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1 Elastostatics

e A wooden ruler, a concrete building/bridge, a stretched string, a steel bar or wooden beam
behave as elastic materials when subjected to any sufficiently small stress (‘stress’ = force/area).
We say that an object behaves elastically if it tends to retain its original shape and size when any
such applied force is withdrawn. By contrast, a fluid is permanently deformed under a small,
say shearing, force (it ‘flows’). Elasticity is a property both of the material and the applied
forces. The same material (e.g. the Earth’s crust) may behave elastically for certain small
stresses (seismic waves in an earthquake) but suffer non-elastic deformations (rupture/fracture
to form a crack/rift (e.g. the great rift valley in East Africa)) when subject to other stresses.
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A material suffers plastic deformation if the change in shape is permanent, not reversed when
applied stresses are removed, e.g. a thin metal spoon that is beaten or bent into a new shape.

e Elastic deformations are intermediate in complexity between vibrations in a stretched string
and fluid flows. Unlike a rigid body, the parts of an elastic body are not rigidly interconnected
but suffer small relative displacements due to applied stresses. As in a stretched string, a certain
‘ordering’ (relative arrangement) of material elements (molecules) is maintained in elastic defor-
mations of a steel beam. But unlike transverse vibrations of a string, elastic seismic waves can
have both transverse and longitudinal components associated to ‘shearing’ and ‘compressional’
motions. Fluid flows as in air or water can in general mix up the molecules in a much more
complicated way.

A material behaves elastically if it retains its shape and size after applied stresses are removed.
If the applied force is small enough, the displacements of material elements is proportional to the
applied stress. This linear regime continues to hold till the proportionality limit, beyond which
the material is still elastic but the resulting strains are not proportional the applied stresses.
Many materials (e.g. cemented tungsten carbide) cease to behave elastically for strains greater
than 1073. Beyond the elastic limit, plastic flow sets in and the body does not return to its
original shape and size when the stress is removed. At still larger stresses (from the yield point),
a small increase in stress can produce a very large strain (it is as if E — 00). At even larger
stresses we reach the rupture point at which the material cracks or breaks.

1.1 Hooke’s law of elastic behavior for a cuboid

e We roughly follow Feynman’s treatment in Vol 2, Chapt 38 of his Lectures on Physics.

e Consider a cuboid shaped bar of wood/steel with length [, width w and height h. If a tensile
(tending to elongate) force F is applied lengthwise at either end of the bar!, then the increase in
length Al is found to be proportional to the applied force, Al oc F'. What is more, if the force
is withdrawn, the bar feels a restoring compressional force of the same magnitude F', which
is proportional to the elongation F' o« Al, with the same constant of proportionality. This is
Hooke’s law, it can be viewed either way: force producing elongation or elongation producing
restoring force. Further, the elongation Al is proportional to the length of the bar, if we attached
two such bars lengthwise, and applied the same force at the ends, the elongation would double.
So Al « [F'. In addition, the force needed to produce a given elongation is proportional to the
cross sectional area A of the bar. Indeed, if we had two such bars side by side, then we would
need to apply twice the force to produce the same elongation in both bars. So Hooke’s law
becomes

F= EA# 1)

where the constant of proportionality E is called Young’s modulus of elasticity (some authors
denote it by Y, though we will use Y for the tensor of elasticity to be introduced later). F
has dimensions of force per unit area, or pressure. It is the analogue of a spring constant. This
normal force per unit area F/A is called a (normal) stress. And elongation per unit length Al/I
is called strain. So Hooke’s law says that stress equals Young’s modulus times strain.

'If unequal forces are applied on opposite faces, the unbalanced force will accelerate the bar as a rigid body,
leaving the balanced part of the forces to cause elastic deformation.



e We will deal primarily with homogeneous and isotropic elastic materials whose properties do
not change with location in the material nor with direction. A crystalline material is anisotropic,
the same stresses in different directions may produce different strains. For such materials, we
need more than one modulus of elasticity to express Hooke’s law.

e As one might expect, when a bar is stretched lengthwise by a tensile stress, its dimensions in
transverse directions contract. The transverse contractions are proportional to the lengthwise
strain and also to the original transverse dimensions. Thus the fractional increase in width and

height are negative and equal
Aw _Ah__ Al (2)
w  h I

In other words, the ‘secondary strains’ Aw/w and Ah/h are proportional to the ‘primary
strain’ Al/l with proportionality constant v. Poisson’s ratio v (sometimes denoted o) is a
dimensionless constant within the limits where Hooke’s law holds. It is found to be positive and
we will see that v < %, to ensure that an elastic material does not increase in volume when
compressed. It turns out that E and v are independent material constants that completely
specify the elastic properties of homogeneous isotropic materials. In particular, we will see that
the bulk modulus (or compressibility) and shear modulus which are other elastic constants can

be expressed in terms of E and v.

e Within the range of validity of Hooke’s and Poisson’s laws, elastic forces satisfy the superpo-
sition principle. The displacements produced by the sum of two forces is the vector sum of the
individual displacements.

e Elastic forces, as a consequence of Hooke’s law, can have two qualitatively distinct and striking
effects on a body, compression and shearing, which we introduce now through examples.

1.2 Hydrostatic compression: bulk modulus

e Suppose our cuboid is placed in water. Assume the hydrostatic pressure p due to the collision
of water molecules on all faces is equal (so we ignore the increase in pressure with depth due
to gravity). Since hydrostatic pressure is the normal force exerted per unit area, the stress on
all faces is equal to p. Let us find the changes in the dimensions [, w,h of the bar and in the
volume of the bar.

e By superposition, the lengthwise strain Al/l is the sum of three contributions, contraction
—p/E due to lengthwise stress (stresses on the two faces perpendicular to the lengthwise axis),
elongation vp/E due to breadthwise stresses and elongation vp/E due to vertical stresses. Thus
Al/l = —(p/E)(1 — 2v). By symmetry, we have

Al Aw Ah  p

C = w - h BT )

The volume strain is

AV A(lwh) Al Aw  Ah 3p

B e p— —=——(1-2 4
v lwh T T g1 @
The ‘volume stress’ is just the pressure p, and this formula says it is o« to the volume strain
E AV AV
= = -K—. 5
P="30 -2 v % )



The constant of proportionality K = ﬁ is called the bulk modulus, by analogy with
the elastic modulus appearing in Hooke’s law. The reciprocal of the bulk modulus is called
compressibility kK = 1/K, which in general is defined as the fractional decrease in volume due
to an increase in pressure. In our case, the increase in pressure is p:

10V 3(1—2v)
Vo~ B ©

When the Poisson ratio v = %, we see that the compressibility vanishes, the material is in-
compressible, it resists a change in volume in the face of compressional stresses. If v > %
the compressibility would be negative, indicating an instability, the block would keep ezxpand-
ing under air pressure! Such spontaneous expansion is not observed in ordinary materials, so
v < % However, observations indicate that the universe on a large scale may behave like an
unusual material that expands ‘by itself’ (it seems to have a negative pressure associated to the

cosmological constant or conjectured ‘dark energy’).

1.3 Shearing of a block: shear modulus

e So far we only considered forces that act orthogonal to faces of the block. It is also interesting
to consider shearing stresses, forces that act tangential to the faces. We will formulate Hooke’s
law for general stresses and strains in a later section. For now, let us examine the effect of
shearing stresses on a cube by converting it to a problem of normal stresses on a different body,
using a clever argument given in Feynman’s lectures.
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Fig. 38-4. The two pairs of shear forces in a) produce the same stress as Fig. 38-7. The shear strain @ s
the pressing and stretching forces of (b). 2 AD/D.

Figure 1: Shear forces on a cube, scanned from Feynman Lectures Vol 2, Chapter 38.

e Consider a cube of side ! viewed normal to a face. It is subjected to ‘pure shear’ forces of
magnitude G acting tangential to the faces of area [ as shown in Fig 38-6 of Feynman lectures
Vol 2. The shear forces act to the right on the top face and to the left on the bottom face,
upwards on the right face and downwards on the left face. They are balanced so that the cube
as a whole does not feel any force or torque. The effect of the shearing forces is to deform the
cube so that its visible face goes from being a square of diagonal D = [v/2 to a rhombus with
smaller diagonal D — AD. We aim to find the strains produced by these stresses. Let us focus
on the force acting on two diagonal faces (of depth [ into the plane of the paper) obtained by
slicing through the cube: A (North West-SE) and B (SW-NE). The above shearing stresses
act normal to these diagonals: (1) stretching/tensile forces of magnitude v/2G (the resultant



of G on top and G on right) across the NW-SE diagonal face A, acting over an area /22
and (2) compressional forces of size v/2G acting normal to the SW-NE diagonal face B, again
of area v/21%2. The pure shear stresses G and strains on the original cube will be obtained
from the normal stresses v/2G and resulting strains on a hypothetical larger cuboid with sides
1v/2 x 13/2 x 1, shown in Fig 38-6 (b) (the depth [ of the fictitious cuboid is the same as that
of the original one). Since we have not yet formulated Hooke’s law for non-normal stresses, the
correctness of this approach could then be determined by comparing the answers obtained with
experiment.

e Let us determine the strains due to compressional and tensile normal stresses of size Gv/2
acting on the faces of area V212 of the new cuboid with visible square cross section of side
= 11/2. One side of the new cuboid (say the one parallel to face B) is elongated by

AD  12G 1fG C(1+v)G _ (1+v)

= = = = = . 7
D ~Evaer "EVar E 2 E 7 (7)
The first term is due to the tensile stress acting normal to the face A while the second is due
to the compressional stress acting on the face B orthogonal to it. The other side is contracted
by the same amount. Thus, the result of the pure shear stresses on the original cube is to turn
its visible cross section into a rhombus with diagonals D + AD.

e To identify the shear modulus, we first note that g = GV2 2/v/2 V212 = G / [2 is the shear stress.
It is tempting to define AD/D as the shear strain, but it it conventional to define the shear
strain as the angle 6 by which the cube is sheared, so that its cross section looks like a rhombus.
0 = 6/1 where ¢ is the tangential displacement of any face. Fig 38-7 shows that § = v/2AD
(consider the small isosceles right triangle with sides AD, AD and &) where D = /2[. So the
shear stress g = G/I> may be expressed as a multiple of the shear strain

E AD E 5 E 6_ ., . E -
1+v D 1+vvaxval 20+l " F=5a 1oy

u is called the shear modulus or coefficient of rigidity or Lamé’s first elastic constant. Like
Young’s modulus, it must be positive, since elastic forces are restoring forces.

