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Expectation Maximization (EM)

m Mixture of probabilistic models (My, Ma, ..., M) with parameters
© = (01,02,...,0k)

m Observation O = 0105 ... 0y

Expectation step

m Compute Pr(M;|o;j) for each M;, o;

m Maximization step

m Recompute MLE for each M, using fraction of O assigned using likelihood

m Repeat until convergence

m How do we justify this procedure?

m What can we say about convergence?
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Hidden information

m EM builds a sequence of estimates ©1,0,,...,0,

L(©;) — log-likelihood function, In Pr(O | ©;)

m Want to extend the sequence with © 1 such that L(©,.1) > L(©,)

Refer to ©,,1 as ©, maximize L(©) — L(©))

Likelihood L(©) depends on hidden parameters Z = {z1, 25, ..., 2z}
m Pr(0|©)=> Pr(0O|z,0)Pr(z]|O)

zeZ

Rewrite L(©) — L(©,) as In (Z Pr(O | z,©)Pr(z | @)) —InPr(O | ©,)

zeZ
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Jensen’s inequality

m Maximize In <Z Pr(O | z,©)Pr(z | @)) —InPr(O | ©,)

zeZ

Jensen's inequality

Let / be a concave function defined on an interval /. If x;,x,...,x, € | and
A1, Ao, ..., A, > 0 with Z?:l A =1, then

f (zn: )\,'X,') Z zn: )\,‘f(X,')
i=1 i=1

m In( ) is a concave function

m To apply Jensen's inequality, need multipliers )\; that sum to 1
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Jensen’s inequality

m Maximize In <Z Pr(O | z,©)Pr(z | @)) —InPr(O | ©,)
zeZ
m To apply Jensen's inequality, set \;'s to be Pr(z | O0,0,)
m Probability measure, so Pr(z | 0,©,) >0and ) Pr(z| 0,0,) =1

m [(©)—L(O))
=In (Zzez Pr(O | z,©)Pr(z | @)) —InPr(O | ©))
=In <ZZGZ Pr(O | z,©)Pr(z | @)M) —InPr(O | ©,)

>> ez Pr(z] 0,0,)In <Pr(OPl(zZ, ragf)gjﬂ @)> —InPr(O | ©,) [Jensen]
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A(©,0,) and £(© | ©,)

m L[(©)—L(©))
Pr(O | z,©)Pr(z | ©)
Pr(z | O0,0,)

>> ez Pr(z] 0,6,)In <

zeZ

) —1InPr(O | ©,) [Jensen]

1

Y., Pz]0,0,)In < Pr(O | z,©)Pr(z | ©) )

Pr(z| 0,0,)Pr(0 | ©,)
Pr(O | z,©)Pr(z | ©) )
@)

m Define A(©,0,) tobe ) ., Pr(z]| 0,0,)In <

Pr(z | 0,0,)Pr(O | ©,)
m Hence L(©) — L(©,) > A(©,0,), or L(©) > L(©,) + A(©,0,)
m Hence L(©) — L(©,) > A(©,0,), or L(©) > L(©,) + A(©,0,)

O
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m ((©]0,) < L(O)
m 00,0, = L(Oy)+A(On0,)

= L©n)+ > ,c7Pr(z] 0,0,)In <

= L(On)+ > ,c7Pr(z] 0,0,)In (

= L(©n)+> ,c7Pr(z] 0,0,)In1

- L(@n)
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Pr(0 | z, en)>
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Computing ©,.1 from ©,

m ((0]6,) < L(O) ]
m ((O,]0,)=L(O,) Wty

L(0n) = U(0n]0)

m Increasing /(© | ©,) also
increases L(©)

m Choose ©,1 to maximize
ACARSR
L(#) 1(610,)
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Computing ©,.1 from ©,

m O, = argmax{{(© | O,)}
©

= argmax {L(@n) + Z Pr(z | 0,0,)In

Pr(O | z,©)Pr(z | ©)
©

Pr(O | ©,)Pr(z| 0,0,)

Drop terms constant with respect to ©

= argmax Z Pr(z | 0,0,)InPr(O | z,0)Pr(z | @)}
© z

= argmax Z,Dr(z ‘ O7en)|n Pr(ovzve) Pr(z‘/e)}
S)

-~ Pr(z,©) Pr(©)

= argmax ZPr(z | 0,0,)InPr(0,z | 6)}
© z

= argmax {EZ‘Q@n{In Pr(0,z | ©)}}
S}
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Expectation Maximization (EM), revisited

m O, = argmax {EZ‘Q@"{In Pr(0,z | ©)}}
i :

m EM algorithm iterates
E-step: Determine conditional expectation £zj0 e, {In Pr(O,z | ©)}
M-step: Maximize this expectation with respect to ©

m What about optimality?
m Value at convergence need not be a local maximum

m Could be a local minimum or a saddle point
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m Expectation Maximization is a useful technique to estimate parameters when
some information about the generating process is hidden

m We can theoretically justify building up a sequence of estimates through
successive expectation + maximization steps

m As in other local search techniques, the stationary value one reaches may turn
out to be a saddle point or a local minimum rather than a local maximum
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