⊃ α $7α ⊃ $7$7α R3
R7

α ⊃ ◊5◊2β α R5
R2 β

(W , R1, R2) R2 =
R−1

1 R1∪R2
W

⊣



(S,Σ,→) →a ⊆
S × S a ∈Σ

→a = {(s , s ′) | (s ,a, s ′) ∈ →}

(S,{→a}a∈Σ)
(S,Σ,→)

(S,{→a}a∈Σ) $a
◊a a ∈ Σ $a

[a] ◊a 〈a〉

!

M , s ! [c]〈b 〉α s c
b

α α ⊤ b
c

c
b

a d



! = {p0, p1, . . .} ¬ ∨
A = {a0,a1, . . .}

Φ Π

p Φ

α Φ (¬α)

α β Φ (α∨β)

α Φ π Π ([π]α) Φ

a Π

π1 π2 Π (π1+π2) (π1 ·π2)

π Π (π∗)

α Φ (α?) Π



∧ ⊃ ≡
〈π〉 [π] 〈π〉α = ¬[π]¬α

[π]α w w ′

π w α π1+π2 π1 ·π2 π∗

π1 π2 π1 π2
π α? w

α w

F = (W ,A ,→) a
A a−→⊆W ×W (w, w ′) (w,a, w ′)
→ w a−→w ′ w ′ a w

M = (F ,V ) F = (W ,A ,→) V :
W → 2!

M , w ! α α w M
π−→ π Π

w ′ π w w π−→w ′

M , w ! p p ∈V (w) p ∈!
M , w ! ¬α M , w # α
M , w ! α∨β M , w ! α M , w !β
M , w ! [π]α w ′ ∈W , w π−→w ′ M , w ′ ! α
w
π1+π2−→ w ′ w

π1−→w ′ w
π2−→w ′

w
π1·π2−→ w ′′ ∈W , w

π1−→w ′′ w ′′
π2−→w ′

w π∗−→w ′ w π−→∗w ′, R∗ R

w α?−→w ′ w = w ′ M , w ! α
M , w ! [π]α π w α w π

w ′ w π−→w ′ M , w ! [π]α
α w0, w1, . . . , wn n ≥ 0 π

wi
π−→wi+1 i 0≤ i < n n



w w ′ w0 = w wn = w ′ w ′ π

w π w w ′ w π∗−→w ′ w ′ π
w M , w ! [π∗]α π w ′ w α

α
F = (W ,A ,→) M = (F ,V ) M , w ! α w ∈W

α ! α F = (W ,A ,→)
M = (F ,V ) w ∈W M , w ! α

[π](α ⊃ β) ⊃ ([π]α ⊃ [π]β) M =
((W ,A ,→),V ) w ∈ W M , w ! [π](α ⊃ β)

M , w ! [π]α ⊃ [π]β M , w ! [π]α
M , w ! [π]β π

w ′ w β M , w ! [π](α ⊃ β)
M , w ′ ! α ⊃β M , w ! [π]α M , w ′ ! α

⊃ M , w ′ !β
[π1+π2]α ≡ ([π1]α∧ [π2]α) M =

((W ,A ,→),V ) w ∈W M , w ! [π1+π2]α
M , w ′ ! α π1+π2 w ′ w

π1+π2−→
M , w ′ ! α w ′ π1 π2 w

M , w ! ([π1]α∧ [π2]α)

[π1 ·π2]α≡ [π1][π2]α M = ((W ,A ,→
),V ) w ∈W M , w ! [π1 ·π2]α M , w ′ !
α π1 · π2 w ′ w

π1·π2−→ M , w ′ ! α
w ′ π2 π1 w ′′ w

M , w ′′ ! [π2]α π1 w ′′ w
M , w ! [π1][π2]α

[π∗]α≡ α∧[π][π∗]α M = ((W ,A ,→
),V ) w ∈W M , w ! [π∗]α
w ′ π w α π w
α π w ′′ w w ′ π w ′′



α w α π w ′′ w [π∗]α
M , w ! α∧ [π][π∗]α

(α ∧ [π∗](α ⊃ [π]α)) ⊃ [π∗]α
M = ((W ,A ,→),V ) w ∈W M , w ! α M , w !
[π∗](α⊃ [π]α) w ′ W π w
π w ′ w π w

w ′ π w ′ π
w α M , w ! [π∗]α

w ′ π w ′ = w M , w ′ ! α
w ′ π n

w ′′ π n − 1 w ′′ π−→w ′

M , w ′′ ! α M , w ! [π∗](α ⊃ [π]α)
M , w ′′ ! α⊃ [π]α M , w ′′ ! [π]α M , w ′ ! α

[α?]β ≡ (α ⊃ β) M = ((W ,A ,→
),V ) w ∈ W M , w ! [α?]β M , w ′ ! β α?

w ′ w w α?−→w ′ w = w ′ M , w ! α w
α β M , w ! α⊃β

α [π]α
M = ((W ,A ,→),V ) w ∈W M , w ! [π]α

π w α α M , w ′ ! α
w ′ ∈W π w α M , w ! [π]α

[π](α⊃β)⊃ ([π]α⊃ [π]β)
[π1+π2]α≡ ([π1]α∧ [π2]α)
[π1 ·π2]α≡ [π1][π2]α
[π∗]α≡ (α∧ [π][π∗]α)
(α∧ [π∗](α⊃ [π]α))⊃ [π∗]α
[α?]β≡ (α⊃β)



α,α⊃β
β

α
[π]α

α ⊢ α α
⊢ [π](α∧β)≡

([π]α∧ [π]β)

α ⊢ α ! α

⊢ α ! α

⊣

α "¬α
{α1,α2, . . . ,αn} α1∧α2∧· · ·∧αn

X X

α
⊢ α



α0

α α (α)

α ∈ (α)

¬β ∈ (α) β ∈ (α)

β∨ γ ∈ (α) β ∈ (α) γ ∈ (α)

[a]β ∈ (α) a ∈A β ∈ (α)

[π1+π2]β ∈ (α) [π1]β ∈ (α) [π2]β ∈ (α)

[π1 ·π2]β ∈ (α) [π1][π2]β ∈ (α)

[π∗]β ∈ (α) [π][π∗]β ∈ (α) β ∈ (α)

[β?]γ ∈ (α) β ∈ (α) γ ∈ (α)

(α)
α α |α| α

α |α| = n | (α)| ≤ n2

| (α)|< |α|2 ⊣

α α β α ¬β ¬α
α (α) {β,β |β ∈ (α)}

(α) (α)
⊢ ¬α ≡ α ¬α

α
(α0)



A
α /∈ A∪ {α}

X ∩ X

X α0
A0 α0

A

¬α ∈ α /∈A ¬α ∈A

α∨β ∈ α∨β ∈A α ∈A β ∈A

α ∈ α ∈A

A A∪ {α} α ∈ α ∈A

⊢ (α1 ∧ · · ·∧αn)⊃β αi ∈A i ≤ n β ∈ β ∈A

[π1+π2]α ∈ [π1+π2]α ∈ A [π1]α ∈ A [π2]α ∈
A

[π1 ·π2]α ∈ [π1 ·π2]α ∈A [π1][π2]α ∈A

[π∗]α ∈ [π∗]α ∈A α ∈A [π][π∗]α ∈A

[α?]β ∈ [α?]β ∈A α /∈A β ∈A

⊣

A= {α1, . . . ,αn} !A α1 ∧ · · ·∧αn
V = {A1, . . . ,Am} !V

$A1 ∨ · · ·∨'Am
$

⊢$

= {A1, . . . ,Ar } ⊢ $ ¬$
¬$A1 ∧ · · ·∧¬$Ar

X ¬$A1 ∧ · · ·∧¬$Ar ∈ X
i : 1 ≤ i ≤ r ¬ !Ai ∈ X B = X ∩ X



B B ∈ Ak k : 1 ≤ k ≤ r
$Ak ∈X X ¬$

⊢$ ⊣

U ⊆ V = \U ⊢ !U ≡ ¬ !V

U = {A1, . . . ,Am} V = {B1, . . . ,Bn} i : 1 ≤ i ≤ m
j : 1≤ j ≤ n αi j ∈ Ai \Bj ⊢ !U ∨ !V
⊢ !U ≡ ¬ !V ℓi j 2n(i−1)+2 j+1

