SESHADRI CONSTANTS ON BOTT TOWERS

INDRANIL BISWAS, JYOTI DASGUPTA, KRISHNA HANUMANTHU, AND BIVAS KHAN

ABSTRACT. For a positive integer n, let X,, - X,,_1 — ... > Xo = X; — Xp be a
Bott tower of height n, and let L be a nef line bundle on X,,. We compute Seshadri
constants (X, L, x) of L at any point « € X,, under some conditions.

1. INTRODUCTION

Seshadri constants of line bundles reflect their local positivity. Soon after Demailly
introduced Seshadri constants in [Dem)|, there has been extensive work on them; they
have turned out to be important invariants. Let us briefly recall their definition.

Let X be a complex projective variety, and let L be a nef line bundle on X. For a point
x € X, the Seshadri constant of L at x, denoted by (X, L, x), is defined to be

. L-C
sX, L x) = ;Iel(f/‘ mult,C'’
where the infimum is taken over all closed curves C' C X passing through z. Here L - C
denotes the intersection number while mult,C' denotes the multiplicity of the curve C at
x. To compute the Seshadri constant (X, L, x), it suffices to take only irreducible and

reduced curves C in the above definition.

There is another formulation of Seshadri constants which is often useful. Let 7 : X —
X be the blow up of X at x and let E denote the exceptional divisor. Then

e(X,L,z) = sup {A\>0]|7*(L) — AE is nef}.

The Seshadri’s criterion for ampleness of a line bundle says that L is ample if and
only if e(X, L,z) > 0 for all x € X. Indeed, if L is ample then mL is very ample for
some positive integer m. Then it is easy to check that (X, L, z) > % for all . For the
converse, we use the Nakai-Moishezon criterion to verify ampleness of L. By induction on
the dimension of X, we can assume that L’-Y > 0 for every closed subvariety Y C X of
dimension ¢ < n := dim(X). It remains to prove that L™ > 0, where L" denotes the top
self-intersection number of L. For this, let 7 : X — X be the blow up of X at a smooth
point z € X as above. Then 7L — (X, L, z)E is nef. So (7*L—¢(X, L, x)E)™ > 0 which
implies L™ > ¢(X, L,z)" > 0. See the proof of [Har, Chapter 1, Page 37, Theorem 7.1]
for more details.

Let L be an ample line bundle on a projective variety X. It is easy to see that
e(X,L,x) < VL.

2010 Mathematics Subject Classification. 14C20, 14M25, 14J60.
Key words and phrases. Bott tower, nef cone, ample cone, Seshadri constant.
1



2 I. BISWAS, J. DASGUPTA, K. HANUMANTHU, AND B. KHAN

One then defines

e(X,L,1) :=supe(X,L,x).
zeX

Similarly, we have
e(X,L) := inf e(X,L,x).
reX

Seshadri constants have many interesting applications and they are now the focus of a
very active area of research. Some of the guiding problems on Seshadri constants involve
computing Seshadri constants, giving bounds on them, checking if they are irrational,
and interpolation problems. Computing Seshadri constants is frequently very difficult
and usually it is only possible to give some bounds. In some special cases, however, it is
possible to compute them exactly. In this paper we compute Seshadri constants of line
bundles on Bott towers at all points.

Most of the existing work on Seshadri constants has been in the case of surfaces. Among
the few cases in higher dimensions where Seshadri constants have been studied are abelian
varieties (for example, see [Nal [Lal Bal [Debh]), toric varieties (for example, see [DiR, [HMP,
[t1) Tt2]), Fano varieties (for example, see [BS| [LZ]), and Grassmann bundles over curves
([BHNN]). For a survey of research around Seshadri constants, see [BDHKKSS].

In this paper, we study Seshadri constants for line bundles on Bott towers. We recall
that Bott towers are special classes of toric varieties constructed iteratively as projective
bundles of rank two vector bundles starting with the projective line P!. One can view
them as a generalization of Hirzebruch surfaces, which are geometrically ruled surfaces
over P'. See Section [2 for more details on Bott towers.

Seshadri constants of line bundles on Hirzebruch surfaces have been computed (see
Syl [Gal, [HM]). In this paper we generalize this computation to Bott towers under some
conditions. Our main result (Theorem computes the Seshadri constants for an arbi-
trary nef line bundle on a Bott tower at any point.

As noted above, Seshadri constants for line bundles on toric varieties have been studied
by various authors. But for an arbitrary toric variety, Seshadri constants have been
computed only for some classes of points, such as torus fixed points or points on the
torus; see Remark and Remark [3.17] In this paper, using the additional structure of
a Bott tower, we compute Seshadri constants at arbitrary points.