9=

1.4 Stress tensor

e More generally, forces need not act either normal or tangential to surfaces® of the material,
and they could vary in magnitude and direction with location in the material. A device that
encodes the force per unit area acting across an element of surface is called the stress tensor.
Let n dA be a small surface element of area dA, with unit normal n, centered at x. Let
F(ndA,x) be the force that acts across the surface. (Feynman works with the force per unit
area Y (n,x) = F/JA) Precisely, it is the force on the material on the side to which n points,
due to the material on the other side.

e In general F and n point in different directions and are related by a linear transformation,
the transformation of stress. If we choose to write all vectors in some basis, e.g. resolve them
according to cartesian components, then this linear relation may be written as

i(ndA, x) ZTW x)n; 6A. 9)

2These surfaces may be external surfaces or, more frequently, hypothetical internal surfaces in the material.



The 3 x 3 matrix T;;(x) is called the stress tensor field. It depends only on the location x and
not on the surface or n. By choosing a surface whose normal n points in the j direction, we see
that T;; is then the ith component of the force acting on the material towards the ;' direction
of a surface of unit area whose normal points in the j*' direction. Alternately, suppose 6A is
a small surface with normal 7, then > j T;;n;(8A) is the i'h component of the force acting on
the material on the side to which the normal n points.

Remark: Consider a small sphere enclosing a volume of material with outward normal n. If
F points in the same direction as n, then it is a tensile stress, tending to pull the surface in the
‘outward’ direction and thereby expand the sphere. If F points anti-parallel to n, then it is a
compressional stress tending to compress the sphere.

e Stress tensor due to hydrostatic pressure at a point in water. By definition, hydrostatic
pressure acts normal to any surface considered. So consider a small cuboid with axes along the
cartesian axes, it follows that T;; = 0 for ¢ # j since there are no tangential stresses. Moreover,
T33 = p since the force across the top surface, whose normal points in Z direction due to the fluid
below is pZ. We get the same answer T33 = p by considering the bottom surface. Proceeding
in this way 7;; = pd;; due to hydrostatic pressure. This formula for the stress tensor due to
hydrostatic pressure is independent of basis, multiples of the identity matrix have the same
components in any basis.

e Stress tensor for tensile elongation of a rectangular bar: Consider the tensile elonga-
tion of a bar of length [ and cross sectional area A by the application of a tensile stress F/A
in the & direction on the right face and F'/A in the —& direction on the left face. So there is a
stress F'/A in the same direction as the normal Z to the right face, due to the external agent
who is on the 4z side of the face. So Th; = —F/A. We also obtain T1; = —F/A by considering
the left face. There is no force in the y, 2 directions anywhere. So T3; and T3; are all zero.
There is no force on the remaining faces, so T;o = 0 and 133 = 0.

r 1 00
So the stress tensor is  Tjj = - 0 0 0]. (10)
0 00

This stress tensor is clearly anisotropic unlike that for hydrostatic pressure. The difference in
sign is due to the tensile force on the bar, unlike the compressional force of hydrostatic pressure.

e ‘Pure shear’ stress tensor: Suppose we have a material subject to pure shear forces g per
unit area, acting on any small cube. More precisely, an external agent applies a force g per
unit area on the top, bottom, right and left faces of an elementary cube, in the x,—x,y, —y
directions, as in Feynman’s example considered in the previous section. Let us find the stress
tensor. Since there is no force in the z direction, T5; = 0 for j = 1,2,3. Further, the diagonal
components T;; = 0 since there are no normal stresses. To find Tj2, consider the top surface.
Tio is the x component of the stress on the top surface due to the material inside the cube, this
is a restoring force and is just —g. We get the same answer by considering the bottom surface:
Tio is the z-component of stress on the bottom surface due to material outside the cube and it
is equal to —gz. It is the negative of the x-component of the stress on the bottom surface due
to material inside the cube. So we get T2 = —g by considering either the top or bottom face.
By considering the right face we find 751 is the y-component of the stress on the right face due



to material inside the cube. Thus T5; = —g. Thus we find
010
T=-g(1 0 0]. (11)
0 00

To say that this stress tensor is ‘pure shear’ or purely off-diagonal, is a basis-dependent state-
ment. As Feynman did in the above example, we may write the stress tensor in a different basis,
by /4 rotation. In the rotated basis it is diagonal and looks like a combination of normal

1 0 O
tension and compression in two orthogonal eigen-directions T = —g (0 -1 0) .
0 0 O

1.4.1 Symmetry of the stress tensor

e In the above examples, we notice that the stress tensor is a symmetric matrix at each point.
We argue now, that this must always be true. Consider a volume V of material surrounded by
a surface A = V. The i*" component of the force per unit area acting on the material inside
across any point of this surface is —7T;;n; where 7 is the unit outward normal. Let us consider
the rate of change of angular momentum of the fluid in V' about an origin located inside V. It
must equal the torque due to surface forces acting on the fluid inside V' plus those due to body
forces (fP per unit volume, e.g. pg in the case of gravity where § is the acceleration due to
gravity)

d

@ (I‘ X V)i pdV = /(I’ X fb)l-dV — / Gz'jijTklnldA = / |:(I‘ X fb)i — Gijkal(Tkal) av
\%4 A |4

= /V [(I‘ X fb)i — Eijkaj — eijijalTkl] dVv (12)

Here p is the mass density and v the velocity of the material at the position r. ¢ is the
Levi-civita symbol, it is anti-symmetric under exchange of any pair of indices with €103 = 1,
so that €130 = —1 and €115 = 0 for instance, it gives a convenient way of writing the cross
product. The second equality is a consequence of Gauss’ divergence theorem which states
Joy vimidA = [, QvidV . Now we let V shrink to zero, thinking of it as a spherical volume
so that its linear dimension is of order V'/3 and |r| < V/3 (here it where it helps to have
the origin inside the volume). p,v, f°, Ty; and 9T}, all have finite limits independent of the
volume V', they approach their limiting values at the ‘central’ location to which the volume
shrinks. The lhs scales like V43 due to the r and dV factors. The body force term and the
last term on the rhs also scale like V4/3 due to the factors of r and dV. On the other hand,
the middle term on the rhs scales like V. For small V', V is larger than V4/3 For the equation
to hold, the un-balanced middle torque term must vanish identically for any ¢ and for a small
volume of any shape located anywhere in the fluid. So €;;;7}; must be zero for all i. When
written out, this implies Ti9 = —T51,T13 = —T31 and Thy = —T39. So the stress tensor is a
symmetric tensor field Tj;(x) = Tj;(x), it has only 6 independent components at any point. The
diagonal elements represent normal stresses while the off diagonal components are tangential
(or shearing) stresses.



1.5 Tensor of strain

e Just as the stresses in a material are encoded in a symmetric tensor field, so also with the
resulting strains. Let us consider an infinitesimal distortion in a material, with each material
point originally located at r = (2!, 22, 23) = (z,y, 2) moving to a nearby point r + £(r). We
call £(r) the displacement field, it gives the infinitesimal displacement as a function of original
location. Now if &(r) were independent of location, then all points in the body would be
uniformly translated. This is simply the center of mass motion of a rigid body, and is not related
to elastic properties. In straining motion, the displacement field must depend non-trivially on

r.

e However, if the infinitesimal displacements are rotations £ = r X (55 (rotation of r by angle
0¢ clockwise about an axis along 5$ ), then again, we do not classify it as a strain. On the other
hand, a displacement field such as £ = (£Al/l,0,0) describes a strain due to stretching of a bar
of length | by Al in the z-direction (ignoring possible contraction in other directions). It turns

out that the symmetric tensor
105 0
AN (83}j + oxt (13)

encodes the local strains. Let us see why. Consider a small region and place the origin inside
it. Assuming the displacements are small, we expand the displacement field in a Taylor series
around r = 0 (the same could be done around any point)

O

=4 (- VEHOE? or =& baioo o (14)