ℓ′i j ℓi j + 1 1≤ i ≤ m 1≤ j ≤ n ℓ11 = 3

1. !U ∨ !V
2. ¬ !V ⊃ !U

ℓ11. ($A1 ⊃ α11)∧ ( !B1 ⊃ ¬α11) α11 ∈A1 \B1

ℓ′11. $A1 ⊃ ¬ !B1 ℓ11

· · ·

ℓi j . ( !Ai ⊃ αi j )∧ ( !Bj ⊃ ¬αi j ) αi j ∈Ai \Bj

ℓ′i j .
!Ai ⊃ ¬ !Bj ℓi j

· · ·

ℓmn . ('Am ⊃ αmn)∧ ($Bn ⊃ ¬αmn) αmn ∈Am \Bn

ℓ′mn . 'Am ⊃ ¬$Bn ℓmn

ℓ′mn + 1. ($A1 ∨ · · ·∨'Am)⊃ (¬ !B1 ∧ · · ·∧¬!B) ℓ′11, . . . ,ℓ′mn
ℓ′mn + 2. !U ⊃ ¬ !V ℓ′mn + 1 !U , !V
ℓ′mn + 3. !U ≡ ¬ !V ℓ′mn + 2

U V ⊢ !U ∨ !V
⊢ !U ≡ ¬ !V ⊣

α ∈ U {A∈ | α ∈A} ⊢ α≡ !U

U {A1, . . . ,Am} V = \U {B1, . . . ,Bn}



1. ($A1 ⊃ α)∧ · · ·∧ ('Am ⊃ α) α ∈Ai 1≤ i ≤ m
2. !U ⊃ α !U
3. ( !B1 ⊃ ¬α)∧ · · ·∧ ($Bn ⊃ ¬α) α /∈ Bj ¬α ∈ Bj 1≤ j ≤ n
4. (α⊃ ¬ !B1)∧ · · ·∧ (α⊃ ¬$Bn)
5. α⊃ ¬ !V !V
6. !U ≡ ¬ !V
7. α⊃ !U
8. α≡ !U

⊣
α β π A∈

⊢ α⊃ [π]¬ !A ⊢ !A⊃β ⊢ α⊃ [π]β
{A1, . . . ,Ar } Ai ⊢ !Ai ⊃β

⊢ !Ai ⊃β
⊢ [π]( !Ai ⊃β)
⊢ α⊃ [π]( !Ai ⊃β)

⊢ α ⊃ [π]¬ !Ai

⊢ ¬ !Ai ⊃ ( !Ai ⊃β)
⊢ [π]¬ !Ai ⊃ [π]( !Ai ⊃β)
⊢ α⊃ [π]¬ !Ai
⊢ α⊃ [π]( !Ai ⊃β)

i : 1 ≤ i ≤ r ⊢ α ⊃ [π]( !Ai ⊃ β)
⊢ [π](γ ∧δ)≡ ([π]γ ∧[π]δ) ⊢ α⊃

[π](($A1 ⊃β)∧· · ·∧($Ar ⊃β)) ⊢ α⊃ [π](($A1∨· · ·∨$Ar )⊃β)
$ =$A1 ∨ · · ·∨$Ar ⊢ $

⊢ α⊃ [π]β ⊣

α0

α0 F = ( ,A ,→)
A,B ∈ a ∈A A a−→B !A∧ 〈a〉!B

M = (F ,V ) A∈ V (A) = A∩!
M π−→ π



A∈ α ∈ M ,A! α α ∈A
M ,A0 ! α0

(α) α
|α| α |π| π

|p| = 1 p ∈ P |¬α| = |α|+ 1 |α ∨β| = |α|+ |β|+ 1
|[π]α| = |π|+ |α| |a| = 1 a ∈ A |π1 + π2| = |π1 · π2| = |π1|+ |π2|+ 1
|π∗|= |π|+ 1 |α?|= |α|+ 1

