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A geometric view of supervised learning

m Think of data as points in space .. P
®
m Find a separating curve (surface) E

e_0
. e%e¢ oo
= Separable case G ® e,
]
m Each class is a connected region Ceo

m A single curve can separate them

Nonlinear
m Simplest case — linearly separable data
°® &)
. . @
m Dual of linear regression o .. et
@ !
m Find a line that passes close to a set ..‘ e /

of points

m Find a line that separates the two sets
of points
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Perceptron algorithm

0 -1 —logs

(Frank Rosenblatt, 1958)

m Each training input is (x;, y;), where
Xi:<Xi17Xi2a'-~in,,> and y; = +1or —1 \

m Need to find w = (wp, wy, ..., w,) /
m Recall x;, = 1, always
Initialize w = (0,0, ...,0)

While there exists x;, y; such that

vi=+41land w-x; <0, or

vi=—landw-x >0

Update w to w + x;y;
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Linear separators

m Perceptron algorithm is a simple procedure
to find a linear separator, if one exists

m Many lines are possible
m Does the Perceptron algorithm find the
best one?

m What is a good notion of “cost’ to
optimize?

/A
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m Each separator defines a margin

°
m Empty corridor separating the points ’ :
o
m Separator is the centre line of the margin ¢ o9

m Wider margin makes for a more robust

- Small Margin’
classifier

m More gap between the classes

Support Vectors
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i oam

. . | ]

m Each separator defines a margin 0 "o 5
: . . gior Lllm S
m Empty corridor separating the points iead M AT o

° H H

. . . : : "

m Separator is the centre line of the margin e . LR AR "
° f;

m Wider margin makes for a more robust

- Small Margin’
classifier

m More gap between the classes

m Optimum classifier is one that maximizes
the width of its margin

Support Vectors
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foan

. . | }

m Each separator defines a margin % 11T » 5
ilie® e
m Empty corridor separating the points 3 :o L 2

0 § {

. . . H H | |

m Separator is the centre line of the margin T T A8 .
° i

m Wider margin makes for a more robust EORp—

classifier
m More gap between the classes o
m Optimum classifier is one that maximizes o, 'l

the width of its margin

m Margin is defined by the training data
oints on the boundar ~ % -
P y Support Vector: Large Margin

m Support vectors
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Finding a maximum margin classifier

m Recall our original linear classifier

B owixy + Woxo + - WX, + b >0, fv/§

classify yes, +1 - ="

@

B wixg + Woxo + - WX, + b <0,

classify no, —1 ° @

[ ) g
W upport /
® g Vectors’” @

;
® ®
’
o
7 o
%/
8
N ®
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Finding a maximum margin classifier

m Recall our original linear classifier

B wix) + Woxo + - Wpx, + b >0, v/
classify yes, +1 - N
®
B wixy + Woxo + - WX, + b <0,
classify no, —1 @
® » 4
m Scale margin so that separation is 1 on i /
. . W upport #
either side » ’ Vectors’ @
B owix) + Woxo 4 - Wpx, + b > 1, Q L
classify yes, +1 ® w -
Y4
B wix) + Woxo + - Wpx, + b < —1, Jf’/
classify no, —1 4y g O
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Finding a maximum margin classifier

m Scale margin so that separation is 1 on
either side

Vo
B wix) + Waxp + - Wpx, + b > 1, % N
classify yes, +1 ®
B owix) + Woxa 4 - WX, + b < —1, ® ,©
classify no, —1 ® s
® ,’/ upport S

/
Vectors:

m Using Pythagoras’'s theorem,

perpendicular distance to nearest support ® @
. Py
vector is —, where - 4 P
w §
*’
g N ®
\W\:\/W12+W§+'“+Wﬁ Yy
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Optimization problem

. .2
m Want to maximize the overall margin —

w .
4

/
upport /
Vectors:
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Optimization problem

. .2

m Want to maximize the overall margin |—‘
w v/
%

. . |w
m Equivalently, minimize % () ®

/
upport /
Vectors:

;
® ®
/
o ~
N °
%'
g
N ;! °
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Optimization problem