In Section [2| we recall the construction of Bott towers and prove some properties which
are used in Section [3] In Section [3| we prove our main theorem computing the Seshadri
constants of nef line bundles on Bott towers. In Subsection 3.1} we include some remarks
comparing our results with existing results in the literature and give examples illustrating
our results.

Notation. We work over the field of complex numbers. We write Dy ~y, Do (respec-
tively, D1 = Ds) if the divisors Dy, Do are linearly equivalent (respectively, numerically
equivalent). When the variety X is clear from the context, the Seshadri constant (X, L, x)
is denoted simply by (L, z).
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2. BOoTT TOWERS

In this section, after recalling the construction of Bott towers along with some results
about them, we prove some results about Bott towers that will be used in the computation
of Seshadri constants.

Bott towers are a particular class of nonsingular projective toric varieties. They were
constructed by Grossberg and Karshon (see [GK]). Grossberg and Karshon have also
shown that Bott towers are degenerations of Bott-Samelson varieties, which are desingu-
larizations of Schubert varieties.

For an integer n > 0, a Bott tower of height n
X, — X1 — ... — Xy — X7 — Xy = {point} (2.1)

is defined inductively as an iterated P'-bundle so that at the k-th stage of the tower, X,
is of the form P(Ox, , ® L) for a line bundle £ over Xj_;. So X; is isomorphic to P! X,
is a Hirzebruch surface and so on. A classical example is the product of projective lines,
which arises when the line bundle £ is trivial at every stage.

We call any stage X; of the tower X,, in (2.1]) also a Bott tower.
2.1. Fan structure of a Bott tower. The multiplicative group C\ {0} will be denoted
by C*. Let T = (C*)" be an algebraic torus. Define its character lattice
M = Hom(T, C*) = Z"

and the dual lattice N := Homgy(M,Z). Let A, be a fan in Ng := N ®z R which defines
the toric variety X, under the action of the torus 7. The set of edges of A, will be

denoted by A, (1). Let e, --- , e, be the standard basis for R". Consider the following
vectors:
V1 = €1, , Up = €Ep,
Upy1 = —€1+ 262 + ...+ C1pénp,
(2.2)
Unti = —€; + Ciit1€i41 + ... + Cinep, 1 <1 <n,

Vo = —€Ep.
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The fan A, of X, is complete, and it consists of these 2n edges and 2" maximal cones of
dimension n generated by these edges such that no cone contains both the edges v; and
Upt; for i = 1, ---  n. It follows that any k-th stage Bott tower arises from a collection
of integers {¢; }1<i<j<n as in (2.2)). These integers are called the Bott numbers of the
given Bott tower. In this paper we will restrict our attention to the case when the Bott
numbers {c¢;;}{1<i<j<n} are all positive integers.

2.2. Picard group of a Bott tower. The following is recalled from [KDl Section 2.2].

Let D; denote the invariant prime divisor corresponding to the edge v,;, and let D)

denote the invariant prime divisor corresponding to the edge v; for i = 1, --- , n. We
have the following relations:

Dll ~iin D1, D; ~in Dj — Cl,iDl — ... Ci—l,iDi—l (2-3)
for i = 2, ---, n. The Picard group of the Bott tower is

Pic(X,) = ZD, @ --- ®ZD, .

If L is a line bundle on X,, which is numerically equivalent to a; Dy + ...+ a,D,, for some

integers ay, -+ -, ay, then we write L = (aq, -+, ay).
Let D = Y% a;D; be a Cartier divisor on X,,. Then D is ample (respectively, nef) if
and only if a; > 0 (respectively, a; > 0) foralli = 1, .-+, n (see [KDL Theorem 3.1.1,

Corollary 3.1.2]).

2.3. Quotient construction of a Bott tower. We recall the quotient construction of
Bott tower from [BP, Theorem 7.8.7]. The Bott tower X,, can be obtained as the quotient
Un /|G, of

Un = {(Zl7w17”' 7Zn7wn> € (C2n ’ |Zi|2+ ’wz|2 #07 1 < l < Tl} = ((CQ\O)TL
for the action of the group

Gr = A{(tp)pen,my € (CY*O | ] thww) =13 = ()",

pEAR(L)
where uy, -+, u, is a basis of M. More explicitly, the inclusion (C*)" < (C*)?" is given
by
(t1, ooy t) = (bt Bt o 8T ).
A point of X, is denoted by the equivalence class [z : wy : ... : 2, : w,]. Note that D,
(respectively, D;) is just the vanishing locus of the coordinate z; (respectively, w;), i.e.,
D} = V(z;) (respectively, D; = V(w;)) for1 < i < n (2.4)

(see [CLS, Example 5.2.5]).