|[π1]α|< |[π1+π2]α| |[π1][π2]α|<
|[π1 ·π2]α|

A∈W α ∈ M ,A! α α ∈A

A B π α0
π [π]α ∈ α A π−→B [π]α ∈A

α ∈ B

A B π α0
!A∧〈π〉!B

A π−→B

α = p ∈ ! ∩ M ,A! p p ∈V (A) p ∈ A
V

α = ¬β ∈ M ,A! ¬β M ,A#β β /∈ A
¬β ∈A

α = β∨ γ ∈ M ,A ! β∨ γ M ,A ! β M ,A ! γ
β ∈A γ ∈A A β∨ γ ∈X

α= [π]β ∈
(⇐) [π]β ∈A M ,A! [π]β

B A π−→B β ∈ B
M ,B !β B π A M ,A! [π]β



(⇒) M ,A ! [π]β B A π−→B
M ,B ! β B M ,B # β

A π−→B B ⊢ !A ⊃ [π]¬!B
β M ,B # β β /∈ B

B β /∈ B ⊢ !A ⊃ [π]¬!B
B ¬β ∈ B ⊢ !A⊃ [π]¬!B

⊢ !A ⊃ [π]¬ !U
U ¬β

⊢ !U ≡ ¬β ⊢ !A⊃ [π]β !A
A [π]β ∈ A [π]β ∈ B

π = a ∈A A B [a]α ∈ A α /∈ B
¬α ∈ B ⊢ !A⊃ [a]α ⊢ !B ⊃ ¬α ⊢ α ⊃ ¬!B

⊢ [a]α⊃ [a]¬!B ⊢ !A⊃ [a]¬!B
A a−→B A a−→B [a]α ∈ A

α ∈ B

π=π1+π2 A [π1+π2]α ∈A [π1]α ∈A [π2]α ∈A

A
π1+π2−→ B A

π1−→B A
π2−→B

α ∈ B

π = π1 · π2 A [π1 ·π2]α ∈ A [π1][π2]α ∈ A A
π1·π2−→B

C A
π1−→C C

π2−→B
[π2]α ∈C

α ∈ B

π = π∗1 A [π∗1]α ∈ A α ∈ A [π1][π∗1]α ∈ A

A
π∗1−→B A0, . . . ,Ak

k ≥ 0 A=A0 B =Ak i : 0≤ i < k Ai
π1−→Ai+1

[π∗1]α ∈ Ai i : 0 ≤ i ≤ k [π∗1]α ∈ Ak = B
α ∈ B

[π∗1]α ∈ A0 [π∗1]α ∈ Ai

[π1][π∗1]α ∈ Ai Ai
π1−→Ai+1

π1−→ [π∗1]α ∈Ai+1

π=β? A [β?]α ∈A β /∈A α ∈A β β /∈A



M ,A # β A
β?−→B M ,A ! β A = B β ∈ A

α ∈A= B

a ∈ A a−→
!A∧ 〈a〉!B A a−→B

π = π1 + π2 π1 + π2 α0

A
π1+π2−→ B A

π1−→B
A

π2−→B
⊢ !A ⊃ [π1]¬!B ⊢ !A ⊃ [π2]¬!B
⊢ !A⊃ [π1+π2]¬!B
π = π1 ·π2 π1 ·π2 α0

A
π1·π2−→B

C A
π1−→C C

π2−→B
C ⊢ !A⊃ [π1]¬ !C ⊢ !C ⊃ [π2]¬!B!A α [π2]¬!B β π1

π ⊢ !A⊃ [π1][π2]¬!B
⊢ !A⊃ [π1 ·π2]¬!B
π = α? α? α0

A α?−→B M ,A# α
A ̸= B α α /∈ A ¬α ∈ A A

α ⊢ !A⊃ ¬α ⊢ !A⊃ (α ⊃ ¬!B)
β ∈ A ¬β ∈ B

⊢ !A⊃ ¬!B ⊢ !A⊃ (α⊃ ¬!B)
⊢ !A⊃ (α ⊃ ¬!B) ⊢ !A⊃ [α?]¬!B

π = π∗1 π∗1 α0

A
π∗1−→B U π1

A U = {C ∈ | A
π∗1−→C } B ̸= C C ∈ U

C D ⊢ !C ⊃ ¬ !D
⊢ !U ⊃ ¬!B ⊢ !U ⊃ [π1] !U

⊢ !U ⊃ [π∗1] !U ⊢ !A⊃ !U



A ∈ U ⊢ !U ⊃ ¬!B
⊢ !A⊃ [π∗1]¬!B

⊢ !U ⊃ [π1] !U

V = \U ⊢ !U ≡ ¬ !V
⊢ !U ⊃ [π1]¬ !V C ∈ U D ∈ V

D π1 Y
U D U

D π1 C
π1−→

!C ∧ 〈π1〉 !D
⊢ !C ⊃ [π1]¬ !D C ∈ U D ∈ V

⊢ !U ⊃ [π1]¬ !V

⊣

α
α 22·|α|2



¬ ∨
∃

∀
≡

(G,+, 0) G
0 ∈G + : G×G→G

≡ =



+

0 +

G x ∈ G
y ∈G x + y = 0

ϵ

∀x∀y∀z ( (x, y), z)≡ (x, (y, z))

∀x (x,ϵ)≡ x

∀x∃y (x, y)≡ ϵ

S
f S ϵ s S ≡

S
f s
ϵ f

S S f
s ϵ

(S, f , s ) (S, f , s )
(G,+, 0)

+ 0
ϵ
(S, f , s )

+ x + y
+(x, y)



L = (R, F ,C ) R =
{r1, r2, . . .} F = { f1, f2, . . .}

C = {c1, c2, . . .}
r ∈ R f ∈ F #(r ) #( f )

= {v1, v2, . . .}
x, y, z, . . .

L
¬ ∨ ∃

L

L = (R, F ,C ) L

c ∈C

x ∈

t1, t2, . . . , tn L f ∈ F n
f (t1, t2, . . . , tn)

L
L C

L

L= (R, F ,C )
L

r ∈ R n t1, t2, . . . , tn L
r (t1, t2, . . . , tn)

t1 t2 L t1 ≡ t2



n 〈t1, t2, . . . , tn〉
r

t1 t2

ΦL
L ΦL

L ΦL

ϕ ∈ ΦL ¬ϕ ∈ ΦL

ϕ,ψ ∈ ΦL ϕ ∨ψ ∈ ΦL

ϕ ∈ ΦL x ∈ ∃x ϕ ∈ ΦL

∧ ⊃ ≡ ¬ ∨
∃

∀x ϕ = ¬∃x ¬ϕ

L = (R, F ,C ) S S
R S F S

C

L= (R, F ,C )
L C = (S, ι) S ι

R∪ F ∪C

r ∈ R #(r ) = n ι(r ) n
S ι(r )⊆ Sn

f ∈ F #( f ) = n ι( f ) n
S ι( f ) : Sn→ S



c ∈C ι(c) S ι(c) ∈ S

ι(r ) ι( f ) ι(c) rC fC cC

L L

L= (R, F ,C ) L
D = (C ,σ) C = (S, ι) L σ : → S

S

σ : → S σ[x1 3→ s1, x2 3→ s2, . . . , xn 3→
sn] σ ′ σ ′(xi ) = si i ∈ {1,2, . . . , n} σ ′(z) =
σ(z) z /∈ {x1, x2, . . . , xn} D = (C ,σ)
D [x1 3→ s1, x2 3→ s2, . . . , xn 3→ sn] (C ,σ[x1 3→
s1, x2 3→ s2, . . . , xn 3→ sn])

D t
L tD S D = (C ,σ) C = (S, ι)

t c ∈C tD = cC

t x ∈ tD = σ(x)

t f (t1, t2, . . . , tn) f ∈ F tD = fC (tD1 , tD2 , . . . , tDn )

L= (R, F ,C ) D
L ϕ ∈ ΦL

D = (C ,σ) D ! ϕ
D ! t1 ≡ t2 tD1 = tD2

D ! r (t1, t2, . . . , tn) (tD1 , tD2 , . . . , tDn ) ∈ rC

D ! ¬ϕ D # ϕ
D ! ϕ ∨ψ D ! ϕ D !ψ
D ! ∃x ϕ s ∈ S D [x 3→ s] ! ϕ



∀x ϕ

D ! ∀x ϕ s ∈ S, D [x 3→ s] ! ϕ.

⊣

ϕ ∈ ΦL
D L C D ! ϕ

ϕ ∈ ΦL L C D C
D ! ϕ ϕ ϕ

L C σ
σ

ϕ σ
ϕ
σ

ϕ ∃x ψ ∀x ψ σ x

x

∃x ψ ∃x
ψ x ϕ
∃x x ϕ

ϕ (ϕ)

ϕ r (t1, t2, . . . , tn) (ϕ)
{t1, t2, . . . , tn}

ϕ t1 ≡ t2 (ϕ)
{t1, t2}

(¬ϕ) = (ϕ)

(ϕ ∨ψ) = (ϕ)∪ (ψ)

(∃x ϕ) = (ϕ) \ {x}



ϕ(x1, x2, . . . , xk ) (ϕ) ⊆
{x1, x2, . . . , xk}

L ϕ ∈ ΦL C L
σ ,σ ′ (ϕ) (C ,σ) ! ϕ (C ,σ ′) !

ϕ

ϕ(x1, x2, . . . , xn)
C x1, x2, . . . , xn

ϕ σ
(C ,[x1 3→ s1, x2 3→ s2, . . . , xn 3→ sn]) ! ϕ (C ,σ) ! ϕ

σ xi si i ∈ {1,2, . . . , n}

L L

L ϕ ∈ ΦL C
L σ ,σ ′ (C ,σ) ! ϕ (C ,σ ′) ! ϕ

ϕ L C
C ! ϕ X C !X C ! ϕ

ϕ ∈X

X
L ϕ X

X ! ϕ C C !X C ! ϕ

ϕ(x1, x2, . . . , xn) {x1, x2, . . . , xn}⊆ (ϕ)



t1, t2, . . . , tn ϕ(x1, x2, . . . , xn)[x1 3→ t1, x2 3→ t2, . . . , xn 3→ tn]
xi ti ϕ i ∈ {1,2, . . . , n}

ti
ϕ ϕ(x) = ∃y ¬(x ≡ y)

t = y x t ∃y ¬(y ≡ y)

ϕ ∃y ¬(x ≡ y) [x 3→ y]
∃z ¬(y ≡ z)

ϕ(x1, x2, . . . , xn)[x1 3→ t1, x2 3→ t2, . . . , xn 3→ tn] ϕ(t1, t2, . . . , tn)

C = (S, f , s )
S f s

x, y, z
x ◦ z = y ◦ z x = y

ϵ

ϕc = ∀x ∀y ∀z ( (x, z)≡ (y, z)⊃ x ≡ z)

ϕc (G1), (G2), (G3) !
ϕc

g (G,+, 0) g ̸= 0 g + g + · · ·+ g︸ ︷︷ ︸
n times

= 0

n

ψ = ¬∃x (¬(x ≡ ϵ)∧ (x, x)≡ ϵ)