. .2
m Want to maximize the overall margin —

|w| v/
wl ¢
. C e w 4
m Equivalently, minimize — . ®
’ ®
m Also, w should classify each (x;, y;) ® ®
correctly -
i i i » / Vectors/” @
WiX] + woxy + - wex, + b > 1, @ &
ifyi=1 & K /
, . . '
wixj + waxh 4+ wpxh + b < —1, b .
if yj =—1 gQ ®
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Optimization problem

L. w

Minimize 2|

i Ve
Subject to S

i i i . ® o '
wix] + woxy + - wpxp, +b> 1 ify; =1
W1X{+W2X£+---anri,+b<—].,ify,':—]. PS @

[ J i
L / s °

;
@ ®
/
o
7 o
%’
g
N ;! °
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Optimization problem

W] Unlowowns Wy, W, .., W, b

Minimize -

_ X YU ave lbiowm VA
Subject to ¢ lj v - 5

. . . . @ ¥
Wix] + Waxgy + o wpxp + b > 1 if =1 .
W1X{+W2X£+“'anr’;+b<—].,ify,':—]. PY @

. //
m The constraints are linear e} el 3 e

;
® ®
’
o
7 o
%/
8
N ®
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Optimization problem

. w
Minimize 2|
. Vo
Subject to S
. . . . @ ¥
wix| + wox} + o woxh + b > 1, iy =1 N °
W1X{+W2X£+"'WnX,’;+b<—].,ify,':—]. PY @
. //
m The constraints are linear e} el 3 e

o . : @
m The objective function is not linear J ®
2, .2 2 ® i
Wl =\ WE -+ w3+t 0 o
*’
8
NG ®
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Optimization problem

. w
Minimize 2|
. Vo
Subject to S
i i i ; - ® ;
Wix] + Waxgy + o wpxp + b > 1 if =1
W1X{+W2X£+"'WnX,’;+b<—].,ify,':—]. PY @
. l/
m The constraints are linear e} el 3 e

o . : @
m The objective function is not linear J ®
2, .2 2 ® i
Wl =\ WE -+ w3+t 0 o
*’
T . . . . /\Ql’
m This is a quadratic optimization problem, ¥ A )
not linear programming Ny
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Solution to optimization problem

m Rewrite as dual

/
upport /
Vectors:

Madhavan Mukund Lecture 18: 27 March, 2| DMML Jan—Apr 2025



Solution to optimization problem

m Rewrite as dual wluL ‘WNC— VMM

m Maximize . { i
X lnsfead - % . /

, N ,
Zai - = Z )/iyja;aj @
i—1 2 ° . 2

ij=1

upport b

Subject to Vectors/ @
0;>0ic12.. N ® ®
o ~
N °
&
/I o4
& ®
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Solution to optimization problem

m Rewrite as dual

m Maximize W/\§
N ' . |
1
ai= 5 Z YiyjiQj Xi - X " ®
i=1 ij=1 ) J

upport b

Subject to . / Vectors’ °
a,-20,i€1,2,..." ® ®
o i
m Lagrange multipliers a1, apg, ..., apy, one ;e/{/ ®
multiplier per training input L8 -
s/
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Solution to optimization problem

m Convex optimization theory

m Can be solved using computational “’/\§
techniques )

/
upport /
Vectors:

;
® ®
’
o
7 o
%/
8
N ®
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Solution to optimization problem

m Convex optimization theory

m Can be solved using computational "'/\§
techniques ) . ’
m Solution expressed in terms of Lagrange - @

multipliers ag, ap, ..., ay @ ;

/
upport #

m «; is non-zero iff x; is a support vector ® ! Veclors'’ ®
@ ®
o
///I
>/ ®
&
VI -4
N ®

Madhavan Mukund Lecture 18: 27 March, 2025 DMML Jan—Apr 2025



Solution to optimization problem

m Convex optimization theory

m Can be solved using computational "'/\§
techniques ) . ’
m Solution expressed in terms of Lagrange - @

multipliers ag, ap, ..., ay @ ;