Here and elsewhere, repeated indices are summed from one to three. &0 represents uniform
translation of material in the whole region. Here partial derivatives are evaluated at the origin

r = 0. By adding and subtracting, we re-write this as

(0& + 0i&5) n 0;& — 0
2 2

E=¢"+a7 +oo= O et fwgal - (15)
Here we defined the symmetric strain tensor e;; as advertised before, and the anti-symmetric
rotation (or vortex/vorticity) tensor w;;. The components w;; appear in the curl V x &, in
fact verify that (V x &); = €;;10;&k = —2€;wjk - wijxj represents an infinitesimal rotation of r
about the vector d¢ = (o1, dp2,0¢3) = (was, w31, w12)

wijr; = (w122 + wi3x3, w211 + W3k3, W31L1 + W32T2)

= (22003 — 23002, x30¢1 — £10¢P3, 1002 — x20¢1) = (7" X d¢); (16)

This decomposition of a general displacement field into a translation, rotation and strain was
introduced by Helmholtz in the context of fluid mechanics. Proceeding as above in each elemental
region of the material, one defines the rotation and strain tensor fields e;;,w;; all over the
material.

e It is also convenient to define the 2nd rank tensor field S = V¢ or S;; = 0;& which may be
decomposed into its symmetric and anti-symmetric parts

1 1
Sij = €4 + wij where €ij = E(SZJ + Sji), w = 5(51] — S]z) (17)



The symmetric part e;; may be further decomposed into its trace and trace-free parts:

1
3

1

1
(51']' tr e where Zij = 5(({%& + 815]) 3

eij = Ez‘j + (5UV : f (18)
O = tre=.5; = V- £ is a scalar field called the expansion. The traceless tensor field ¥ is

called the shear tensor.

e These formulae are valid in Cartesian coordinates on Euclidean space. In curvilinear coordi-
nates (or more generally, on curved manifolds) we would need to replace partial derivatives with
covariant derivatives and replace d;; with the components of the metric tensor field.

e In an elastic material under given stresses, our aim is often to calculate the resulting dis-
placement field &(r,t), just as we wish to find the displacement wu(z,t) (from equilibrium), of
a vibrating stretched string. In general, the displacement field may involve rigid translations,
(local) rotations (with V x £ # 0), as well as straining motions. But it is only the strain tensor
ei; that will appear in the tensorial formulation of Hooke’s law, which eventually leads to the
equations of elastostatics and elastodynamics.

e Strain tensor for hydrostatic pressure: Consider a cuboid with one vertex fixed at the
origin and under hydrostatic compression. The length, breadth and height are compressed by
Al, Aw, Ah. We know that % = Aw _ % = —p(l;EQV). Thus, the displacement field is £ =

w
% (x,y, 2). The resulting strain tensor is a multiple of the identity e;; = %(52-]- = —%&-j.

e Strain tensor for a bar under tensile stress: Consider the elongation of a bar of length
[ and cross sectional area A by the application of a tensile stress F/A in the Z direction on
the right face. The left end of the bar does not move horizontally with one of its corners held
fixed at the origin. The tensile force elongates the bar in the x direction and contracts it in the
orthogonal directions. By Hooke’s law we found

Al F Aw  Ah vAl vF
TTap ™ T T T A (19)
Thus the displacement field is
Al Aw Ah zF  yvF —zvF F
= —_— E— e = — ., T T = - - 2
It follows that the strain tensor e;; = 3(9;¢; + 9;&) is diagonal
1 0 0 r 2(1+2v) 0 0 I
eij=—-——=\|0 —v , L= 0 —v—1 0 and © = —(1 —2v).
AE\o 0 - SAE\ 0 —v-1 AE
(21)

e ‘Pure shear’ strain tensor: The strain tensor e;; = ¢ represents an infinitesimal

~
—~ o =Oo
= O O
S oo o
N~

shearing strain corresponding to the displacement field £ = €(y, z,0). When plotted we see that
this corresponds to a local pure shear of the sort caused by the pure shear stress studied in
Feynman’s example. Note that this ¢ is curl-free V x & = 0.

)



1.5.1 Volume strain, divergence of displacement field and trace of strain tensor

e The volume strain AV/V for a small volume V located near r is encoded in the trace of
the strain tensor tr e = e;, which is the same as the divergence of the displacement field
V-€ =0 = 0. Let us see why. Consider a small cuboid with a vertex at r and edges along
0%, 61, 6Z. The volume of this cuboid is the determinant of a matrix whose rows are these three
vectors det(dZ, 0y,0Z). Now suppose the material is deformed with a displacement field £(r).
It maps the vertex r — r + £ and the vertex

r+ 0 —r+0f+&(r+0%) =r+ 08+ &(r) + 67 - VE (22)
So edge vector dZ is transformed into
r+07+&(r)+0x - VE—r—§ =0+ 0% VE (23)

So the volume of the deformed cube is

5% + 6% - VE 57 5% - VE 57 o7
New vol &~ det | 657+ 67-VE | =det | 67 | +det | 67 | +det | 67 Ve | +det | 67
5%+ 6% - V¢ 5% 5% 5% 5% Ve
(24)

Here we repeatedly used the fact that the determinant is linear in each row and dropped terms
quadratic and higher order in small quantities. The first term is the old volume. To find the
change in volume per unit volume, let us choose the edges of the original cube to lie along the
Cartesian axes: 0% = dx &,0y = 0y y,07 = 6z 2. Then the old volume is V = dxdydz and the
change in volume is

dx & 0 O ox 0 0 ox 0 0
AV = det 0 oy 0 | +det| 0 dydx&a 0 | +det| O dy 0
0 0 6z 0 0 0z 0 0 02033

= (020y062)(0161 + Dos + D383) =V V - €.

Recalling that e;; = %(&fj +0;&;), we see that the change in volume per unit volume, or volume
strain, equals the trace of the strain tensor AV—V =V-£ = tre = 0. In particular, if the material

is incompressible to elastic deformations, then the strain tensor must be traceless.

e For example, let us find the volume strain due to hydrostatic pressure. Consider a cuboid
with sides [, w, h subject to hydrostatic pressure p on all faces. Earlier we used superposition
to find

Al Aw_Ah_p(i-2)

— - Y o Sl 2
l w h E (26)
It follows that the volume strain is
AV Al Aw  Ah 3p(1—2v)
i e T S 50 S 4 27
|4 l * w * h E (27)
This agrees with the trace of the strain tensor e;; = —%& (1 — 2v)d;;, tre = —%”(1 —2v).
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1.6 Tensorial form of Hooke’s law

e Thus in general, both the local stresses and strains in an elastic material are specified by
second rank symmetric tensors T;; and e;;. Hooke’s law then says that the components of the
stress tensor are linear in the components of the strain tensor

Tyj(r) = = Yiju(r)ep(r) (28)
K

The minus sign is conventional and signifies that the stress is a restoring one. The coefficients
Yijri(r) that relate the two tensors is a fourth rank tensor field called the tensor of elasticity. It
is symmetric in the first pair of indices (as Tj; is) and may be taken symmetric in the second
pair as well (as ey is symmetric and any part of Y anti-symmetric in the last pair would not
contribute). When this is done, we may also write T;; = —Yik1 Sk as the anti-symmetric rotation
part of S does not contribute. This leaves Yj;i; with 6 x 6 = 36 independent components. Thus
we may regard Y as a linear transformation from one space of symmetric 3 x 3 matrices to
another such space, i.e., a map from RS — R. We will see later that Y is also symmetric under
the exchange of the 1st and 2nd pairs of indices (in other words, Y is a symmetric operator
from R® — RO) leaving only 21 independent components at each location r. To see this, we
regard ij and kl each as a single index which can take 6 values. A 2nd rank symmetric tensor
on a six dimensional space has 6 x 7/2 = 21 components.

e If the material is homogeneous, then Y;;; are independent of location. Particular components
of Y are related to Young’s modulus of elasticity and Poisson’s ratio in various directions. When
stresses T;; are applied, strains develop so as to satisfy the above equation, and the body acquires
a corresponding distorted shape and reaches a new equilibrium. Alternatively, if an elastic body
is deformed by the displacement field £, then restoring stresses in the amount Tj; = —Yjnen
develop in the material.

e For isotropic materials (whose elastic properties are independent of direction at any point), the
tensor of elasticity is an isotropic tensor with only two independent components. To understand
this we need some definitions and facts about Cartesian tensors.