We have

Un = Up1 X (Cz \ 0)7 (Zlawla T 7Zn>wn) — ((Zlawla T wznfl;wnfl) X (Zna wn))
and

Gn = anl X C*7 <t17 ) tn) — ((tla T tnfl)a tn>7
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where the last factor t,, acts trivially on U,,_y. Thus X,,_1 = U,,_1 /G, is the Bott tower
associated to the Bott numbers {c; ;}{1<i<j<n—1}. This also induces the map

Xp — X1, [Briwreoo iz iwy] > [zr w2y W]
In general, for each 1 < ¢ < n, there is a map
XZ' — Xifla [21 Twq ...32’1':’(112'] — [zl:wl Lo %2 :wi,l]
together with a section given by
Xiqa — Xi, [zrrwrso iz rwig] w— [zrrwyr iz w2 001
2.4. Basic set-up. Fix a point x € X,,. Now we describe a special class of subvarieties

X of X, for 1 < j < n equipped with rational curves rY c x7. We emphasize

that these subvarieties and rational curves depend on the given point x. However, for
convenience, we omit indicating this in the notation.

Set Xi(l) = X, forevery 1 < i < n. Forevery 2 <1 < n, let
o X, — Xy
be the composition of maps in (2.1). Define XZ-(Z) = 7; Y(m,(x)). Note that = € x?.
Then X¥ — X% — ... — X{? is a Bott tower (see Proposition n below).

For every 3 < 7 < n, let my; : XZ-(Q) — XQ(Q) be the composition of these maps. Define
xX® = 7r2_7i1(7r2,n(x)).

1

Proceeding this way, we define XZ-(j ) for every 1 < 7 < ¢ < n. Note that z € X9 for
all 1 < j < n. Further, Xi(z) = P! foreach 1 < i < n. See Figurebelow.

Proposition 2.1. Each vertical tower in Figure[l]is a Bott tower with positive invariants.

Proof. Fix a point x = [29 :w? :...: 2% : w0 € X,,. Then for j < i,
() _ 0.,,0. L0000 . . . . . .
Xi7 =l vy g rwy otz w2 Wy 2wy

(z,w;) € C*\ 0 for j <1<i} C X,
This can be identified with a Bott tower of dimension ¢ — j + 1 with Bott numbers

{ck1}{j<k<i<iy via the map

[z?:w?:...:z?_lzw?_l:zj:wj:...:zi:wi] — [z w2t wy).

Similarly X i(i )1 (provided j <i—1) can be identified with a Bott tower of dimension i — j
with Bott numbers {cy;}{j<k<i<i—1}. Also note that the map Xi(]) — Xi(i)l is defined by

0.0, .0 .0 oo
[20 cwy sz Wy w2 wy]
0.0 0 0
P [ wy 2 Wy T Wy 2 Wi
Thus each vertical tower in Figure |1 of the form
7) () () ()
X9 — XV — = X — X

is a Bott tower with Bott numbers {Ck,l}{j§k<l§n}. Since all the Bott numbers were
assumed to be positive, this completes the proof. 0
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Pl = x\™ ¢ xm b o x=2 o c xB o x@ c o xW
Pl=x""Yc x"?c . <Xx¥ < x® < xW
X" o o x¥ o xB <o xW1,

Pl = X"
FiGuRre 1. Construction of Xi(j)7 1<j<i<n
Proposition 2.2. Let x € X,, be a point. Then X,?) = D,.
Proof. Let x = [29 :w{ :...: 2% 1w € X, be as before. Then
X2 = {22 w2 i wy iz s wy] | (2, ws) € CP\ O for 2 < i < nb.

Note that if 20 = 0, then X\ = D} ~u, Dy (by 2.3)), and X¥ = D; when w? = 0.
X

0

So we can assume both 2z w? are non-zero. Since is a divisor in X,,, we can write

X% = bDy+...+b,D,, withby,---,b, € Z (2.5)

Recall that the (n — 1)-dimensional cones in the fan correspond to invariant curves in
the toric variety; let V(7) denote the invariant curve corresponding to the (n — 1)-

dimensional cone 7 in the fan. Now consider the curves C; = V(7;) in X,, where
7, = Cone(vy, -+, U, - -+, v,) are the (n — 1)-dimensional cones in the fan A,. Since

D;-C; = §;; (see |[CLS, Corollary 6.4.3, Proposition 6.4.4]), (2.5]) gives that b; = X,(f)-Ci.