C = (S, f , s ) C !ψ C

∀x ∀y (x, y)≡ (y, x)

{(G1), (G2), (G3), (Ab)}

(G,+, 0)
G g ∈G

n ≥ 1 g + g + · · ·+ g︸ ︷︷ ︸
n times

= 0

∀x (x ≡ ϵ∨ (x, x)≡ ϵ∨ ( (x, x), x)≡ ϵ∨ · · · )

r r

∀x r (x, x)

∀x ∀y (r (x, y)≡ r (y, x))

∀x ∀y ∀z ((r (x, y)∧ r (y, z))⊃ r (x, z))

C rC

<
S

S <

<



∀x ¬(x < x)

∀x ∀y ∀z ((x < y ∧ y < z)⊃ x < z)

∀x ∀y (x < y ∨ x = y ∨ y < x)

(F ,+, ·, 0, 1)

(F ,+, 0)

· F 1 0 ̸= 1
0 ·

· +

⊣

ϕ≥2 = ∃x ∃y ¬(x ≡ y)

ϕ≥2
ϕ≥n

n
ϕ≥n = ∃x1∃x2 · · ·∃xn

∨

i ̸= j

¬(xi ≡ xj )

¬ϕ≥2 = ∀x ∀y (x ≡ y)

¬ϕ≥2
ϕ≥n ¬ϕ≥m

{ϕ≥2,ϕ≥3, . . .}



M = (F ,V ) α C M
α̂ α

! = {p0, p2, p2, . . .}
L

! r
{P0, P1, P2, . . .}

L C S
rC

PC0 , PC1 , PC2 , . . . V (p0),V (p1),V (p2), . . .
{α 3→ α̂(x)} x

!

pi ∈! p̂i (x) = Pi (x) x

α= ¬β α̂(x) = ¬β̂(x)

α=β∨ γ α̂(x) = β̂(x)∨ γ̂ (x)

α=$β α̂(x) = ∀y (r (x, y)⊃ β̂(y))

α ! α α̂(x)

(⇒) M = (F ,V ) F = (W , R) w ∈ W
M , w ! α W C rC = R
PCi =V (pi ) pi ∈! (C ,[x 3→ w]) ! α̂(x)

α
α $β

α̂(x) ∀y (r (x, y)⊃ β̂(y)) M , w !$β
w ′ ∈W w R w ′ M , w ′ ! β

rC = R y [y 3→ w ′] w R w ′

(C ,[y 3→ w ′]) ! β̂(y)
(C ,[x 3→ w]) ! α̂(x)



(⇐) C S
s ∈ S (M ,[x 3→ s]) ! α̂(x) α

(S, rC ) pi ∈ ! V (pi ) = PCi
α M , s ! α

⊣

α

α̂(x)

α

α̂(x)
r

∀y (¬r (y, y))

∀y (¬r (y, y)) ∧ α̂(x) α

L C L
L ϕC L

C ⊣

L = {+,×, 0} + × 0
L (',+,×, 0) '

+ × 0



< (',+,×, 0)
ϕ(x, y) L a, b ' ((',+,×, 0),[x 3→

a, y 3→ b]) ! ϕ(x, y) a < b

L= {+, 0} < (',+, 0)

(',+, 0)
(',+, 0) ⊣

L = {r } r
L

r

r
⊣

M L
ϕ L

M = {n | ϕ n }

{1,2,3, . . .}

m ≥ 1 m

⊣



X ⊆ ΦL L
L C ϕ ∈ X C ! ϕ

L= (R, F ,C )
r L t1, t2

r (t1, t2)∧¬(r (t1, t2)) r (t1, t2)

∀x r (x, t2)∧¬∃x r (x, t2)

L

X
X ′ X X ′ X ′

L
∃ !L L

∃x r (x) ∨ t1 ≡ t2 ∃x r (x)
t1 ≡ t2 ∀x s (x) ⊃ ∃x s (x) ∀ ∃

∃x ¬s (x) ∃x s (x)

ΦL
¬ ∨

X ⊆ ΦL

ϕ ∈ ΦL
v :!L→ {⊤,⊥} ϕ

⊤ v L ΦL ⊤
!L



∃x r (x)∨ t1 ≡ t2
⊤

∃x r (x)∧¬∃x r (x)
p ∧¬p

∃x r (x) ∨ ¬(∃x r (x)) L
p ∨¬p

L ∃x r1(y)⊃∀y r2(y)∨∃x r1(x)
p ⊃ q ∨ p

D L v !L
ϕ D ! ϕ v ! ϕ

ψ v(ψ) = ⊤ D ! ψ v(ψ) = ⊥

¬ ∨ ⊣

X ⊆ ΦL X X

{c ≡ d , d ≡ e ,¬(c ≡ e)}
c ≡ d d ≡ e ⊤ c ≡ e ⊥

{∀x (r (x)⊃ s (x)),∀x r (x),∃x ¬s (x)}

ΦL

{c ≡ d , d ≡ e ,¬(c ≡ e)}
{(c ≡ d ) ∧ (d ≡ e) ⊃ (c ≡ e)}

c ≡ d d ≡ e
c ≡ e



{∀x (r (x) ⊃ s (x)),∀x r (x),∃x ¬s (x)}
{¬∃x (r (x)∧¬s (x)),¬∃x ¬r (x),∃x ¬s (x)}
∃y ϕ(y) t

ϕ
t ∃y ϕ(y)⊃ ϕ(t ) ∃y ϕ(y)

¬∃y ϕ(y) ¬ϕ(t )
t ¬∃y ϕ(y)

¬∃y ϕ(y)⊃ ¬ϕ(t ) t
{¬∃x (r (x)∧¬s (x)),¬∃x ¬r (x),∃x ¬s (x)}

t ∃x ¬s (x) ∃x ¬s (x)⊃
¬s (t ) ¬∃y ϕ(y)
¬∃x (r (x)∧¬s (x))⊃ ¬(r (t )∧¬s (t )) ¬∃x ¬r (x)⊃ ¬¬r (t )

{¬(r (t )∧¬s (t )),¬¬r (t ),¬s (t )} {¬r (t )∨ s(t ), r (t ),¬s (t )}

∃y ϕ(y) L

L

L = (R, F ,C ) X ⊆ ΦL
L

C0,C1, . . .

C0 = 2 L0 = L

Cn Ln = (R, F ,C ∪C1∪C2∪ · · ·∪Cn)
ϕ(x) ΦLn

\ΦLn−1
x cϕ(x)

∃x ϕ(x)
Cn+1 ΦLn

\ΦLn−1

CH =
⋃

i≥0 Ci LH = (R, F ,C ∪CH )



LH ∃x ϕ(x)⊃ ϕ(cϕ(x))
LH ϕ(t )⊃ ∃x ϕ(x)

t LH

ΦH ΦQ
LH

LH L

t , u, v
LH f n L

r n L

t ≡ t
t ≡ u ⊃ u ≡ t

(t ≡ u ∧ u ≡ v) ⊃ t ≡ v
(t1 ≡ u1 ∧ t2 ≡ u2 ∧ · · ·∧ tn ≡ un) ⊃ ( f (t1, t2, . . . , tn)≡ f (u1, u2, . . . , un))
(t1 ≡ u1 ∧ t2 ≡ u2 ∧ · · ·∧ tn ≡ un) ⊃ (r (t1, t2, . . . , tn)⊃ r (u1, u2, . . . , un))

ΦEq LH
ΦEq

LH

L LH
L X L



L D = (C ,σ) X

LH (C ,σ) X

X ∪ΦH ∪ΦQ ∪ΦEq

D = (C ,σ) L
X C = (S, ι) LH

D ′ = ((S, ι′),σ) ι′ ι′(c) = ι(c) c ∈ C
cϕ(x) ∈ CH ι(cϕ(x)) = o ∈ S D ! ϕ(o) C ! ∃x ϕ(x) o