/
upport #

m «; is non-zero iff x; is a support vector ® ! Vectors’ ®
. . . @ Y
m Final classifier for new input z K, /
=0 f (& sV o o
. Q/I
sign g yiaj(xi-z)+ b &
A 7’
i€sv S A @
= Y

m sv is set of support vectors
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Support Vector Machine (SVM)

sign Z yiai(xi-z)+ b

. RS
Iesv /\S
m Solution depends only on support vectors

m |f we add more training data away from @
support vectors, separator does not [ )
change /

/
upport /
Vectors:
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|Support Vector Machine (SVM)

sign Zy,-oz,-(x,- -z)+ b

. RS
Iesv /\S
m Solution depends only on support vectors ]

m |f we add more training data away from
support vectors, separator does not
change

/
upport ¢
Vectors:

m Solution uses dot product of support @ ®
vectors with new point
. . . o (@)
m Will be used later, in the non-linear case X
®
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The non-linear case

m Some points may lie on the wrong side of

the classifier /<w X)+b=0
m How do we account for these? " -

DMML Jan-Apr 2025
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The non-linear case

m Some points may lie on the wrong side of
the classifier

m How do we account for these?

m Add an error term to the classifier
requirement

m Instead of
w-x+b>1ify=1
w-x+b< -1, ifyy=-1
we have
w-x+b>1-Hhify, =1
w-x+b<-1F¢&, ify,=-1
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Soft margin classifier

w-x+b>1-¢, ify=1
Wox+b< —14& ify=—1

%(w-x)+b=0

m Error term always non-negative, "

m If the point is correctly classified, error
term is O

m Soft margin — some points can drift
across the boundary

m Need to account for the errors in the
objective function

m Minimize the need for non-zero error ,
terms
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PMAEHW"

wi

N
L 2
Minimize 3 + Elf,-
=

Subject to

W b> 16 ify =1 Rewsed
wexitbe -1+ ify—-1 | b
Lonshminks

m Constraints include requirement that error
terms are non-negative

m Again the objective function is quadratic
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Soft margin optimization

m Can again be solved using the dual

m Form of the solution turns out to be the
same as the hard margin case

%(w-x)+b=0

m Expression in terms of Lagrange
multipliers «;

m Only terms corresponding to support
vectors are actively used

sign [Zy,a, Xi-z)+b

1esv

DMML Jan-Apr 2025
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The non-linear case

®+1

m How do we deal with datasets where
the separator is a complex shape?

~<

AR, 9T
s
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The non-linear case

®+1

. Yy
m How do we deal with datasets where

the separator is a complex shape?

m Geometrically transform the data

m Typically, add dimensions

~<

AR, 9T
s
e
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The non-linear case

. y
m How do we deal with datasets where

the separator is a complex shape?

m Geometrically transform the data

m Typically, add dimensions

m For instance, if we can "lift" one class,
we can find a planar separator between
levels

~
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Geometric tranformation

Y
m Consider two sets of points separated by
a circle of radius 1 ()
. . . 2 2 O
m Equation of circle is x“ + y“ =1 ° ° z
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Geometric tranformation

m Consider two sets of points separated by
a circle of radius 1

m Equation of circle is x* + y? =1
m Points inside the circle, x> + y? < 1

m Points outside circle, x> + y? > 1

Y
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Geometric tranformation

Y
m Consider two sets of points separated by
a circle of radius 1 o0
. . . 2 2 o
m Equation of circle is x* + y~ =1 , & B

m Points inside the circle, x> + y? < 1

m Points outside circle, x> + y? > 1 ® X
@
m Transformation % g
@1 (xy) = (x5, +y?) -
c‘r* 1 —_—
O|0
O|0
O|0
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Geometric tranformation

m Consider two sets of points separated by
a circle of radius 1

Equation of circle is x* + y? =1

Y

m Points inside the circle, x> + y? < 1
m Points outside circle, x> + y? > 1

m Transformation
@ (x,y) = (xy,x* +y?)