1.6.1 Isotropic Cartesian Tensors

e Consider the vector space R® with an ordered orthonormal basis. By rotations we may
obtain other orthonormal bases with the same orientation. These rotations form the special
orthogonal group SO(3) consisting of 3 x 3 matrices R satisfying R'FR =1 and det R =1. An
orthogonal matrix with det R = —1 would reverse the orientation of the basis. A scalar is a
real-valued quantity that has the same value in all bases. A tensor of rank one (or a vector)
under rotations is a triple (vi,v2,v3) whose components transform to v, = Zj R;jv; under
rotations. A tensor of rank two is a set of nine quantities ¢;; whose values in different o.n. bases
are related by tgj = > 1 RitRjitr. A simple example of such a tensor is the outer or tensor
product of two vectors v and w: t;; = v;w;. More generally we define Cartesian tensors of
rank n as a set of 3" real quantities ¢;,...;,, whose values in different o.n. bases are related by
th i, = Zjl"'jn Ri -+ Ri,j.tj,j. - A simple way fo constructing such tensors is by taking the
tensor product of tensors of lower rank: the tensor product of tensors of ranks p and ¢ gives us
a tensor of rank p+q: ti1--~ip+q = Ti1~~-ip3ip+1-~~ip+q .
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A Cartesian tensor is said to be isotropic or rotation-inavariant if its components have the
same numerical values in all o.n. coordinate frames. In other words,

tiyoiin = > Rigj -+ Ripjutinin (29)
jl"'jn

for all 1 ---4, and all rotations R. A scalar is, by definition, an isotropic tensor. The only
isotropic tensor of rank one is the zero vector. After all, the components of a non-zero vector do
change under a rotation about an axis that does not point along the vector. The only isotropic
tensors of rank two are scalar multiples of the identity matrix: d;;. The only isotropic tensors
or rank three are scalar multiples of the Levi-Civita tensor €;;;. To show this, notice that

€193 = R1iRajRakeijr = det R =1 (30)

and similarly €}5 = —det R = —1 etc.

e A simple way of obtaining isotropic tensors of higher rank is by taking the tensor products
of isotropic tensors of lower rank. In particular, products of Kronecker deltas and Levi-Civita
tensors may be used to construct interesting isotropic tensors. In fact, it may be shown that
every such tensor is a linear combination of such products.

e The space of isotropic tensors of rank four is three dimensional. Any such tensor is a linear

combination of a product of two Kronecker deltas with all possible choices of indices:

Yijkt = N0ijOky + p10ik051 + 1120310,k (31)

1.6.2 Tensor of elasticity for an isotropic material and Lamé’s constants

e For an isotropic material, Y;;x; must be an isotropic tensor of rank four that is symmetric in
the first pair and last pair of indices and also under the exchange of the firs pair with the last
pair. These conditions require that pu; = us = p above, so that

Yijrr = ANijory + p(dindji + 6i0n;)- (32)

Hooke’s law now reads

2
Tij = —Yijmer = —Adijepr — 2peij = —A0i; V- — p(0i§; + 0;&) = — <)\ + M) 0ij V - & — 204

3
(33)
Since ey, is dimensionless, Y;;i; and g, A have dimensions of stress M L='T72. u and X are
the first and second of Lamé’s elastic constants.

On physical grounds, we might expect the coefficient of the expansion term to be proportional
to the bulk modulus K and and that of the shear tensor ¥;; to be proportional to the shear
modulus. It turns out that p is in fact the shear modulus introduced earlier and that

T’ij == *K@(Sij - 2#2” (34)

We may show this by considering an example which allows us to express g and A in terms of
Young’s modulus E and Poisson’s ratio v which were in turn related to the bulk and shear
moduli.

12



1.6.3 Relation between Lamé’s constants and Young’s modulus and Poisson ratio

e Let us try to relate A\, u to E,v. Consider the stress and strain due to hydrostatic pressure
on a cuboid. We found

1-2 3p(1—2
T’ij = péij and ei]’ = *uéi]’ = tre = *u (35)
F F
Inserting in the above stress vs strain relation T;; = —\d;; tr e — 2ue;; we get
3p(l — 2v 1—2v
p(sij = )\(Sij p( i ) + 2Mp( 15 >5ZJ = F= (3)\ + 2/1)(1 — 21/) (36)

Due to the isotropy of hydrostatic pressure, we get only one relation between A\, u and E,v. To
get another relation we must consider a situation where stress and strain aren’t both proportional
to the identity.

e Relation between )\, u and FE,v via elongation of a rectangular bar: Let us relate
A i to E v by looking at the example of elongation of a bar of length [ and cross sectional
area w X h by the application of a tensile stress g in the z direction on the right face. The
left end of the bar is held fixed, in fact, a corner of the bar that is located at the origin is held
fixed. The tensile force elongates the bar in the x direction and contracts it in the orthogonal
directions. By Hooke’s law we found

Al g Aw  Ah vAl vg

LB M W T I E (37)
Thus the displacement field is
(Al Aw Ah\ [(xg yvg —zvg\ g
5_<xl 7yw ’Zh>_(E7 Ev E _E(‘T’ yl/v ZV) (38)

It follows that the strain tensor e;; = %(&ﬁj + 0;&;) is diagonal

1 0 0
0 0 -—-v

What about the stress tensor? The only stress is g in the # direction by the right face. So Ty;
and T3; are all zero. By symmetry, 771 is the only non-vanishing component. So, the stress

tensor is
100
Ti=-g|0 0 0 (40)
0 00
Now Hooke’s law T;; = —\d;jerr — 2pue;; says
100 A1 —2v)+2u 0 0
—gl0o 0 0= —% 0 A1 — 2v) — 2w 0 (41)
0 00 0 0 A1 —2v) —2uv
Comparing diagonal entries, we read off two relations
E=2u+A1-2v) and 0= % (A1 — 2v) — 2uv) (42)
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We use these to express E,v in terms of Lamé’s constants

n(2p + 3X) A
poMERESN i e 4
A YT o0t (43)

Or conversely, we may express Lame’s constants in terms of F,v

Ev E

A ar o) M AT )

(44)

We argued that EZOandOSVS%SO)\EOandMZO.

e In some treatments, one works with the bulk modulus K and the shear modulus p instead

of the pair (A, u) or (E,v). Recall that K = ﬁ so that

2

1.6.4 Eigenvalue problem for Yj;;; for an isotropic material

e The tensor of elasticity Y;;i; is a linear operator on the space of symmetric second rank
(strain) tensors: ey — Yijrier - Since the space of strain tensors is six dimensional, ¥ may be
regarded as a 6 x 6 matrix once we choose a suitable basis for symmetric tensors. It must have
six eigenvalues. Moreover, it is a symmetric operator as Yj;x = Y. Thus its eigenvalues must
be real and it must be diagonalizable. We wish to find its eigenvalues and eigenvectors in the
case when the material is isotropic, so that Yj;x = X0i;0k + 1(dikdj; + didjk) -

e The only isotropic matrices are multiples of the identity. So it is natural to check if the
Kronecker delta is an eigenvector of Y:

YiikiOri = A0ij0ri0r + p(0ikdji0k + 0idjk0k1) = (3N 4 21) 035, (46)

using dxr = 3. Thus scalar strain tensors ey = %@51@1 are eigenvectors of Y with eigenvalue
3\ 4+ 2u = 3K. Physically, this is very reasonable: it says that every pure expansion is an
eigenvector of Y with eigenvalue given by thrice the bulk modulus.

To get some insight into the remaining eigenvalues, let us compute the trace of Y:
trY = lfijij = )\(51']‘(51‘3' -+ ,u,(éiiéjj + (52](5ﬂ> =3+ 12pu. (47)

Thus the sum of the remaining five eigenvalues must be 10x. We might even guess that all five
of these are equal to 2. But how will we find out?

e Since there are no more isotropic second rank tensors, we wonder what the remaining eigen-
vectors may be. To find them it will be convenient to choose a basis for symmetric 3 x 3 strain
tensors consisting of the following six ‘elementary’ matrices. Three span the diagonal subspace

1 00 0 00 0 0O
w11 = 0 00 N w2 = 010 5 w33 = 0 00 (48)
0 00 0 00 0 01
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and the remaining three span the space of off diagonal symmetric tensors

O O =

0 0 0 00 0 01
wig +wop = | 1 0, wa+wze=10 0 1|, w3yr+wsz=1]10 0 0. (49)
0 0 010 1 00

In particular 6 = w11 + wo2 + w33. Here the matrix elements of w;; are
(Wi et = indji- (50)
Now we find the images of these basis vectors under the application of Y. Begin with wqy:

(Ywi1)ij = Yijr(win)w = (Mijowm + 1(6indji + 6idjx))0k1011 = Adij + 21013051 (51)

Thus we get
Ywin = (A4+2p)wir + AMwa +wsz), Ywae = (A4 2p)wes + AMwir + wss),
and Ywss = (A4 2u)wss + A(wi + waz). (52)

In other words, the diagonal matrices w1, wos,wss span an invariant subspace though none of
them is an eigenvector. However, it follows that traceless diagonal matrices are eigenvectors of
Y with eigenvalue 2p. Indeed, for example, subtracting we have

Y(’U)ll — w22) = 2,[1,(11)11 — ’w22) and Y(w22 — U)33) = 2/1(1022 — w33). (53)

This accounts for the diagonal strain tensors. Next let us compute the action of Y on the
off-diagonal basis elements. For instance,

Y(wiz +wo1)ij = [Adijop + p(0irdji 4+ didjk)] (dx1d12 + dx20i1)
= Aij - 0+ p[61052 + 8i2051 + di2d51 + d51052) - (54)

Hence,

Y(w12+w21) = 2M(IU12-HU21>, Y(w23—|—w32) = 2u(w23+w32) & Y(w31+w13) = 2/1(’11}314-’[1)13).

(55)
Thus we find that every symmetric off-diagonal matrix is an eigenvector of Y with eigenvalue 2.
Combining, we find that any traceless symmetric matrix has eigenvalue 2u. There are five such
linearly independent matrices, say wie + wa1, wa3z + w32, w31 + w13, w11 — woo and wog — wW33.
Thus the 2u-eigenspace has dimension five and consists of all shear tensors. Moreover, the
corresponding eigenvalue is just twice the shear modulus. Exercise: Write out Y as a 6 x 6
matrix in the above basis, find its characteristic polynomial and thence its eigenvalues.