D ′ ! X ∪ΦH ∪ΦQ ∪ΦEq
X ∪ΦH ∪ΦQ ∪ΦEq

v LH v ! X ∪ΦH ∪ΦQ ∪ΦEq
D = (C ,σ) C = (S, ι)

D ! X D ϕ
LH D ! ϕ v ! ϕ

ΦH v ! ∃x ϕ(x) v ! ϕ(cϕ(x))
∃x ϕ(x) LH

D

S

rC ⊆ Sn n r LH

fC : Sn→ S n f LH

cC ∈ S c LH

σ

C

LH = (R, F ,C ∪CH ) S ≃
LH

t ≃ u iff v ! t ≡ u

≃
≃ t ≃ u u ≃ w

t ≡ u ∧ u ≡ w ⊃ t ≡ w



v ! ΦEq v ! t ≡ u ∧ u ≡ w ⊃ t ≡ w t ≃ u
u ≃ w v ! t ≡ u v ! u ≡ w v ! t ≡ w

t ≃ w t [t]
t S {[t] | t

LH }

r n rC = {〈[t1],[t2], . . . ,[tn]〉 | v !
r (t1, t2, . . . , tn)}

t1 ≃ u1 t2 ≃ u2 tn ≃ un v ! r (t1, t2 . . . , tn) v ! r (u1, u2 . . . , un)

t1 ≡ u1 ∧ t2 ≡ u2 ∧ · · ·∧ tn ≡ un ⊃ (r (t1, t2 . . . , tn)⊃ r (u1, u2 . . . , un))

ti ≃ ui i ∈ {1,2, . . . , n} v ! ti ≡ ui i ∈ {1,2, . . . , n}
v ! r (t1, t2, . . . , tn) v ! ΦEq

v ! r (u1, u2, . . . , un)

t1, . . . , tn LH f n F
fC ([t1], . . . ,[tn]) [ f (t1, . . . , tn)]

fC f (t1, t2, . . . , tn) ≃
f (u1, u2, . . . , un) ti ≃ ui i ∈ {1,2, . . . , n} ti ≃ ui
i ∈ {1,2, . . . , n} v ! ti ≡ ui i

v ! f (t1, t2, . . . , tn)≡ f (u1, u2, . . . , un)
f (t1, t2, . . . , tn)≃ f (u1, u2, . . . , un)

c ∈C ∪CH cC = [c]

x ∈ σ(x) = [x]

C
ϕ C ! ϕ v ! ϕ D ! r (t1, . . . , tn)

〈[t1], . . . ,[tn]〉 ∈ rC v ! r (t1, . . . , tn) D !
t1 ≡ t2 tD1 = tD2 t1 ≃ t2
v ! t1 ≡ t2

ϕ
ϕ ϕ = ¬ψ ϕ = ψ1 ∨ψ2

ϕ = ∃x ψ(x)
(C ,σ) ! ϕ s S

(C ,σ[x 3→ s]) ! ψ(x) S
[t] t LH ts ∈ LH tCs = s



(C ,σ) ! ψ(ts ) v ! ψ(ts ) ψ(ts ) ⊃
∃x ψ(x) v ! ψ(ts ) ⊃ ∃x ψ(x) v !
∃x ψ(x)

v ! ∃x ψ(x) ∃x ψ(x) ⊃ ψ(cψ(x))
v ! ψ(cψ(x))

D !ψ(cψ(x)) ∃
D ! ∃x ψ(x) ⊣

L LH
L X L LH

X L X ⊣

X ϕ
X ! ϕ Y ⊆ X Y ! ϕ

L X
L X Y ⊆ X

Y ⊆ X
X

(X ∪ΦH ∪ΦQ ∪ΦEq )

(X ∪ΦH ∪ΦQ ∪ΦEq )
Y ⊆ X

Y ⊆ X (Y ∪ ΦH ∪ ΦQ ∪ ΦEq )
(X ∪ΦH ∪ΦQ ∪ΦEq )

(Y ∪ΦH ∪ΦQ ∪ΦEq ) Y ⊆ X
(X ∪ΦH ∪ΦQ ∪ΦEq ) (X ∪ΦH ∪ΦQ ∪ΦEq )

X ⊣



L X
L

L X X

L X X
L

L ΦL
X

L
L CH L
C1 cϕ(x) ϕ(x) ∈ ΦL ΦL

C1 L1 Ln
Cn+1

CH
⊣

L
L

L



x ≡ x
t ≡ u ⊃ (ϕ(t )≡ ϕ(u)), ϕ

ϕ(t )⊃ ∃x ϕ(x)
ϕ, ϕ ⊃ψ

ψ

ϕ(x)⊃ψ
∃x ϕ(x)⊃ψ , x /∈ (ψ)

X L X ⊢ ϕ
ϕ1,ϕ2, . . . ,ϕn ϕn = ϕ i ∈ {1,2, . . . , n}

ϕi X

L

t ≡ t t
1. x ≡ x
2. y ≡ y
3. ¬(x ≡ x)⊃ ¬(y ≡ y)
4. ∃ x¬(x ≡ x)⊃ ¬(y ≡ y)
5. ¬(t ≡ t )⊃ ∃ x¬(x ≡ x)
6. ¬(t ≡ t )⊃ ¬(y ≡ y)
7. t ≡ t

t ≡ u ⊃ u ≡ t
α(x) x ≡ t α(t ) t ≡ t α(u) u ≡ t

1. t ≡ t
2. t ≡ u ⊃ (α(t )≡ α(u))
3. t ≡ u ⊃ u ≡ t

(t ≡ u ∧ u ≡ v) ⊃ t ≡ v
α(x) t ≡ x α(u) t ≡ u α(v) t ≡ v

1. u ≡ v ⊃ (α(u)≡ α(v))
2. (t ≡ u ∧ u ≡ v)⊃ t ≡ v



f
(t1 ≡ u1 ∧ t2 ≡ u2 ∧ t3 ≡ u3) ⊃ ( f (t1, t2, t3) ≡ f (u1, u2, u3))

α(x1, x2, x3) f (t1, t2, t3) ≡ f (x1, x2, x3)
x1, x2, x3 t1, t2, t3, u1, u2, u3 α1(x1) f (t1, t2, t3)≡

f (x1, t2, t3) α2(x2) f (t1, t2, t3)≡ f (u1, x2, t3) α3(x3) f (t1, t2, t3)≡
f (u1, u2, x3) α1(t1) f (t1, t2, t3)≡ f (t1, t2, t3)

α3(u3) f (t1, t2, t3) ≡ f (u1, u2, u3) 6
α1(u1) α2(t2) α2(u2)

α3(t3)
1. α1(t1) t ≡ t
2. (t1 ≡ u1 ∧ t2 ≡ u2 ∧ t3 ≡ u3)⊃ α1(u1)
3. (t1 ≡ u1 ∧ t2 ≡ u2 ∧ t3 ≡ u3)⊃ α2(t2) α1(u1)≡ α2(t2)
4. (t1 ≡ u1 ∧ t2 ≡ u2 ∧ t3 ≡ u3)⊃ α2(u2)
5. (t1 ≡ u1 ∧ t2 ≡ u2 ∧ t3 ≡ u3)⊃ α3(t3) α2(u2)≡ α3(t3)
6. (t1 ≡ u1 ∧ t2 ≡ u2 ∧ t3 ≡ u3)⊃ α3(u3)

r
(t1 ≡ u1∧ t2 ≡ u2)⊃ (r (t1, t2)⊃ r (u1, u2)) x1, x2 t1, t2, u1, u2

1. t1 ≡ u1 ⊃ (r (t1, x2)⊃ r (u1, x2))
2. (t1 ≡ u1 ∧ t2 ≡ u2)⊃ (r (t1, t2)⊃ r (u1, u2)) 1

⊣

X L ϕ L X ⊢ L
X ! L

X ⊢ ϕ X ! ϕ

X ⊢ ϕ



ϕ(x) ⊃ ψ x /∈ (ψ)
(C ,σ) (C ,σ) ! ϕ(x)⊃ψ

(C′,σ ′) C′ = (S ′, ι′)
(C′,σ ′) ! ∃x ϕ(x) (C′,σ ′) !ψ
(C′,σ ′) ! ∃x ϕ(x) ∃ (C′,σ ′) !

