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Linear separators and Perceptrons

m Perceptrons define linear separators w - x + b
m w-x+ b>0, classify Yes (+1)

B w-x+b<0, classify No (—1)
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Linear separators and Perceptrons

m Perceptrons define linear separators w - x + b

m w-x+ b>0, classify Yes (+1)
B w-x+b<0, classify No (—1)

m What if we cascade perceptrons?

inputs outpuf
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Linear separators and Perceptrons

m Perceptrons define linear separators w - x + b
m w-x+ b>0, classify Yes (+1)
B w-x+b<0, classify No (—1)

m What if we cascade perceptrons?

m Result is still a linear separator
mfh=w-x+b,h=wr-x+ b
i =ws-(f,f)+bs
] f3:W3-<W1~X+b1,W2'X+b2>+b3
mf3= Z?:l (W31 wi; + ws, W2f) - Xi
+(W31b1 + W32b2 + b3)

Madhavan Mukund Lecture 18: 26 March, 2026 DMML Jan—Apr 2026



Limits of linearity

m Cannot compute exclusive-or (XOR)

m XOR(x1, x2) is true if exactly one of xi, x; T T
is true (not both) 1 1 0

m Suppose XOR(x1,x2) = uxy + vxo + b

m xp = 0: As x; goes from 0 to 1, output
goes from 0 to 1, so u > 0

T2

B xo = 1: As x3 goes from 0 to 1, output
goes from 1 to 0, so u < 0

m Observed by Minsky and Papert, 1969, oL o 1 -
first “Al Winter"

€r1
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Non-linear activation

14
m Transform linear output z through a non-linear
activation function
. . . 0.5
m Sigmoid function
1+e 2
L | Fa | | J
-6 -4 -2 0 2 4 6
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Structure of a neural network

m Acyclic

hidden layers

m Input layer, hidden layers,
output layer

output layer

m Assumptions

. input layer
m Hidden neurons are

arranged in layers

m Each layer is fully
connected to the next

m Set weight to zero to
remove an edge
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Non-linear activation

m Transform linear output z through a non-linear

activation function

m Sigmoid function 1

e*Z

m Stepisat z=0

m z=wx+ b, sostepisat x=—b/w

m Increasing w makes step steeper

m Shift step by adjusting b

0.5
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Universality

m Create a step at x = —b/w /. Output fom 0 hdden neuron
m Use s to denote —b/w b — -40
m Step position '
w = IQQ 3
T ( 0 _—

A -b/w = 0.40
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Universality

u Create a Step at X = _b/W 2 Weighted output from hidden layer
m Use s to denote —b/w s, =0.40
m Step position s
\ _w; =06
m Cascade steps 5
! = T
=
5, =0.60_
S~ W, = 1.2

Madhavan Mukund Lecture 18: 26 March, 2026 DMML Jan—Apr 2026



Universality

m Create a step at x = —b/w
m Use s to denote —b/w

m Step position
m Cascade steps

m Subtract steps to create a box

Madhavan Mukund

8 = 0.40

Py w; = 0.8

TS iy =000
Ny, =-0.8
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Universality

m Create a step at x = —b/w
m Use s to denote —b/w

m Step position
m Cascade steps

m Subtract steps to create a box

m Create many boxes
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Universality

m Create a step at x = —b/w
m Use s to denote —b/w

m Step position

m Cascade steps

m Subtract steps to create a box

m Create many boxes

m Approximate any function
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Universality

Weighted output from hidden layer

m Create a step at x = —b/w

m Use s to denote —b/w

m Step position

m Cascade steps

m Subtract steps to create a box
m Create many boxes

m Approximate any function

m Need only one hidden layer!
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Non-linear activation

Tower function

m With non-linear activation, network of neurons
can approximate any function

m Can build “rectangular” blocks

m Combine blocks to capture any classification
boundary = b

z=1

Many towers
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Example: Recognizing handwritten digits

m MNIST data set D]qmmzlmg]—l]mm
[ 1990 samples of 10 handwritten E ?] [Z] m ?l m m —6] m RI
digits 242y B3Rz 3
m Assume input has been segmented ?] _G] m m 3‘] m Iv] 5—] m m

m Each digit is 28 x 28 pixels (2] (71 (9] (3] [9] [R] [s] 8] (3] [3]
m Grayscale value, 0 to 1 a j] E] E Iz] m m g

m 784 pixels EE@Z@EQ@@

m Input x = (x1, %0, ..., x784) 2] :D @ [5] E [Zl E @
g3l & 7] 18 1 g 0 ¢/ @

=2l Ml [é] [7] (0] (7] (&1 (3] [/]




Example: Network structure

hidden layer

(n = 15 neurons)

Input layer (x1,x2, ..., Xx784)

Single hidden layer, 15 nodes

Output layer, 10 nodes

m Decision a; for each digit
je{0,1,...,9}

input layer

m Final output is best a; (784 neurons)
m Naively, arg max a;
J
e
m Softmax, arg max

J ZJ ed

® “Smooth” version of arg max
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Example: Extracting features

m Hidden layers extract features ’ ﬂ

m For instance, patterns in different quadrants

m Combination of features determines output

m Claim: Automatic identification of features is
strength of the model

m Counter argument: implicitly extracted L f
features are impossible to interpret

m Explainability
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