Points inside circle lie below z = 1

m Point outside circle lifted above z = 1

N,
(©]
O
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SVM after transformation

m SVM in original space (e A= @h>
sign [Zy,a, Xj-z)+b

1esv

GeneY

Decision surface

GeneX
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SVM after transformation

m SVM in original space

sign [Zy,a, Xj-z)+b

1esv

GeneY

Decision surface

m After transformation

sign [Z viai(p(xi) - p(z)) + b

i€sv

GeneX
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SVM after transformation

m SVM in original space

sign [Zy,a, Xj-z)+b

1esv

GeneY

Decision surface

m After transformation

sign [Z viai(p(xi) - p(z)) + b

i€sv

GeneX

m Training: maximize

Zai Z Yiyjoio; SO(X:) LI@(XJ)
i=1 ij=1
11'%

Madhavan Mukund Lecture 18: 27 March, 2025 DMML Jan—Apr 2025



SVM after transformation

m SVM in original space

sign [Zy,a, Xj-z)+b

1esv

GeneY

Decision surface

m After transformation

sign [Z viai(p(xi) - p(z)) + b
-

i€sv

GeneX

m Training: maximize
n
D ai- Zy,yjoz aj (xi) - p(x))
i=1 ij=1 _

m All we need to know is how to compute
dot products in transformed space
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Y
m Consider the transformation
o0
0 (x1,%2) = (1,v2x1, V2x2, X2, V/2x1%0, X3) &
° s z
o
°

N
Q )
°®
(e)[e]
(e)[e]
(e)[e]
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m Consider the transfgrmati

‘ z’ &n !2* 2 [ I ]
SO . (X17X2) — (17\/§X17\/§X27X17\/§X1X27X2) o
uct in transformed space . &J * o
°
o(x)-o(2) = 14+2x1z1 + 2x02 + X222 & %
+2x1X02122 + X22222 N
@
('x\"%l) ‘ LZ, )t_“) %
_/4 - .
C—

(1 +x1z21 + X222)2

C(’L%)-C?ﬁﬂ — m foms I\ «, 2 313

Madhavan Mukund Lecture 18: 27 March, 2025 DMML Jan—Apr 2025



Y
m Consider the transformation

@ (x1,x) (1, ﬁxu \@X27X12, \@X1X27X22) /
m Dot product in transformed space &
°
o(x)-o(2) = 14+2x1z1 + 2x02 + X222 & %
+2x1X02122 + X22222 N &
%
@

= (L+xz + xz)?

m Transformed dot product can be expressed ~ —--eol----
in terms of original inputs

o(x) - ¢(z) = K(x,z) = (1 + x121 + x222)?
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Kernels

Y
m K is a kernel for transformation ¢ if
K(x,2) = o(x) - ¢(2) oo
o
® ® &
o
.

TN

@
e

°®
O[O
O[O
O[O
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Kernels

)
m K is a kernel for transformation ¢ if

K(x,2) = ¢(x) - ¢(2)

m If we have a kernel, we don't need to /
explicitly compute transformed points &
°
°

m All dot products can be computed

o
implicitly using the kernel on original data N 'Y ®
@

points

sign [Z viai(p(xi) - ¢(2)) + b
KL"‘-\::Z) o
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Kernels

)
m K is a kernel for transformation ¢ if

K(x,2) = ¢(x) - ¢(2)

°
o
m |f we have a kernel, we don't need to TS /\ T T
o
.\J
°

explicitly compute transformed points

m All dot products can be computed

o
implicitly using the kernel on original data \ 'Y ®
@

points

sign [Z yiaiK(x;j,z) + b

i€sv
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Kernels

m If we know K is a kernel for some s Fq
transformation ¢, we can blindly use K & o %
s 0t e T

without even knowing what ¢ looks like!
:”' :“:. by b, 4 rd

e A
asatae . 2
s .
o ga .,
2 .
ce oo X
. & . os
. . e
. 0e® |
.
» .o .
.
.
.