Let i > 1. Then C; = D} N (Nj1,;D}). This implies that X2 NC; = 0, i.e., by = 0.
Now X2 nCy={[z:w?:0:1:...:0:1]}. So X?-Cy =1, ie, by = 1. Thus
x? = D,. O
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Let 1 < i < n. Let X\ —» Xé)l — ... — Xl(i)l — X be a vertical Bott
tower in Flgure Then by the construction of projective bundles, there is a section map

Xj()1 — X foreveryi1+1 < j < n.
Foreach1 < i < n,let o; : Xi(l) — X% be the composition of section maps. Define
I .= az(X(z)) (2.6)

We have T ¢ X for each i and T = X™. We denote T also by I',,. See Figure
below.

Xfln) C XT(L"_I) C C Xff’) c X,(f) C Xﬁbl)
I U U u U
g ry =Y Y e r, =Ty
I I I I I
(X)X os(XyV) (X))

FIGURE 2. Construction of D(f), 1<i<n

Proposition 2.3. The curves I',,, Fg), e T defined in ([2.6)) span NE(X,,), and they
are dual to Dy, ---, D,,.

Proof. Fix a point z = [20 :w) :...: 20 :wl] € X,,. Then for 1 < i < n,
PO = (2% w22 cwd 2w :0:1:...:0:1) | (2, w;) € C2\0} ¢ X
(2.7)
Now D; N T = {[1:0:0:1:...:0:1]}, and hence
D, -TW =1,
For 1 < 7 < n, we have

oo P, if w® = 0.

Thus Dy - TS = 0 when w9 # 0. But Dy ~y, D} by ,and D NTY = @ when

w? = 0 because (29,w?) € C2\ 0. Therefore, Dy - T = 0 Whenl < i < n. Thus for
1 <i < n, we have

Dy -TW = g,
Fix 1 < j < n, and assume that
Dy TY = 64 (2.8)

whenever 1 <7 < nandl1 < k < jJ.
We will show that Dj-Fgf) = 0;; for 1 < ¢ < n. First note that
Djﬂf‘g) = {[z?:w?:...:zo :w?_l:lz():():l:...:():l]}

7—1
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and hence Dj-Fff) =1. For 1 <i<n,i+# j, we have

: 0
D;NT® = w’@ w70,
mATY, i w? =0,

Thus for w) # 0, we have that D; - I'Y) = 0. On the other hand, if w) = 0, then 2§ # 0
and hence

D;-TW = 0. (2.9)
Again from (2.3)), we have that
Dj ~lin D; + CLle + e + Cj_17ij_1. (210)
Note that w? = 0 is possible only if j < i, and then by ({2.8]), we have that
Dy -TW =0 (2.11)

holds for 1 < k < j.
Then from (2.9), (2.10) and (2.11), it follows that D; - T'\) = 0. Hence D, - T\ = 4;;

holds also for 1 < ¢ < n.

So T, T, ---, T are dual to Dy, ---, D,. This implies that they span NE(X,),
because Dy, ---, D, span the nef cone of X, and W(Xn) is dual to the nef cone of
X,. O

Remark 2.4. As an immediate consequence of the descriptions in (2.4) and (2.7)), we
have the following alternative characterization of the curve I',,:

I,=DyNn...ND,.
More generally, for a point z = [29:w{:...: 22w € X, we have

€ TW if and only if € DI, N...N DL,.

From (2.7)), we see that z € FS) implies that x is also in F,(f+1). On the other hand,
let x € X,,, and let C' be an irreducible and reduced curve containing x. Assume that
x ¢ I'y. Then C # T',. More generally, we have the following:

Lemma 2.5. Forany?2 < ¢ < n, ifx € ) \Fg_l), then C ¢ D..

Proof. Write z = [20 :w® :...: 20 :w?] € X,,. The condition that z € ry implies that
z? = 0 forall j > i+ 1. Similarly =z ¢ i implies that z? # 0 for some j > i. Thus
20 £ 0,ie,z ¢ D. Since x € C, it follows that C ¢ D!. O
Lemma 2.6. Let L = (a1, -+, ap) € Pic(X,). Then L ») = (a; -+, a,) whenever
2 <1< n.

Proof. Let x = [29:w?:...: 20 : w?] € X, be as before. Note that

X9 =)l i)l w2 i wy] | () € CP\O fori <1< n}

is isomorphic to

{letcwf oo iz rwh ] | (2, w) € CP\O forl <1 <n—i+l},
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which is a Bott tower of dimension n — i+ 1, where we have identified 2} (respectively,
/

wj) with z;_14; (respectively, w;_14;). Note that
Pic(X®) = 2DV @ .- & ZDY ., |
where D]@ = V(wj)forj =1, ,n—i+1
Let « < j < n, and consider
DN XD = {122 w22 sl w2t w,] € X, | wy =0}

= (w;fiJrl) C X\
_ n
=i

Now using induction on j, we show that Dj|, « = 0 for 1 < j <. Note that

: if w9 #£ 0
D; N X" = w’(i) : wfof ’ (2.12)
Xn'y it wj =0.