∃x ϕ(x) s ∈ S ′ (C′,σ ′[x 3→ s]) ! ϕ(x) ϕ(x)⊃ψ
(C′,σ ′[x 3→ s]) ! ψ x /∈ (ψ) σ ′[x 3→ s] σ ′

(ψ) (C′,σ ′) ! ψ
⊣

X

X ⊢ (ϕ ⊃ψ) X ⊢ (¬ϕ ⊃ψ) X ⊢ψ
X ⊢ (ϕ ⊃ θ)⊃ψ X ⊢ (¬ϕ ⊃ψ) X ⊢ (θ⊃ψ)
x /∈ (ψ) X ⊢ [(∃y ϕ(y)⊃ ϕ(x))⊃ψ] X ⊢ψ

[(ϕ ⊃ ψ) ⊃ ((¬ϕ ⊃ ψ) ⊃ ψ)] X ⊢ [(ϕ ⊃ ψ) ⊃
((¬ϕ ⊃ψ)⊃ψ)] X ⊢ (ϕ ⊃ψ) X ⊢ (¬ϕ ⊃ψ)

X ⊢ψ
[((ϕ ⊃ θ)⊃ ψ)⊃ (¬ϕ ⊃ ψ)] [((ϕ ⊃ θ)⊃

ψ)⊃ (θ⊃ψ)]
X ⊢ [(∃y ϕ(y) ⊃ ϕ(x)) ⊃ ψ] x /∈ (ψ) X ⊢

(¬∃y ϕ(y) ⊃ ψ) X ⊢ ϕ(x) ⊃ ψ
X ⊢ ∃y ϕ(y) ⊃ ψ

X ⊢ψ
⊣

X ! ϕ X ⊢ ϕ

X ! ϕ X∪{¬ϕ}
X ∪ ¬ϕ ∪ ΦH ∪ ΦQ ∪ ΦEq

Y ⊆
X ∪ΦH ∪ΦQ ∪ΦEq Y ∪ {¬ϕ}

Y α1,α2, . . . ,αn ,β1,β2, . . . ,βm



α1,α2, . . . ,αn Y
X ∪ΦQ ∪ΦEq

β1,β2, . . . ,βm Y ΦH

LH L
L0 ( L1 ( · · · ψ LH

ψ k ψ Lk

β1,β2, . . . ,βm βi
βi+1 i ∈ {1,2, . . . , m−1}

βi ∃x ψ(x)⊃ψ(cψ(x)) cψ(x)
βi β1,β2, . . . ,βm

βi βi+1,βi+2, . . . ,βm
i ∈ {1,2, . . . , m−1}

Y ∪ {¬ϕ}

α1 ⊃ (α2 ⊃ · · ·⊃ (αn ⊃ (β1 ⊃ (β2 ⊃ · · ·⊃ (βm ⊃ ϕ) · · · )

X ⊢ α1 ⊃ (α2 ⊃ · · ·⊃ (αn ⊃ (β1 ⊃ (β2 ⊃ · · ·⊃ (βm ⊃ ϕ) · · · )

(α′1 ⊃ (α′2 ⊃ · · ·⊃ (α′n ⊃ (β′1 ⊃ (β′2 ⊃ · · ·⊃ (β′m ⊃ ϕ′) · · · )
ϕ′ ϕ ϕ L

α′1,α′2, . . . ,α′n X
n

X ⊢β′1 ⊃ (β′2 ⊃ · · ·⊃ (β′m ⊃ ϕ) · · · )

β′i ∃x ψ(x) ⊃ ψ(y)
y β′i+1,β′i+2, . . . ,β′m ,ϕ n

X ⊢ ϕ ⊣



X
n ∈& X n X

Y = X ∪ {ϕ≥n | 2 ≤ n} ϕ≥n
Y X
Y

Y0 Y
Y0 Xn0

= X ∪ {ϕ≥n | 2 ≤ n ≤ n0} n0 ∈ &
X n0

Xn0
Y0 ⊣

X
A X

A A

L X C L
a ∈A ca ca /∈C ca ̸= cb a, b ∈A L′

L {ca | a ∈A}
Y = X ∪ {¬(ca ≡ cb ) | a, b ∈ A,a ̸= b} L′

D Y D ! ¬(ca ≡ cb ) a, b ∈A
D (ca) ̸= D (cb ) a, b ∈ A {(a,D (ca)) | a ∈ A}

A D
Y

Y0 Y
Y0 Z = X ∪ {¬(cai

≡ caj
) | 1 ≤ i , j ≤ n, i ̸= j }

{a1, . . .an} A D



X n b1, . . . , bn
D D L′ D (ai ) = bi i ≤ n D (ca)

a A D
Z Y0 ⊣

X

L

ModL X = {D | D L D !X }

X
Mod ϕ Mod {ϕ}

8 L

8 L ϕ 8 =Mod ϕ

8 ∆ X L 8 =Mod X

∆ ∆
X

Mod X =
⋂

ϕ∈X

Mod ϕ

∆

∆



0 p F
p 1+ 1+ · · ·+ 1︸ ︷︷ ︸

p times

= 0 p F

p F 0 p )/(p)
p p ' 0

ϕF χp 1+ 1+ · · ·+ 1︸ ︷︷ ︸
p times

≡ 0 0 1

p Mod (ϕF ∧χp )
0 ∆

Mod ({ϕF }∪ {¬χp | p })

ϕ
0

{ϕF }∪ {¬χp | p } ! ϕ.

n0

{ϕF }∪ {¬χp | p , p < n0} ! ϕ.

ϕ ≥ n0

0

0
ϕ

0

L L
∆

Mod X X
)/(p)

∆
8 ∆

X 8∞ 8 X ∪
{ϕ≥n | n ≥ 2}



G
a ∈ G n ≥ 1 a+ a+ · · ·+ a︸ ︷︷ ︸

n times

= 0

∀x(x ≡ 0∨ x + x ≡ 0∨ x + x + x ≡ 0∨ · · · ).

∆
X

Y = X ∪ {¬( x + x + · · ·+ x︸ ︷︷ ︸
n times

≡ 0) | n ≥ 1}.

Y0 Y n0 Y0 ⊆X∪{¬( x + x + · · ·+ x︸ ︷︷ ︸
n times

≡

0) | 1≤ n < n0} n0 Y0 x
Y Y

D Y D (x)
D X

G = (V , E)
a, b ∈V a ̸= b n ≥ 2 a1, . . . ,an ∈V

a1 = a,an = b ,ai E ai+1 i = 1, . . . , n− 1

V
n ∈ & (n + 1) Gn 0, . . . , n

Gn (Vn , En) Vn = {0, . . . , n}

En = {(i , i + 1) | i < n}∪ {(i , i − 1) | 1≤ i ≤ n}∪ {(0, n), (n, 0)}.

∆
X

n ≥ 2

ψn = ¬(x ≡ y)∧¬∃x1 . . .∃xn(x1 ≡ x ∧ xn ≡ y ∧ x1 E x2 ∧ · · ·∧ xn−1 E xn)

Y = X ∪ {ψn | n ≥ 2}.