.
sitvp—tes — .
° s %o :l
F’ ot leEn | CReAY
LI JRY R R ¢
Soast s w o
) . . °
g oo
e
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Kernels

m If we know K is a kernel for some RS T
transformation ¢, we can blindly use K & o %
without even knowing what  looks like! . ‘' ", %%

. . . o8 1 s *

m When is a function a valid kernel? T LM At g

-:. . . - ‘..:
Losneie o :..
0, * . o5

g .
.
. .
i #; - ° <
. % e
U o, ° . 3
e A
Vo % eeg e, ce o® °egd
e FiD Ay i
° e, . *e®
. . ° °
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Kernels

m If we know K is a kernel for some RS T
transformation ¢, we can blindly use K & o %
without even knowing what ¢ looks like! B PO B T b
. . . o8 1 s *
m When is a function a valid kernel? I N T
_ P 7
m Has been studied in mathematics — T B e
Mercer's Theorem e
m Criteria are non-constructive T S L
T b )
f',u ) : T 2
P e 8! oqed?
AU i
) ~ = ° o
ot
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Kernels

m If we know K is a kernel for some
transformation ¢, we can blindly use K
without even knowing what ¢ looks like!

m When is a function a valid kernel?

m Has been studied in mathematics —
Mercer's Theorem

m Criteria are non-constructive

m Can define sufficient conditions from
linear algebra

o i
o 5 B Y A
., o
. o e
- 7
. » .
> - s )
- 'y A &0
< - é .
: ama s 5
. & .
. it B3
. '
E: e B g
. o atta A o
s PN .
®u; a o8es
ce o o :.|
% .
.0 RS
poatiee oS o
* .
® .
o
o 0P —reg o
o .o
& ; 43
020 ® . 3
L . -
?es % o AR
Vo'e o085, o0 o® °egled
e R (CATR
. - . o
sy s SR
.
g 24
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Kernels

)
m Kernel over training data x1, xo, ..., xy
can be represented as a gram matrix )
o
X X ... X
1 2 n ° . 5
X1 &
K = X2 )
: N
Xn % e
. °®
m Entries are values K(x;, x;)
O[O
O[O
O[O
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Kernels

)
m Kernel over training data x1, xo, ..., xy
can be represented as a gram matrix )
o
a2 XN ® e z
X1 &
K = X2 [ ]

N

m Entries are values K(x;, xj) ( .
e K g
m Gram matrix should be positive —L—— 8'8
semi-definite for all x1,xo, ..., xy - ( ) - 0|0
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Known kernels

BER ] '|' SEY e e
m Fortunately, there are many known e * Tl e
.« 8 .
kernels - T <
g2 il s
e ‘f . oa B
Sicre n“ ® .
o ..-u ad .
¥ B g, w8 R
‘e % :‘ ‘.‘A A . .‘ ..,'
o, . s ‘..:
Heoies fudin
L = b3 .o
.° .s o ¢ l.
.« . e I
f:'u -ac:"“u‘ o L e ;D:..§;.
e e A
.

TR
l‘ PR “}“A
ol Rl

Madhavan Mukund
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Known kernels

.-:-'u' SEY e e
m Fortunately, there are many known e * Tl e
. 8 .
kernels 5 o 4
L £, e
- * Iy - .. .; -.
m Polynomial kernels s e .
o Ny,
K(x,z) = (14 x-2)k Yoy wabal o 8
Le a l..
Pieweiie e
-' .'.'. ..‘_. e e
o es o —i %
8. g o
e S e | SRt
"‘;., .‘. I3 AR .:u e..:;.,‘
. l. = . °
A A
‘.::f}.“‘
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Known kernels

oo '|' SEY e e
m Fortunately, there are many known e Fa @
kernels i fip o
-.-. e . k‘. a i L .‘; ¢
m Polynomial kernels ‘. s it -
"'T' A‘:. - My .--
] ot M T
o a ..:

K(x,z) = (14 x-2)k .

m Any K(x, z) representing a similarity Lofiv lund™
measure ) 4
oee e [ .
.« R
Bt i ey
LANCRR A P 3
".o‘.‘ o0, 0 co o °0qf
B s 2l
. ~ ° °
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Known kernels

oo '|' SEY e e
m Fortunately, there are many known e Fa @
kernels i fip o
-.-. e . k‘. a i L .‘; ¢
m Polynomial kernels ‘. s it -
"'T' A‘:. - My .--
] ot M T
o a ..:

K(x,z) = (14 x-2)k .

m Any K(x, z) representing a similarity TV s
measure ) 4

° it I‘? ° o ! - n.

.« R

f"u @ * : ton g2

S o ® e oaed?

ponential O ]

. ~ = ° °
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