1.7 Elastic force density & Navier-Cauchy equations of elastostatics

Let us compute the force acting on a surface enclosing a finite volume V due to the material
lying outside by integrating the stress over the surface V. The i** component of the force is

Fi=— [ Tyn;da (56)
ov
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Here dA is a small surface element on OV with normal vector n;. Using Gauss’ divergence
theorem we can convert the surface integral to a volume integral to get

F_—/V(V-T)dV (57)

Since the above expression holds for an arbitrary volume, we may express the elastic force density
f in terms of the divergence of the stress tensor:

f=-V.T. (58)

For an isotropic medium f takes a simple form in terms of the divergence and Laplacian of the
displacement field. Indeed, recall that the stress tensor for such a medium is given by (33).
Taking its divergence we get the elastic force density

fi = =0;Tij = (A + p) 8:(9;&5) + pd3&i = (K + %) 9i(05¢;) + pdiéi. (59)

The condition for elastostatic equilibrium in the presence of gravity (represented through the
acceleration due to gravity g) is

f+pg=0 or V- -T=pg. (60)
Here the elastostatic force density for an isotropic material is given by

f— (K + g) V(V-€) + uV2e. (61)

Thus, we arrive at the Navier-Cauchy equation for elastostatic equilibrium of an isotropic ma-
terial 4
(K + g) V(V - &)+ uV2% + pg = 0. (62)

This is a second order PDE for the displacement field £. It may be simplified in the absence of
external forces.

1.8 Harmonic and bi-harmonic equations for expansion and displacement fields

e Ignoring body forces in the NC equation, the elastic force density must vanish in elastostatic
equilibrium:

f:—V-T:<K+§)V(V-§)+MV2£:O. (63)

Re-expressing K = E/(3(1 —2v)) and pu = E/(2(1 + v)) in terms of Young’s modulus E and
Poisson’s ratio v we get

V(V-€)+ (1 -2V =0. (64)
Now writing V2¢ = V(V - €) =V x (V x £) we get
20 —-v)V(V- &) —(1-2v)V x (V x &) =0. (65)

Taking the divergence of this equation and identifying the expansion © = V - £ we get
Ve = 0. (66)
e To obtain the bi-harmonic equation for £, we take the Laplacian of (64) which eliminates the
first term since V20 = 0 to get
ViVZ = 0. (67)
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1.9 Energy of deformation and Elastic potential energy

e The elastic potential energy density is the work done per unit volume, in distorting an elastic
material so that it acquires the strain tensor e;;. We will see that it is given by u = %Yijkl@ijem
and that the total elastic potential energy stored in the material is U = [u d®r. This formula
shows that Y can be taken symmetric under ¢j <+ kl. In other words, Y is a symmetric operator
on the 6-dimensional linear space of symmetric strain tensors e. In elasto-static equilibrium,
the strains in the body must be such that the elastic potential energy is an extremum.

e Recall from thermodynamics, that in general, the work done to take a system from an initial
to final state depends on the process and not just the initial and final states. This is due to the
possibility of heat transfer. However, we shall assume that the work done in deforming the solid
is done slowly (reversibly and quasi-statically) with no heat exchange in such a way that the
solid is in approximate elastostatic equilibrium at all intermediate times. This ensures that the
work done depends only on the final state (defined by a displacement field £ and strain e) as
the initial state is assumed to be an undeformed solid. Now we may build up the displacement
field & over, say, a unit time, in a particularly convenient way, by supposing the instantaneous
displacement field is given by &'(r,t) = t&(r) for 0 <¢ < 1.

e To compute the work done in deforming an elastic solid, it is convenient to have a formula for
the work done by a force that is linear in the displacement, as elastic forces are of this sort.

e Thus, consider first the work done in elongating a wire by a length £ within the range of validity
of Hooke’s law. The work done by the external force, (which must be equal and opposite to
the restoring force by the assumption of quasi-staticity) F = k& which is proportional to the
extension may be expressed in a convenient way

g - [ L2 1
W= ["Feag = [ ke = ket = SR (68)

—

e More generally, if a force F;(¢’) linear in the vectorial displacement ¢’ produces a displacement
that goes from 0 to ¢ along the curve £'(t) = t€ for 0 < ¢ < 1, then the work done by the force
is given by W = F;j(£)&;/2. To see this, we take F;(¢') = k;;&; so that

¢ / I ' — L. . £ 1 — 1 ) .
W = /0 Fz(é‘ )déz - /0 kz‘jtfjfidt = k1]§z§]§ - iﬂ(f)fz (69)

This formula will be useful to us in what follows, we can apply it to any force that is linear in
displacement, even if the force and displacement are vectors.

e To compute the work done in deforming an elastic body of general shape, we break it up into
small cubes and add up the work done in deforming each cube.

e Thus consider a small cube of side L centered at (0,0,0) such that the faces are normal to
xz,y and z axes of the coordinate system. The work done in deforming this cube is the sum of
the work done by surface and body forces.

e The i*" component of the force exerted by the external agent on the surface whose normal
points along # is —T;;L?. Suppose the displacement produced by this force is E , then by
applying (69) the work done by this surface force is —&(L/2)T;1(L/2)L?/2. Similarly the work
done by the external agent on the left face is &(—L/2)Tj(—L/2)L?/2. To add these, it is
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convenient to express each of these as a Taylor expansion around z = 0 for small L/2. Thus
the sum of the work done on the left and right faces is

Wi+ Wi = 52 (60700 + 201 (<3 —gomao - TEL) )

Evidently the lowest order terms cancel. Identifying L? as the volume of the cube we get
1 1
ﬁ(WL + Wg) = —531(7}1&) (71)
The contributions of the top, bottom, fore and aft faces are
1 1
ﬁ(WT +Wg) = —533(E3§i) and 5s(Wp+Wa) = 32(E2§i)- (72)

Adding the contributions of all faces, the total work done per unit volume by surface forces is

_ _72 8;{]51 . (73)

To compute the work done by body forces such as gravity we note that by the condition for
elastostatic equilibrium (60) we have f® = —f = V- T. Again using (69), the work done per
unit volume by body forces is w, = %(V -T)i& = %fzﬁjTZj. Adding the work done by surface
and body forces we get the total work done per unit volume, which is the energy density

1 1 1 1 1
u=ws +wp = —505(&6Ty) + 5&60;Tj = —5(9;€)Tij = —555Tij = —geiTij. (T4)

We replaced S by its symmetric part e since only the symmetric part can contribute on con-
traction with the symmetric tensor Tj;.

e Adding up the work done on all the elementary cubes, the elastic potential energy stored in
a medium is given by

1 1
U= —3 /Tijeij dr = 3 /Yzjkzeijekldg r. (75)

From this expression it is clear that only the part of Yj;; that is symmetric under the exchange
ij <> kl contributes to U.

e Interestingly, the tensorial form of Hooke’s law can be regarded as the statement that the
stress tensor is the negative gradient of the elastic potential energy U regarded as a function of

the strain e: Indeed
oU

Ty = —
*J 6eij

= —Yijki€h- (76)

¢ Elastic potential energy of an isotropic material: For a homogeneous isotropic medium
the elastic potential energy can be expressed in terms of two elastic moduli

1 1
Ule] = Q/K'jkzzeijekz d*r = 2/[)\5¢j5kl€ijekzl + w (6ikdj1 + 6udj) eijert) d°r
1
= 2/ (M tre)® +2u tr €] d°r. (77)
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This may also be expressed as
1
U[e] = / |:2K@2 + /J,Zijzij Clg’l“ (78)
by using the decomposition e;; = X;; + %@Sij which allows us to write

1
€ij€ij = ZijEij + 5@2 as 2; = 0. (79)

1.10 Tensor of elasticity and potential energy for a cubic crystal

A crystal is an anisotropic material and we would expect the tensor of elasticity to have more
than two linearly independent components. Let us consider an infinite cubic crystal (simple
cubic or primitive cubic, e.g. Pyrite FeSa). A cubic crystal has a discrete group of translational
symmetries Z ® Z & 7Z generated by shifts by the lattice spacing along each of the crystal axes,
taken along the z, y and z axes. This is a discrete subgroup of the group of translation
symmetries RGR G R of a homogeneous material. If the crystal is large compared to the lattice
spacing and we are only interested in phenomena on a scale large compared to the spacing,
then we have approximate homogeneity, so Yj;,; may be taken independent of position. A
priori, the tensor of elasticity Y;jx has 81 components of which we have already argued at
most 21 can be independent. We expect the discrete symmetries of the crystal to relate various
components Y;;i to each other. Suppose we situate ourselves at a crystal vertex. A cubic
crystal is symmetric under rotations by right angles about the three lattice vectors, which we
take along 2,9, 2. A rotation by 2x is the identity. So the rotational symmetries about the z
axis form the cyclic group Cy as do the rotational symmetries about the y and z axes. Each
of these cyclic groups Cy is a discrete subgroup of the corresponding SO(2) rotation symmetry
group of an isotropic material about the various axes. We may compose such rotations about
possibly different axes to get more general rotational symmetries of the cubic crystal. In addition,
the crystal is symmetric under reflections in the three crystal xy,yz, zz-planes, which form the
group Co x Cy x Cy. Physical properties of the crystal must be unchanged under these symmetry
transformations.