First suppose that j = 1. From (2.12)), if w? # 0 then D[,y = 0. So assume w} = 0.

Then from (2.3)), we have Dy ~y, D). Since w) = 0, we have D} N X,(f) = (), which shows
that Di], o = 0. Now assume that Dy| ) = 0 for all I < j. Again from (2.12)), if w) # 0
then Dj[ ) = 0.

So let w) = 0. Then from (2.3),
Dj ~lin D; + Cl,iDl + ...+ Cj_17ij_1. (213)

Clearly, D’ N X9 = ¢ as w) = 0. Now from (2.13) together with the induction
hypothesis, it follows that D;|, = 0. This completes the proof. O

3. SESHADRI CONSTANTS

In this section we prove our main theorem which determines the Seshadri constants of
nef line bundles on Bott towers. We follow the notation developed in Section [2] about
Bott towers.

Let n be a positive integer. We consider Bott towers
X, — X1 — ... — Xo— Xg — Xy

of height n. Then X; = P!. If L = Opi(a) is a nef line bundle on P!, then by convention,
the Seshadri constants of L are given by (P!, Opi(a),z) = a for every z € PL.

Theorem 3.1. Let n be a positive integer. Let

X, — X1 — ... — Xo — X7 — X
be a Bott tower with positive Bott numbers. Take any x € X,,. Let X,(LQ) be the subvariety
of X,, defined in Figure[l] and let T, C X,, be the rational curve defined in Figure[d Let
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L = aiDy+ ...+ a,D, be a nef line bundle on X,,. Then the Seshadri constants of L
are given by the following.
min{ay, e(X\, L]y, 2)}, if @ € [,

e(Xn, L, =
( z) {8(X7s2), L]y, ), if #¢T,.

Remark 3.2. By Remark [2.4] the conclusion of Theorem [3.1] can re-phrased as

min{a,, e(X\”, Lly@,z)}, ifzeDyn...0Dy,

e(X,, L, x)=
( ) {g(xﬂ Ll o, ), if x¢ Dyn...ND..

Remark 3.3. In Section [2| we defined subvarieties X\” of X, for every ¢ < n; see Figure
. So X' is not defined when i > n. When n = 1, we note that X; = I';. Therefore,
Theorem m is to be interpreted as follows when n = 1: Since Xig) is not defined, the
theorem asserts that e(P', Opi(a),z) = a for all z € P! This holds by the convention
on Seshadri constants for nef line bundles on P!,

We will prove Theorem [3.1]in this section. We start with some propositions.

Proposition 3.4. With the notation as in Theorem |3.1
e(L,z) > min{ay, (X, Llye,x)}
forallz € X,.
Proof. Let C' C X, be an irreducible and reduced curve such that m := mult,(C) > 0.
Write C' = pi[, + p2F,(12) +...+ pnF,(ln), for some non-negative integers py, ..., p,.
First suppose that C' ¢ XT(LQ). Then, using Proposition , we have
C-X® = C. Dy > m(mult,(X?)) > m,
by Bézout’s theorem. Proposition [2.3|implies C'- D; = p;. So p; > m. Thus

L-C  aipr+...+ apy
m m

Z ai.

Next suppose that C C X&”. Then from the definition of e(L] ), ) it follows that

L-C B L|X7(L2)'C
m a m

> 8(L’X§f)’ x).

Consequently, ¢ > minf{ay,e(L| ), )} for all irreducible and reduced curves C' C
X,,. The proposition follows. U

Proposition 3.5. Forn > 0, let
X, — X1 — ... — Xo — XT — X

be a Bott tower with positive Bott numbers. Let L = a1D1 + ...+ a,D,, be a nef line
bundle on X,,. Take any x € T, := NS (see (2.6)). Then

e(L, ) = min{ay,e(X?, Ll o, )}
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Proof. We know that I',, is a smooth rational curve. Since x € T'),, we have e(L,z) <
L- Fn = ai.

On the other hand, we always have

L-C L-C
e(L,x) = inf < inf = (L2, 2).
veCCX, mult,C' ~ ,cocx® mult,C X

So e(L,z) < min{ay, 5(X7(L2), L], )} and the proposition follows from Proposition

B.4 O

Lemma 3.6. With the notation as in Theorem |3.1|, suppose that

L-C
> (XD L
mult,C — (X |X7(12>’x)

for all irreducible and reduced curves C ¢ X. Then e(L,x) = 5(X7(12), Ll o, ).

