
Quantum Mechanics 1, Spring 2011 CMI
Problem set 11

Due by beginning of class on Monday April 4, 2011
Heisenberg equation of motion, Scattering in one dimension

1. Show that an operator A commutes with any power of itself An for n = 0, 1, 2, · · ·

[A, An] = 0. (1)

2. Show that the commutator with p of any function of x is [p, f (x)] = −i~ f ′(x) .

3. Consider a free particle in one dimension H =
p2

2m .

(a) Find Heisenberg’s equations of motion for the position and momentum operators xh(t)
and ph(t) (you can drop the subscripts h).

(b) Solve the above Heisenberg equations of motion in terms of the initial operators qh(0)
and ph(0).

(c) Compute the commutator of the position operators at different times [q(0), q(t)] .

(d) Applying the uncertainty relation (∆A)2(∆B)2 ≥ −1
4 〈[A, B]〉2 in a Heisenberg state ψh ,

find a lower bound for the uncertainty product ∆q(0)∆q(t) .

(e) Suppose we prepare a free particle in an initial state with a certain spread in positions
∆q(0). Based on the above calculations, what can you predict about the minimal spread
in positions for the state as time t grows?

4. Consider a particle in a real potential V(x) that vanishes as x → ±∞ . The Schrodinger eigen-
value problem is

−
~2

2m
ψ′′ + Vψ = Eψ (2)

(a) Suppose ψ and φ are both eigenfunctions with the same energy eigenvalue. Show that
the Wronskian W(ψ, φ)(x) = ψφ′ − ψ′φ is independent of x .

(b) Suppose ψ is a scattering energy eigenstate with asymptotic behavior

ψ(x)→ ae−ikx as x→ −∞, and ψ(x)→ e−ikx + beikx as x→ ∞. (3)

What is the energy eigenvalue of ψ(x)? What is the physical interpretation of such a
scattering state wave function?

(c) Is ψ∗(x) also an energy eigenstate, and if so with what energy?

(d) Find the Wronskian W(ψ, ψ∗)(x) as x → ±∞ . How must these asymptotic values of the
Wronskian be related?

(e) Use the above to find a relation between a and b . Give a physical interpretation of the
relation.
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