e The components of the tensor of elasticity may be segregated into those having 4 same indices,
like Yi;z., those having precisely three identical indices, like Yy, , those with precisely two
repeated indices, like Y;.,., and those with two pairs of distinct repeated indices, like Y gy, .
Let us see what the symmetries imply for all these components.

e Invariance by right angle rotations imply that Young’s moduli for elongation in the three
cardinal directions must be equal. Now Ty, = —Y,pp0€00 +- -+ while Ty = =Y, yy€yy +- -+ etc.
Suppose we set up an elongation in the x direction with e,, alone non-zero, it would result in
a certain T, . If instead, we had a deformation with e,, alone non-zero and having the same
value, then the resulting 7, must be the same as the previously determined 7,,. Thus we
must have Yizer = Yyyyy = Yezzz -

e We can show using reflection symmetry that all Y;;z;, where an index appears an odd number
of times (e.g. Yiyy> or Ygyy,) must vanish.

e Recall that the elastic potential energy density u = %Yijkleijekl must be reflection invariant.
Consider for example the term Y,y yy€zy€yy. Under a reflection in the yz plane, ey — —euy
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while ey, is unchanged. For the energy to remain unchanged, Y,,,, must go to —Y,y,,. But
the reflected crystal has the same properties as the original one, so Y., must equal —Ygyy,,
so it must be zero. Similarly, all components with precisely one lone index (e.g. Y.,y , there
are 3 x 2 x 4 = 24 of these) or precisely two lone indices (e.g. Y,,.., there are 3 x (2) x 2 =36
of these) must be zero. Thus 60 of the 81 components must vanish.

e The remaining 18 components have two distinct indices each repeated twice, like Y., and
Yeyzy - But by 90 degree rotation + reflection invariance we conclude that replacement of all x’s
by y’s and vice versa should not change the value of elastic constants. Thus Y,,yy = Yyyze =

}/ZZCC$ = Lzzyy = Yyyzz etc. and nyxy = Yzyzy = szzx etc.
e Combining, we have only 3 classes of non-zero components, Y;zzz = Yyyyy = Y222,
Yxmyy = Yyy:m: = Tzzex = Lzzyy = Yyyzz = ey and Y:ryxy = }/zyzy =Y. =.... (80)

Thus for a cubic crystal, the tensor of elasticity has three independent components, to be
contrasted with the two independent components for a homogeneous isotropic solid.

1.11 Bending of a beam - Cantilever bridge

Out treatment is based on the discussion in Blandford and Thorn §11.5.

Here we consider a beam of rectangular cross section with length [, width w and height
(thickness) ¢ clamped rigidly at one end and extending horizontally in the absence of gravity.
We work with a coordinate system attached to the beam with & along the length of the beam,
¢ along the width and 2 = & x g (2 is vertically upwards when the beam is horizontal). The
origin is located at center of the clamped end. When the beam bends under its weight, this
coordinate system is not cartesian. In a curvilinear coordinate system, we need to use covariant
rather than partial derivatives in evaluating the strain tensor or the divergence of the stress
tensor etc. However, for small deformations, the difference can be shown to be of higher order
in small quantities, so we do not worry about this issue here.

—

e When the beam is allowed to sag due to gravity each elemental volume is displaced by £(z, 2)
(we have translation invariance in the y direction along the width of the beam). The upper part
of the beam stretches while the lower part is compressed. Thus, there must be a neutral surface
on which the longitudinal strain &;, = 0,§, is zero. This neutral surface is of course curved
downwards. x and y are the longitudinal and transverse coordinates on the neutral surface. We
will suppose that the neutral surface is in the middle of the beam (z = 0) so that the top and
bottom surfaces are at z = +¢/2. Let the angle the neutral surface makes with the horizontal
be 0(x) and its drop from the horizontal (through the undisturbed neutral surface) be n(z) > 0
(n always vanishes at the clamped end = = 0) (see Fig. 1.11). We wish to find the shape of the
bent beam which is encoded in the profile n(x) and thereby determine the sag n(l) at the right
extreme.

e Consider a portion of the beam extending from the longitudinal position = with length dx
that is elongated by a small amount € < dr measured at height z above the neutral surface.
The arc length of this extended beam segment is given by dx 4+ ¢ which subtends angle 6 at
the center of a circle of radius R where R is the radius of curvature. Consider the small right
triangle in Fig.1.11 with small angle 6, adjacent side of length z and opposite side of length
€. This triangle is similar to the big right triangle with side opposite to angle # having length
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dx + € and adjacent side of length R. Thus from the two similar triangles (see Fig.1.11)

€ _da:+e

tanf = — = . 1
anf = - = (81)
Thus the longitudinal strain (for € < dx) is given by
€ € z do
= — N = — =z—. 2
2 de dr+e¢ R Zda: (82)

In the last equality, we have used the formula for curvature x = % = % where the infinitesimal

arc length ds ~ dx. Now (from the ‘horizontal’ right triangle with adjacent and opposite sides
dzx and dn to the angle 0) sinf ~ 0 = % for small angle # and so we get

1 d*n
= n'(z) and &, = z@. (83)

ds=dx+¢&

neutral surface

Figure 2: Bending of a cantilever bridge due to gravity: coordinates and similar triangles

e We may regard the beam as made of a bundle of long parallel fibres extending lengthwise to
compute the longitudinal stress using Hooke’s law:

d2
Thp = —F&yy = —Ezd—;; (84)

Here, F is Young’s modulus. By the Navier-Cauchy equation the horizontal component of the
elastostatic force density must be balanced by the horizontal component of gravity in equilibrium.
Using (58) and (60) it is given by

d3n

i Ty.» = —pgsinb. (85)

fa: = _T;m',i = _T:c:c,z - Tzz,z =FEz

Due to translational invariance in y, Ty, = 0.
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e Multiplying by z and integrating over the thickness (—t/2 < z < t/2) of the beam we get

Et3 dn /t/2 t/2 42 t/2 t/2
—_— = 20, T,.dz + gsin@/ zdz = |21, / T,.dz = / T,.dz. (86
12 da3 —t)2 P —t/2 | ] t/2 —t/2 —t/2 (86)

Here, the gravity integral vanishes while in the first term we integrated by parts and assumed
that the shear stress vanishes on the upper and lower surfaces. This is true to the extent that
we ignore the force of the air above and below the beam on the top and bottom layers of the
beam - this is a good approximation for a heavy beam where air pressure is much smaller than
elastic and gravitational forces.

e We may use this result to find a simple expression (in terms of 7) for the ‘vertical’ shearing
force S(z) (normal to the neutral surface) which may be regarded as the restoring force exerted
by an element at x on the element to its immediate right (see shear force Fig. 3). By definition,
the vertical shearing force normal to the neutral surface is

t/2 w/2 t/2 Ewt3 d377 d377
S = T,.dzdy = T,.dz = — — =—-D—. 87
(=) /_t/2 —w/2 = w/_t/g ® 12 da3 dx? (87)

e Here we used the symmetry T,, = T.,. The proportionality factor

t/2 w/2 t3
D= E/ 22dzdy = Bw— (88)
—t/2J w2 12

is called the flexural rigidity.

e We are interested in balancing the torque on any segment of the beam. The part of the beam
above the neutral surface has been expanded due to the bending and wishes to contract while
the lower part is compressed and wishes to expand. The combination of these two tendencies
is to produce a counterclockwise ‘bending torque’ M (x) due to the bending of the beam. The
1 component of this bending torque due to the force T,,.dydz exerted by an element A on its
neighbour B to the right is given by (see Fig. 4)

M(z) = Zr x F = /szdydz. (89)

Here we have added up the torques (all pointing along ) computed about the points (z,y,z =
0), (holding x fixed) for each longitudinal section of the beam by integrating over all values of
y along its width.

e Since there is no longitudinal stress at the right extreme of the beam (no force on air),
Tux(x =1) =0 so that M(I) = 0. We may express M (z) in terms of 7 by using (84) and the
expression for flexural rigidity (88). Indeed, we have

D

M(z) = —En"(x) // 22dydz = —Dn'(x) or M = R (90)

It follows that n”(l) = 0. Moreover, we expect n”” > 0 due to the convex shape of the bent
beam as seen from above. Thus M < 0 and contributes a net counterclockwise torque.

e From (87) we also deduce that the vertical shear force is the derivative of the bending torque

_dM

S(x) = i Sdx = dM. (91)
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restoring upward T
force S(x) due to Aon B zX

S(x) =ITszy dz

area element = dy dz

S(x) = Force due to Aon B

Wocos 0

w
S(x + dx) = Force dueto Con B
Clockwise torque on B = S§(x) dx/2 + S(x + dx) dx/2 = S(x) dx

Figure 3: Vertical shearing force, and its torque.