Proof. For any irreducible and reduced curve C' C X,(f), we have
L-C

> (X L 3.1

i, 2 7 L) .0

by the definition of Seshadri constants. So by the given hypothesis, (3.1]) holds for all

curves in X,,. So e(L,z) > 5(X7(12), L] @, z). Since the opposite inequality e(L,r) <

E(X,(lz), L]y, z) holds, the lemma is proved. d

n

Next we consider the second case of Theorem [3.1] Note that if z ¢ T, then n > 2.
Proposition 3.7. Let n > 2 be an integer. Let
X, — X1 — ... = Xo — X7 — Xp
be a Bott tower with positive Bott numbers. Let L = a1D1 + ...+ a,D,, be a nef line
bundle on X,,. Take x € X,, such that x ¢ T',,. Then e(X,, L,z) = 5(XT(L2), L|X7<12),x).

Proof. We prove this by using induction on n. First set n = 2. This implies that Xéz) =
P! and L|X£2> = (az2) by Lemma . Hence e(X,(f), L|y@,x) = az. So we need to prove

that (Xs, L,x) = ag, under the assumption that x ¢ I's.

Let C = piI'y + p2F§2) C Xy be an irreducible and reduced curve for some non-
(2) (2)

negative integers p;,ps such that m := mult,(C') > 0. Note that z € 'y’ = X;7.
Hence z € Fg) \ I'; and we have C' ¢ D), by Lemma By (2.3)),

DIQ ~iin Dy — C1,2D1 )
where c; o is a positive integer. Hence

0<C-Dy=C-(Dy—c12D1) = ps—c12p1.

So p2 > pr.
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Now suppose that C' # Ff) = XQ(Q). Then Bézout’s theorem and Proposition
together give that m < C'- Xéz) = C - D; = p;. Hence

L-C  aipr+ agps >
== = Q9.

m m

On the other hand, since x € ng), it contributes to the Seshadri constant of L at x.
So e(Xy, L,x) < L- ng) = ay. Since % > ay for every curve C' # Fg), it follows that
e(Xa, L,z) = as.

Now assume that

en > 3, and
e the proposition holds for all Bott towers of height at most n — 1.

Note that L| = = (az, ---, a,) by Lemma . By the induction hypothesis and

Proposition [3.5) we know that
: (3) : (2
min{as, e(Xn”, L, ,x)}, if x € Iy,
C(XO, L] 7) — { {az, 20", Ll yw. )}

e(XP, Ll g, o), itz ¢ T\,

Case 1: z € Fﬁf).

In this case, 5(X,(12), Ll ,r) = min{ay, 5(X7(13) L@, 7)) < a.

Lemma 3.8. Let C' C X, be an irreducible and reduced curve such that C ¢ X2 and
m = mult,(C) > 0. Then £ > a,.
Proof. Write C' = piI',, + p2F§?) +...+ pnf‘?(@") for some non-negative integers pi, -+, pn.

Since z € T \ I, we have C' ¢ D) by Lemma . From (2.3) we know that
D} = Dy — ¢12D; for a positive integer ¢; 5. Hence 0 < C'- Dy = py — c19p1. This in
turn implies po > p;.

On the other hand, since C' ¢ X,(f), we have py > m (see the proof of Proposition

B.4). So

L-C a1py + asps + ... 4+ anpn
- Z 9.
m m

Hence the lemma is proved. 0

So LC > gy > e(Xq(zQ), L]y, x) for all curve C' ¢ x®. Then, from Lemmait

follows that (L, x) = 5(X7(L2), L]y, x), as required.

Case 2: = ¢ r.

In this case, S(Xg), L@, ) = 5(X,(13), L] @, z). Now choose the smallest integer i
such that z € TV, Note that such an i exists, since z € ' = X, It follows that
3<i<nandz ¢ F%’)forj <ii-—1.

By the induction hypothesis,

e(XP, Ly, ) = e(XV, Ly, ) = -+ = e(XV, L]y, 2).

n n
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Note that L|, ) = (as, --- , a,) by Lemma Again, by the induction hypothesis,

e(X®, Ll @, r) = min{a;, e(XU+D, Ll oy, v)}, if i <n—1

n

and (X, Ly, z) = a;, if i = n.

In either case, we get that E(Xff), Lo, ) < a;.
Hence 5(X,(L2), Llyo,z) = - = 5(X,(f), Lo, ) < a;.