Y0 Y Y0 n0 Y0 ⊆ X ∪
{ψn | 2≤ n < n0} G2·n0

Y0 x 0 y n0
Y Y D

Y D (x) D (y) D X
X

C C′
C ≡C′ ϕ

C ! ϕ C′ ! ϕ

C Th(C ) = {ϕ | C ! ϕ} Th(C )
C

C C′

C ≡C′ C′ !Th(C ).

C ≡ C′ C ! Th(C ) C′ ! Th(C )
C′ ! Th(C ) ϕ C ! ϕ ϕ ∈ Th(C )
C′ ! ϕ C # ϕ C ! ¬ϕ ¬ϕ ∈Th(C )
C′ ! ¬ϕ C′ # ϕ C ≡C′ ⊣



C 8 = {C′ | C′ ≡ C } ∆
8 =Mod Th(C ) 8 ∆

C

C′ ∈Mod Th(C ) C′ ≡C
Mod X ∆ C C ! X
C′ ! X C′ C {C′ | C′ ≡C }⊆
Mod X ⊣

C C
∆

C = (S, ι)
X
C X
X C′ S C′

X C
⊣

X = Th(C ) C C′

∆

8 ∆
8

F a ∈ F n ∈ &
a < 1+ 1+ · · ·+ 1︸ ︷︷ ︸

n times

'<

∆

X = Th('<)∪ {0< x,1< x,2< x, . . .},



0,1,2, . . . 0, 1,1+1, . . .
X ('<,σ)

σ(x)
(C′,σ ′) X C′ ! Th('<) C′
'< σ ′(x) ⊣

&
&<

{0, s ,+, ·} {0, s ,+, ·,<}

& &<

ℵ ℵ
ℵ0 Th(&)

Th(&) Th(&<)
ℵ0

&

X = Th(&)∪ {¬(x ≡ 0),¬(x ≡ 1),¬(x ≡ 2), . . .},
0,1,2, . . . 0, s (0), s (s (0)), . . . X

(&,σ) σ(x)
(C′,σ ′) X

C & m ̸= n
¬(m≡ n) Th(&) C C



& & C
n & n

n C σ(x)
⊣

Th(&<)∪ {¬(x ≡ 0),¬(x ≡ 1),¬(x ≡ 2), . . .}

Th(&<)

Th(&) Th(&<)
C Th(&<)

&<

∀x(0≡ x ∨ 0< x)
0< 1∧∀x(0< x ⊃ (1≡ x ∨ 1< x))
1< 2∧∀x(1< x ⊃ (2≡ x ∨ 2< x))

0 1 0 2
1 C

C

0C 1C 2C 3C

S C a
C &< &< ϕ

0 S
a a
C

0C 1C 2C 3C a

a+ a S



0C 1C 2C 3C a a+C a

a+ a ) a
a + a = a + n n

a = n
)< C &< ϕ

m n m < n p
m+ n = 2 · p m+ n = 2 · p + 1 C

a b )< C
c a b

)< a b

0 0 &<
)<

R

a
|a|

ϕ(x) x = x1, . . . , xr (ϕ)⊆ {x1, . . . , xr }



C a C ϕ(x) |x|= |a|
(C ,a) ! ϕ(x) (C ,σ) ! ϕ σ(xi ) = ai i ≤ |x|

G = (V , E) H = (W , F ) a b
V W |a|= |b | (G,a)

(H , b ) m (G,a)≡m (H , b ) ϕ(x)

m (G,a) ! ϕ(x) (H , b ) ! ϕ(x)
|x| |a|

m
m m G = (V , E)

H = (W , F ) a V b W (G,a) ̸≡m (H , b )
ϕ(x, y) ≤ m − 1 (G,a) !

∃yϕ(x, y) (H , b ) # ∃yϕ(x, y) c ∈ V
d ∈ W (G,ac) ! ϕ(x, y) (H , b d ) # ϕ(x, y) c ∈ V

d ∈W (G,ac) ̸≡m−1 (H , b d )
d ∈W c ∈V (G,ac) ̸≡m−1 (H , b d )

c ∈V d ∈W (G,ac)≡m−1

(H , b d ) d ∈W c ∈ V (G,ac) ≡m−1 (H , b d )
(G,a)≡m (H , b )

G = (V , E) H = (W , F ) a b
V W (G,a) 0

(H , b ) (G,a)∼=0 (H , b ) a 3−→ b G
H i , j ≤ |a| Eai a j F bi b j

m > 0 (G,a)∼=m (H , b )

c ∈V d ∈W (G,ac)∼=m−1 (H , b d )

d ∈W c ∈V (G,ac)∼=m−1 (H , b d )

(G,a) ∼=0 (H , b ) (G,a) ≡0 (H , b )
m (G,a) ∼=m (H , b )



(G,a)≡m (H , b )

≤ m k

C (m, k) ≤ m
k C (m, k)

≤ m k
m k C (m, k)

k p = 2 · k2 xi ≡ xj Rxi x j

i , j ≤ k 22p

C (0, k)
m > 0 C (m−1, k)

k ≤ m
≤ m−1 ∀yϕ(x, y) ϕ

≤ m− 1 C (m, k)≤ 222·C (m−1,k+1) ⊣

(G,a)≡m (H , b ) (G,a)∼=m (H , b )

m = 0
m > 0 (G,a) ̸∼=m (H , b )

(G,a) ̸≡m (H , b )

c ∈ V d ∈ W (G,ac) ̸∼=m−1 (H , b d )
(G,ac) ̸≡m−1 (H , b d ) d ∈W

ϕd (x, y) ≤ m − 1 (G,ac) ! ϕd (x, y)
(H , b d ) # ϕd (x, y) ϕd

ψ(x, y) ≤
m−1 (G,ac) !ψ(x, y) d ∈W (H , b d ) #ψ(x, y)
(G,a) ! ∃yψ(x, y) (H , b ) # ∃yψ(x, y) (G,a) ̸≡m (H , b )

d ∈ W c ∈ V (G,ac) ̸∼=m−1 (H , b d )
(G,ac) ̸≡m−1 (H , b d ) c ∈ V

ϕc (x, y) ≤ m − 1 (G,ac) ! ϕc (x, y)



(H , b d ) # ϕc (x, y) ϕc
ψ(x, y)

≤ m− 1 c ∈V (G,ac) !ψ(x, y) (H , b d ) #ψ(x, y)
(G,a) ! ∀yψ(x, y) (H , b ) # ∀yψ(x, y) (G,a) ̸≡m

(H , b ) ⊣

(G,a) (H , b ) (G,a) ∼= f (H , b )
(G,a) m (H , b ) m ≥ 0

G H a b
G H

(G,a)∼= f (H , b ) (G,a)≡ (H , b ).

k ≤ m

L n f
L (n+1) F c

L C Lr

L Lr L
C C r Lr C

FC r (a1, . . . ,an ,a) fC (a1, . . . ,an) = a CC r (a)
cC = a Lr ϕ r L

ϕ C ! ϕ C r ! ϕ r ϕ f ( f (g (c , x))) = y
ϕ r ∃z1z2z3 [C (z1)∧G(z1, x, z2)∧F (z2, z3)∧F (z3, y)]

(C ,a) ≡ (C′, b ) (C r ,a) ≡ ((C′)r , b )
(C ,a) ≡m (C′, b ) (C r ,a) ≡m ((C′)r , b )

m



C = (S, ι) C′ = (S ′, ι′) L p
S S ′ p

p

p

n P L a1, . . . ,an ∈ dom(p)

PC (a1, . . . ,an) PC
′
(p(a1), . . . , p(an)).

n f L a1, . . . ,an ,a ∈ dom(p)

fC (a1, . . . ,an) = a fC
′
(p(a1), . . . , p(an)) = p(a).