This may be regarded as a torque balance equation where Sdz is the torque due to the vertical
restoring stress T, (see Fig. 3) and dM is the bending torque due to the horizontal stress T, .

e In equilibrium the z (‘upward’) component of the Navier-Cauchy force balance equation must
also be satisfied:

f:—pgcos§ =0 or —T,p,—T...— pgcost =D0. (92)

Integrating over thickness and width of the beam we get
t/2  pw/2
/ (Togp + Tz z)dzdy = —pgwt cos @ = —W cos 0, (93)
—t/2J—w/2
where W is the weight per unit length. From (87) we get

As before, assuming the stress vanishes on the upper and lower surfaces of the beam we get

% = —W cos 6. (95)
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y component of
Bending torque M on B = f z T, dy dz
(due to segment A)

M < 0 results in counterclockwise torque
Figure 4: Bending torque

Using (87) and approximating cosf =~ 1 for small  we get a fourth order differential equation
for the vertical displacement field n(x):

dn W

dn _ W 96

dz* D (96)
We may solve this fourth order differential equation using four appropriate boundary conditions.
Since the beam is clamped at = 0 we have 1(0) = 7'(0) = 0. On the other hand, the bending
torque (M o< 1) and shear force (S o< ™) vanish at the free end giving 7" (1) = 7" (1) = 0.

e Thus we get

W [z* a3 22
n(x) <24 5 + 1 ) or 0<z<]I (97)

Thus the right extreme of the beam drops down a height n(l) = Vg—g. Notice that n”(x) =

(W/2D)(z —1)®> > 0.

e For a beam of fixed length, the deflection 7(l) is inversely proportional to the flexural rigidity
D. A simple illustration of the effect of this scaling may be found in joists that support floors.
Joists are several long cuboid shaped wooden beams going between walls and on top of which
the upper floor rests. According to Blandford and Thorne, joists are typically w = 2" wide
and ¢t = 6” tall (‘tall and thin’) and of much greater length and may be treated as cantilevers
supported by walls at either end. However, if the joists are flipped so that they are short and
wide, i.e., of height ¢ = 2” and w’ = 6” then the flexural rigidity reduces by a factor of
D/D" = wt3 /w't® =2 x 63/(6 x 23) = 9 and the floor may be expected to sag 9 times as much!

1.12 Buckling bifurcation

e See also §11.6 of Blandford and Thorne and §38-5 of Feynman Lectures Vol 2.

e Consider a playing card or visiting card of small thickness ¢ width w and length | (t < w <)
held with its length horizontal. It is subject to compressional forces F' acting parallel to its length
on the left and right edges of width w which are held fixed (see Fig. 1.12).
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e Empirically we find that for small compressive stresses, the card remains with its face hor-
izontal and unbent. The card of course contracts lengthwise by Al ~ Fl/Fwt. However, for
larger forces, we find that the horizontal flat face configuration is unstable to buckling. The
card bends or buckles as shown in the figure. It may buckle either upwards or downwards with
roughly equal probability. Since the card is light, gravity plays a negligible role. The main forces
acting on the card are the external forces F' and the internal stresses T;;. Euler was perhaps
the first to study the buckling of a beam quantitatively and he found the critical minimal force
Foix for buckling to take place.

e Let us try to understand this buckling by a simple analysis of the forces and torques acting
on the card. We suppose that the card has a flexural rigidity D = Ewt3/12. Since the card is
very thin, we expect it to have a smaller D and be more susceptible to bending than a beam of
the same material with greater thickness but comparable width.

e Unlike for in the cantilever, we use Cartesian coordinates with z along the undisturbed length
of the card and z the vertical transverse coordinate while the card is translation invariant along
its width which is in the y direction.

“IZ' / &)
F

[
»

z

X

A

Figure 5: Lengthwise cross section of buckled card subjected to compressive force F'.

e Let us consider the portion of the card that extends from the horizontal coordinate x to the
right extreme = = [. The total torque about the point (z,y,z = n(z)) (for each fixed y along
the width of the card) acting on this portion of the card must vanish. It is the sum of the
bending torque M (x)y due to the stress exerted by the section of the card to its immediate left
and the torque due to the external force at x = [. The torque due to the external force F' is
Fng. On the other hand, the bending torque M may be read off from Eq. (90) of §1.11. Since
here 7 is measured from below the card while in the cantilever it was measured from above, we
have M (xz) = Dn”(x) where D is the flexural rigidity. We will neglect the small differences that
arise from measuring x horizontally rather than along the card. Balancing the torques we get

d*n
M+ Fn)y=0 — +Fn=0. 98

(M + Fn)j or Do+ F1 (98)
Clearly, an unbent card 7 = 0 is a solution for any force F'. Remarkably, there are forces for
which there are other solutions as well. Indeed, if the force is unspecified, we may view this as
an eigenvalue problem for n(z) with eigenvalue —F/D. The solutions satisfying the boundary
conditions 7(0) = n(l) = 0 (here we ignore the fact that the ends of the card move in slightly

from their undisturbed locations = 0 and x =) are

F\Y? nr
M(z) = Apsink,x  with k&, = <D> =7 for n=0,1,2,3.... (99)
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Therefore, there is a critical ‘Euler’ force

2

Feritical = ? (100)

below which there is no solution other than n = 0 corresponding to n = 0 (an unbent card).

At F = Fiitical the unbent card is still a solution but there is another solution corresponding

to n = 1 which looks like an arched card. This is an example of a bifurcation where there is

more than one solution of the equations for the same external conditions. Here the unbent card

is the unstable solution while the buckled cards are the stable ones. In fact, within this linear

approximation, the amplitude of Ay of the buckled card is not determined and can be arbitrary
(but small).

e With a card it is difficult to realize the higher modes n > 2. However, these may be seen in
mountain folding. When tectonic plates are compressed in one direction, mountains (such as the
Jura mountains in France or even the Himalayas) can form by folding. These roughly parallel
rows of mountain chains may be regarded as a higher mode in the above model.

e This system gives us a simple example of spontaneous symmetry breaking. The original
card and the forces F' are symmetric under up-down reflection. So we may expect to find the
card in a state that is up-down symmetric even in the presence of the force. However, this is not
the case for sufficiently large F'. We say that the up-down symmetry is spontaneously broken
by the bent state in which the card is found. However, the symmetry is not altogether lost.
Rather, the symmetry transformation permutes states in which the card may be found. Indeed,
application of the vertical reflection converts an upward bent card to a card bent downwards. It
of course takes a flat card to itself. When the equations of a system possess a symmetry that is
not manifested in its state of lowest energy, we say that the symmetry is spontaneously broken.

e Effective potential for buckling bifurcation: Even though the card is a system with
infinitely many degrees of freedom we may try to model the above bifurcation by focussing
on just one coordinate 79 which is the maximum deflection of the card. We will model the
system using an effective potential or free energy V() whose extrema represent the equilibrium
configurations. The minima of V' should correspond to stable card configurations while its
maxima should correspond to unstable configurations. Let us enumerate some desirable features
that this potential could possess.

1. Since the card could equally well bend upwards or downwards, we wants the set of extrema
of V' to be closed under reversal of sign. If V' is even then it will guarantee that its extrema
come in pairs %7, .

2. V(no) should depend parametrically on the external force F'.

3. For F < Fuit, V must have only one extremum. It should be a minimum at 7y = 0
corresponding to an unbent card. As F' grows, the minimum should get flatter as its
stability gets weakened.

4. For F > Fgi, V must have 3 extrema: a local maximum at 19 = 0 (as the flat card is
unstable to small perturbations) and a pair of global minima at 7y = £n§ with V(n3) =
V(—ng), as the card bent in either direction is stable to small perturbations.
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The simplest effective potential with these properties is a quartic (bi-quadratic) function of
no, V(no) = MF)(n3 — (n3(F))?)? where 7 is a function of F with the property that |ng| > 0
for F' > F_itical and zero for F' < Fiitical- To model the bifurcation we observe that as F
increases, V(np) must become become flatter at 79 = 0. For F' > Fiitical, the minimum at
1o = 0 becomes a maximum surrounded by two minima on either side (a double well potential).
The maximum at 79 = 0 is unstable while the minima on either side (+£7;) are stable equilibria
(see Fig 6). These two minima of V' correspond to a card that has buckled either upwards or
downwards relative to the flat card.

\ /,

Figure 6: Effective potential of a card that buckles as a function of the maximum deflection 7y for
various values of external force F'.

2 Elastodynamics

2.1 Equations of elastodynamics

e In an elastic body in stable static equilibrium, the stresses (both internal and external) and
strains adjust themselves so that Hooke’s law T;; = —Yjiiep; is satisfied, the elastic potential
energy is a minimum and the Navier-Cauchy equation is satisfied. But out of equilibrium,
when there are unbalanced external or internal forces, parts of the material may move a bit, so
that the displacement field {(r,¢) is a function of time. We are interested for example in the
situation resulting from strains due to the application of external stresses on a body, which are
subsequently withdrawn. Restoring stresses should develop resulting in deformation and relative
motion of parts of the body. We assume the motions are small displacements about equilibrium
locations, so & is small, and Hooke’s law should still relate the stress and strain tensors at
any instant of time. Here r labels material elements by specifying their equilibrium locations.
So &(r,t) is a Lagrangian variable since it refers to the displacement of a particular material
element. The instantaneous location of this material element is r + &(r,t). Its instantaneous
velocity is % and its acceleration is %. Suppose its mass is dm = pdV where dV is its
volume, which is an elemental volume located around r + £. p therefore is the density at the
location r + £. Now dV could change and move around as the element vibrates, and p could
also change, but dm remains fixed by conservation of mass.