Lemma 3.9. Let C C X, be an irreducible and reduced curve such that C ¢ XP and
m = mult,(C) > 0. Then L€ > a,.

m

Proof. Write C' = piI',, + pQFg) + ...+ pnf‘%n) for some non-negative integers py, - -, py.
Since z € T'{) \Fq(f_l), we have C' ¢ D} by Lemma . Further,
D; =D;— Cl,iDl - C2,iD2 — ... Ci—l,iDi—l
for positive integers ¢, -+, ¢;—1,;. Hence
0<C-D=p;—crip1 —...— Ci1,Pi-1

and this gives p; > p;.
On the other hand, since C' ¢ Xflz), we have that p; > m (see the proof of Proposition

. So

L-C  aipr+apa+...+anp, S

Z a;.

m m
Hence the lemma is proved. O

Consequently, % > a; > €(X,22), Ll ), z) for all curves C' ¢ xP. Then, by

Lemma it follows that e(L, z) = e(X,(f), L]y, ), as required. This completes the
proof of the proposition. O

Proof of Theorem [3.1. The theorem follows immediately from Proposition 3.5 and Propo-
sition 3.7 H

Remark 3.10. A Bott tower of height two is a Hirzebruch surface (a geometrically ruled
surface over P') and Seshadri constants for ample line bundles on such surfaces were
computed in [Sy, Theorem 3.27] and [Gal, Theorem 4.1]. When n = 2, Theorem (3.1
recovers the results of [Syl [Gal.

Corollary 3.11. Forn > 0, let X,, — X,,_.1 — ... = X5 = X5 — X be a Bott tower
with positive Bott numbers. Let L = a1D1 + ...+ a,D,, be a nef line bundle on X,,. Let
x € X,. Then the following hold:

(1) e(Xp, L, z) = min{L-TS) | xEFg)} = min{e; | z€ D/, N...ND,}. In
particular, £(X,, L,x) = a; for some 1.
(2) e(Xp, Lyx) > min{ay, -+, ap}.

>
(3) e(Xn, L,x) < ay,.
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Proof. The statements in the corollary are derived from Theorem 3.1 If z ¢ T, then
e(X, L,x) = 5(X7(12), L], z) and the statements follow immediately from induction on
n.

If v € Iy, then (X, L, x) = min{a, g(XﬁbQ), Ll e, z)}. It is easy to see that the
statements in the corollary hold for e(X,,, L, x) if they hold for e(XT(f), L], o). O

Remark 3.12. Let L be any nef line bundle on a surface X and let x € X. Ife(X, L, z) =
#gc, then C' is said to be a Seshadri curve for L at x. If X,, is a Bott tower and L is

a nef line bundle on X,,, then the first statement of Corollary shows that one of the
curves I',,, D(IQ), cee rim (defined in (2.6)) is a Seshadri curve for L at any point z € X,.

Corollary 3.13. Forn > 0, let X,, = X,,_1 — ... = Xo = X4 — X be a Bott tower
with positive Bott numbers. Let L = a1D1+...4+a,D, be a nef line bundle on X,,. Then

(1) e(X,, L) = min{ay, ---, an}, and
(2) e(Xp, L, 1) = ay,.

Proof. We first prove (1). Let a; = min{ay, ---, a,}. It is easy to choose a point z € X,
such that z € T \ Fg_l); for example, we can take z = [2¥ : w? : ... : 20 : w?] such that

20 #0and z) = 0,w) =1 for [ > i. Then z ¢ Ty for any j <i— 1. By Theorem,

e(L, z) = e(Lly@, ) = ... = e(Lyw, ) = min{a;, (L] e+, )} = a;.
For the last equality, use Corollary [3.11{1) and a; = min{ay, ---, a,}. Now it follows

(again, using Corollary [3.11|(1)) that the smallest Seshadri constant of L is a;. Hence
€<Xn7 L) = a;.

To prove (2), choose a point x € X,, satisfying = ¢ Y. Then
e(L, z) = e(Llyo, z) = ... = e(Llym, z) = e(P, Opi(ay), ) = a,.

Since all Seshadri constants are bounded above by a,, and the value a,, is achieved at some
point, it follows that (L, 1) = a,,. O

Remark 3.14. From the proof of Corollary [3.13| we observe that e(L,1) = (L, z) = a,

for any = ¢ TV, Tt is easy to see that for a general point = € X,,, we have z ¢ I'"™ Y.

Thus (L, 1) is achieved at general points of X,,. On the other hand, (X, L) is achieved
at spectal points of X, ; namely, points x satisfying ') \ i if a; = min{ay, ..., a,}.
3.1. Remarks and Examples. Now we will compare our results with some other results
on Seshadri constants on toric varieties in literature. We will then give some examples to
illustrate our results.