c L a ∈ dom(p)

cC = a cC
′
= p(a).

p
C C′ C r (C′)r
C ∼=mC′ C r ∼=m (C′)r m

C ∼= f C′ C r ∼= f (C′)r C r ≡
(C′)r C ≡C′

L= (s , 0) s 0
X

∀x(¬(x ≡ 0)≡ ∃y(s (y)≡ x))

∀x∀y((s (x)≡ s(y))⊃ (x ≡ y))

m ≥ 1 : ∀x¬(s m(x)≡ x) s0(x) = x m ≥ 0 s m+1(x) =
s (s m(x))



X
X

X X
ϕ X ϕ

X ¬ϕ ϕ X ! ϕ X ! ¬ϕ X

X
L ϕ

&
X X ⊢ ϕ

X ⊢ ¬ϕ ϕ ¬ϕ

X C = (S, ι)
X a ∈ S a(m) = f m(a) f = sC n ∈ &

dn S × S

dn(a,a′) =

⎧
⎨
⎩

m a(m) = a′ m ≤ 2n

−m (a′)(m) = a m ≤ 2n

∞

C = (S, ι) C′ = (S ′, ι′) X
a 0C

b 0C
′ a b

C C′
(C ,a) (C′, b ) dn (C ,a)∼=0 (C′, b )

i , j ≤ |a| dn(ai ,aj ) = dn(bi , bj ) (C ,a)
(C′, b ) dn (C ,a)∼=n (C′, b )

(C ,a) (C , b ) d0 a0 = 0C b0 = 0C
′ (C ,a)∼=0

(C′, b ) (C ,a) (C′, b ) dn+1
c ∈ S i ≤ |a| |dn(ai , c)|≤ 2n

d ∈ S ′ dn(bi , d ) = dn(ai , c) (C ,ac)
(C′, b d ) dn |dn(ai , c)|> 2n i ≤ |a| d ∈ S ′

|dn(bi , d )| > 2n i d
X (C ,ac) (C′, b d ) dn

n c ∈ S
d ∈ S ′ (C ,ac) ∼=n (C′, b d )



d ∈ S ′ c (C ,ac)∼=n (C′, b d )
(C ,a)∼=n+1 (C′, b d )

∆

L L

k ≥ 0 Gk = (Vk , Ek ) (k+1)

Vk = {0, . . . , k}

Ek = {(i , i + 1) | i < k}∪ {(i , i − 1) | 1≤ i ≤ k}∪ {(0, k), (k , 0)},
Hk = (Wk , Fk ) Gk

Wk = {0, . . . , k}× {0,1}

Fk = {((i , 0), ( j , 0)) | (i , j ) ∈ Ek}∪ {((i , 1), ( j , 1)) | (i , j ) ∈ Ek}.

k ≥ 2m : Gk
∼=m Hk .

ϕ L m
ϕ G2m ∼=m H2m G2m ≡m H2m G2m ! ϕ
H2m ! ϕ G2m H2m ϕ

k ≥ 2m : Gk
∼=m Hk

k ≥ 2m n ≥ 0 d Vk×Vk d ′ Wk×Wk

d (a, b ) =

1
a b Gk , ≤ 2m

∞,



d ′((a, i ), (b , j )) =

1
d (a, b ) i = j
∞

(Gk ,a) (Hk , b ) (d , d ′) i , j ≤ |a| d (ai ,aj ) =
d ′(bi , bj ) (Gk ,a)
(Hk , b ) (d , d ′) (Gk ,a)∼=m (Hk , b ) ⊣

L C = (S, ι) C′ = (S ′, ι′) L
S ∩ S ′ = 2

H (C ,C′) C C′

r ≥ 1 r

S ∪ S ′

ai ∈ S i bi ∈ S ′ i
bi ∈ S ′ i

ai ∈ S i r
r ≥ 1 a1, . . . ,ar ∈ S

b1, . . . , br ∈ S ′ (C ,a)∼=0 (C′, b )
H (C ,C′)

H (C ,C′)

C ∼= f C′ H (C ,C′)

(C ,a) ∼= f (C′, b )
H (C ,a,C′, b )

(C ,a)∼= f (C′, b )
r H (C ,a,C′, b )

i = 1, . . . , r ci ∈ S di ∈ S ′

(C ,ac1 . . . ci ) ∼=r−i (C′, b d1 · · ·di )



(C ,a) ∼=r (C′, b ) i = r

(C ,a) ̸∼= f (C′, b ) r

H (C ,C′) (C ,a) ̸∼=0 (C′, b )
H (C ,a,C′, b )

(C ,a) ̸∼=r (C′, b ) r
c ∈ S d ∈ S ′ (C ,ac) ̸∼=r−1 (C′, b d )

d ∈ S ′ c ∈ S (C ,ac) ̸∼=r−1 (C′, b d )
c d ∈ S ′ (C ,ac) ̸∼=r−1

(C′, b d ) d
r−1 H (C ,ac ,C′, b d )

d ∈ S ′ c ∈ S (C ,ac) ̸∼=r−1

(C′, b d ) r ⊣

L
L C C′

C ≡C′ H (C ,C′).

M = (Q, q0,∆, F )

Q

q0 ∈Q

F ⊆Q



∆ ⊆Q × {0,1}2×Q × {−1,0,1}2

(q , z1, z2, q ′,δ1,δ2) ∈∆ i ∈ {1,2} δi =−1 zi = 1

(q , z1, z2, q ′,δ1,δ2) i ∈ {1,2} zi = 0
i zi = 1

i δi i

M (q , m1, m2) ∈ Q ×&×
& t = (r, z1, z2, r ′,δ1,δ2) (q , m1, m2)
(q ′, m′1, m′2) (q , m1, m2)

t−→(q ′, m′1, m′2) q = r q ′ = r ′

i ∈ {1,2} zi = 0 mi = 0 m′i = mi +δi

(q , m1, m2)
∗−→(q ′, m′1, m′2)

(q , m1, m2) (q ′, m′1, m′2) (q0, 0,0)
(q , m1, m2) q ∈ F

M LM
ϕM LM M

ϕM

M ϕM
¬ϕM

M = (Q, q0,∆, F ) LM
(CM , FM , RM )

CM = { | q ∈Q}∪ { }

FM = { } #( ) = 1

RM = { } #( ) = 3

t = (q , z1, z2, q ′,δ1,δ2) ∈∆ ϕt



t = (q , 0, 1, q ′, 1,−1) ϕt

∀x [( ( , , x)∧∃y (x = (y)))⊃ ( ′, ( ), y)].

t = (q , 1, 1, q ′, 0, 1) ϕt

∀x y [( ( , x, y)∧∃x ′ y ′ (x = (x ′)∧ y = (y ′)))⊃ ( ′, x, (y))].

= ( , , )

= ∃x ∃y
∧

q∈F

( , x, y)

ϕ∆ =
∨

t∈∆
ϕt

ϕM = (ϕ∆ ∧ )⊃

m( )

(q , m1, m2) M

(q0, 0,0) ∗−→(q , m1, m2) =⇒! (ϕ∆ ∧ )⊃ ( , , ).

M ϕM

(q0, 0, 0) ∗−→(q , m1, m2)

! (ϕ∆ ∧ )⊃ ( , , ).

(q , m1, m2)

(q0, 0, 0)
! (ϕ∆ ∧ )⊃ ( , , )

(q0, 0, 0) ∗−→(q ′, m′1, m′2)
t−→(q , m1, m2) ! (ϕ∆∧ )⊃

( ′, ′ , ′ ) ! ( ( ′, ′ , ′ )∧ϕt )⊃
( , , ) ! (ϕ∆ ∧ )⊃ ( , , ) ⊣
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