Remark 3.15. Seshadri constants for line bundles on toric varieties at torus fixed points
are investigated in [DiR] via generation of jets. The case of equivariant vector bundles on
toric varieties is studied in [HMP]. At a torus fixed point z, the Seshadri constant of an

equivariant vector bundle E is computed via the restriction of E to the invariant curves
passing through z (see [HMP, Proposition 3.2]). We show now that Corollary [3.11(1)
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recovers this result for line bundles. So for line bundles, Corollary [3.11(1) can be viewed
as a generalization of these results for all points on a Bott tower.

Recall that there is one-one correspondence between the set of torus-fixed points in a
smooth complete toric variety and the set of maximal cones. Let us denote the fixed point
corresponding to a maximal cone o by z,. Let L = ayD;+...4a,D,, be a nef line bundle
on X,. By [HMP, Corollary 3.3], (L) = rraljin e(L,x,), where the minimum varies over

o

all maximal cones ¢ in A,. Now consider the maximal cone o = Cone(vy,...,v,). Then
by [BDHKKSS, Corollary 4.2.2], we have ¢(L, x,) = min{ay,...,a,}, since the invariant
curves passing through z, are V(7;), where 7, = Cone(vy,...,0;,...,v,) fori =1,....,n

(see also [HMPL Proposition 3.2]). Now consider a maximal cone ¢’ other that o. Let C
be an invariant curve passing through x,. Then C' = V(7) for an (n — 1)-dimensional
cone 7 of the form

7':Cone(vl,...,vil,...,viT,...,vn,UnHl,vnHQ,...,vn+ij,...,vn+ir)
for some j = 1,...,r, where r varies from 1 to n and D - V(7) > min{ay,...,a,}

(see [KD) proof of Theorem 3.1.1]). Thus (L, x,) > min{ai,...,a,}. Hence (L) =
min{ay, ..., a,}, which agrees with Corollary (1).

Remark 3.16. Theorem shows that the Seshadri constants of ample line bundles on
Bott towers are integers at all points. By [BDHKKSS, Corollary 4.2.2], this holds for torus
fixed points on an arbitrary toric variety. Note however that Seshadri constants can be
non-integral on an arbitrary toric variety; see [[t2, Example 1.4]. This example describes
an ample line bundle L on a toric surface X such that L? = 3 and 3/2 < (X, L,z) < V3
for some point # € X. In fact, in this example X is a cubic surface in P? and L = Ox(1).
Let € X be a general point. By considering a hyperplane H C P? tangent to X at z
and taking C' = H N X, we obtain an equality (X, L,z) = 3/2. See also [ST), Example
2.1]).

Remark 3.17. In [[t2], the author gives bounds on Seshadri constants on an arbitrary
toric variety at any point. In some cases, these bounds give exact values. To apply this in
our situation, let L = a1Dy + ...+ a,D,, be an ample line bundle on X,,. Let x € T, the
torus of X,. By a repeated application of [[t2l Theorem 3.6], it is possible to show that
e(L,x) = a,. This is a special case of our results; for example, it follows from Corollary
3.11 since clearly z ¢ T\,

We now give some examples illustrating our main theorem. We use the same set-up as
in Theorem [3.1] Note that in each example below Corollary is verified.

Example 3.18. Let L = (1,3,8,4) € Pic(X,) and = € X4. We repeatedly use Theorem

and Corollary to compute the Seshadri constants of L. If # € I'y then (L, z) = 1.

So assume now that x ¢ I';. Then (L, x) = e(L| @, ). Note that L| ) = (3,8,4). If
4 4

z € TP then e(L, ) = 3. Finally, if # ¢ T'\?, then (L, z) = e(L| 4@, ) = 4.
4
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Thus
1, if x ely,
e(L,x)=<3, ifx ¢y e r?,
4, ifx ¢Ty,x ¢ Ff).

Example 3.19. Let L = (1,2, 3,8) € Pic(X,) and = € X,. Repeatedly applying Theorem
and Corollary

y ifﬁCEF4,
, ifz el zel?,

: (2) (3)
, ifaxdTyx gl xely”’,
, ifxélyxé Ff),x ¢ Ff).

e(L,z) =

o W N o~

Example 3.20. Let L = (3,6,2,7) € Pic(Xy) and x € X,. Here note that z € 'y = z €
r'?Y =zerf.
Then
2, if x €Ty,
e(L,x) =12, ifx¢glyuze Ff),
7, ifx¢Tyz¢TV.

Example 3.21. Let L = (3,6,5,7,9) € Pic(X5) and = € X;5. Here note that z € I's =
xeféz) :>x€Fé3) :>:E€Fg4).

Then

(
3, if z € F5,
5, ifw¢Ds,zel?,

e(L,x) =15, ifx¢lsz¢ Féz),m € Fég),
7, ifx¢Ts2¢ TP 2¢ TP 2er,
: (2) (3) (4)
9, fzxglsad¢ly ol vg¢
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