9%¢

The mass x acceleration of this element is pdV 5z . Here { is assumed small. Any departure
of p(r+¢) from p(r) would be of order £. So if we work to lowest order in infinitesimals, we
9%¢

may evaluate p at r in the expression p dV Zz. This mass x acceleration must equal the
force acting on the element whose undisturbed location is r. This force is usually comprised of
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two parts, (a) external body forces that can be described as a force per unit volume fp,q, (e.g.
gravity fy,qy = pg where g is the acceleration due to gravity) and (b) surface forces that act
across area elements in the material and are due to neighboring material. If we ignore surface
forces, then Newton’s force equation per unit volume says that pé = pg. To find the surface
force on the small element that is centered at r+&, we recall that the small force acting across a
small surface ndA is F(ndA,r+¢), due to the material on the side from which # points on the
material on the side to which n points. We may approximate F(ndA,r + &) ~ F(ndA,r) since
the difference is second order in infinitesimals. Moreover, by the definition of the stress tensor,
F; = T;;n;dA. So let n denote the outward pointing normal to the surface ddV" enclosing an
element contained in volume dV. Then the i*" component of the surface force acting on this
element may be expressed as a volume integral using the divergence theorem

i"component of surface force = —/ TijnjdA = —/ 0;T;;dV. (101)
adv dv
Using Hooke’s law T;; = —Yj;1ei1 Newton’s equation for { becomes
péi = pgi + 0;Yijmen- (102)

e The case of a homogeneous isotropic material is particularly interesting. In this case, the
surface force on an element occupying small volume dV is (61)

fidV = —0;T;;dV = [(A + p)o;V - € + pV>2&] dv. (103)

This plus the body force must equal pdVE. Canceling out dV, the equation of motion of linear
elastodynamics for a homogeneous isotropic material is (A 4+ p = K + p/3)

32
pajg = A+ mV(V- &) +puVZi +pg. (104)

If the material is isotropic but inhomogeneous, A, u would (in general) be functions of location
r and the equations would involve derivatives of A, as well. The difference between p(r +
€) =~ p(r) + & - Vp(r) and p(r) is first order in the infinitesimal displacements . So to first
order in infinitesimals we may take p(r 4+ £) ~ p(r) in the acceleration term. Aside from the
inhomogeneous body force, which is like a source, this is a homogeneous linear PDE, second
order in both space and time derivatives of the displacement field &.

2.2 Material derivative

e In the Eulerian description, we are interested in the time development of various variables like
velocity, pressure, density and temperature at a given location (point of observation) 7 = (z, vy, 2)
in the material. The change in say, density, at a fixed location is %. However, different
material particles will arrive at the point 7 as time elapses. It is also of interest to know how the
corresponding dynamical variables evolve, not at a fixed location but for a fixed small material

element, as in a Lagrangian description®. This is especially important since the dynamical laws

3By a small material element, we mean a collection of molecules that is sufficiently numerous so that concepts
such as ‘volume occupied by the element’ make sense and yet small by macroscopic standards so that the velocity,
density e.t.c., are roughly constant over its extent. For instance, we may divide a container with 10%* molecules
into 10000 fluid elements, each containing 10'° molecules.
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of mechanics apply directly to the material particles, not to the point of observation. So we may
ask how a variable changes along the ‘flow’, so that the observer is always attached to a fixed
material element. For instance, the change in density of a fixed element in a small time dt as it
moves from location r to the displaced location r + dr is

0
dp = p(r +dr,t+dt) — p(r,t) = dr-Vp+ a—idt (105)
We divide by dt and take the limit dt — 0 and observe that v = % is the velocity of the
material. Thus the instantaneous rate of change of density of a material element that is located
at r at time ¢ is
Dp _dp _9p

T +7-Vp = (0 +v,0; +vy0, +v:0;) p (106)

D% = % = at + ¥ -V is called the material (sometimes total, substantial or convective or
fisherman’s) derivative. It is related to the Lie derivative along a vector field. It can be used to
express the rate of change of a physical quantity (velocity, pressure, temperature etc.) associated
to a fixed fluid element, i.e., along the flow specified by the velocity field ¥. This formula for the
material derivative bears a resemblance to the rigid body formula relating the time derivatives
of a vector (e.g. momentum or angular momentum) relative to the lab and co-rotating frames:
(%)lab = (%)Co_mov + Q x A, where € is the angular velocity of the rigid body. A quantity
f (could be a scalar or a vector) is said to be conserved along the flow or dragged by the flow

if its material derivative vanishes 2 ﬁ =0.

e Similarly, the material derivative of velocity % = 0yv + v - Vv gives us the instantaneous
acceleration of the material element that is at r at the time ¢.

e Since % is a ﬁrst order partial differential operator, Leibnitz’s product rule of differentiation
holds M = Dt + %{g for scalar functions f,g. Similarly for a scalar f and vector field o,
we check that the Leibnitz rule holds
D(fw) _Df _
D 107
Dt Dt W f (107)

2.3 Conservation of mass and momentum in elastodynamics

In this section we derive the equations of elastodynamics for the displacement field £ from an
Eulerian viewpoint (by contrast with the Lagrangian description of §2.1) using conservation of
mass and momentum. When linearized, the resulting equations reduce to those of §2.1.

e Conservation of mass: Consider material of mass density p(x,t) occupying a region. Now
consider a small sub-volume V fixed in space. Let us assume that there are no sources or sinks
of material in V. Suppose v(r,t) is the instantaneous Eulerian velocity of the material that
occupies the location r at time ¢. Then the flux i.e., rate at which the mass moves across a
unit area on the boundary OV of V is pv - i where 7 is the outward pointing normal. Mass
conservation then requires

8/,0dV——/ pv-d¥ or a/pdV:—/V-(pv)dV (108)
ot oV ot v
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by Gauss’ divergence theorem. Here, d% is the elemental outward-pointing surface area vector
on the boundary 0V . Since this must be true for an arbitrary volume dV we get the continuity
equation

dp B
o + V- (pv) =0. (109)

We say that mass is locally conserved and that the mass density p and mass current pv satisfy
a local conservation law, which is also called the continuity equation.

e In elasticity, it is often convenient to work with the displacement £(x,t) rather than velocity
field v(x,t). v(r,t) is the instantaneous velocity of the material at the location r, thus it is
given by the partial derivative v = % of the instantaneous displacement of the material at r.

e Conservation of momentum: Each component of momentum density pv;, just like mass
density p is locally conserved. The i*" component of momentum dp; crossing an area element
s per unit time is given by puv;v - ds = pv;v;d¥;. This is a vector linear in the vector das..
By ‘peeling off” d3;, we may define the second rank mechanical momentum flux density (or
current) tensor 777

dp; = T;}'d%;  where T = pv;v;. (110)

In more detail, T;; is the i*" component of the momentum crossing a unit surface in the direction
of its normal which is assumed to point in the ;' direction. Consequently, Tijn; is the ith
component of the momentum crossing a unit surface in the direction of its normal n. The
mechanical momentum flux tensor T3 is manifestly symmetric and quadratic in velocities. In
the absence of momentum sources or sinks we have

8t/ pPU; dV——/ Tz'j dEj ——/ 6jTZ‘j dV. (111)
\4 ov \%

As this is true for any fixed volume V' we obtain a local conservation law for momentum:
O(pvi) +0; T =0 or O(pv)+V - -T™ =0. (112)

This equation ignores momentum transport due to elastic forces. More generally, when an elastic
medium is deformed, there is an elastic restoring force per unit volume f(r) = —V - T¢ on the
material element at r. Thus in an elastic medium the local conservation of momentum takes
the form

d(pv)

ot

By Hooke’s law the elastic stress tensor is given in terms of the displacement field by TZI =
—Yijrer so that this may be viewed as a PDE for the density and displacement fields along
with the continuity equation. Notice that the equation is quadratically non-linear in velocities
through the mechanical stress tensor.

+ V(T +T™) =0. (113)

e Equation of elastodynamics: We may combine mass and momentum conservation to
obtain a first order (in time) evolution equation for the velocity field v(r,t). When expressed
in terms of the displacement field £ this becomes a second order non-linear evolution equation
called the equation of elastodynamics. It is obtained by multiplying the continuity equation
pt + V- (pv) =0 by v and subtracting it from the momentum conservation equation

ov;
pev; +0;0j(pv;) =0 and  wvipy + pa—; + 0;(pvivj) + @Tg =0 (114)
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to get

[%t +v;0; vl} = —8jTZ-ejl or p(@v+v-Vv)=-V.T (115)

This is a quadratically non-linear equation for v = %. Including external body forces and

expressing the LHS in terms of the material derivative we get

Dv 1
T =V T + fioay- (116)
Recalling that the material derivative of the Eulerian velocity v is the acceleration of the material
element at r at time ¢, we see that this is Newton’s second law per unit volume.

e For typical elastic deformations, the non-linear advection term may be ignored. To see why,
suppose L and T are characteristic length and time scales associated to the system. Then the
ratio of the second term pv - Vv to the first term pd;v is of the order the strain (/L) where
¢ is the magnitude of the displacement field. For typical materials the strain O(¢/L) < 1073.
Thus we may ignore the second term to get a linearized equation for the displacement field &:

825
= - T 117
atQ -V 1 ( )
For a homogeneous isotropic medium with constant elastic moduli this becomes
9*¢ 2
pos = A+ V(Y ) + V% (118)

This equation (which coincides with (104) upon inclusion of body forces) is to be solved in
conjunction with the continuity equation. However, for most elastic deformations, p may be
treated constant. This is because the fractional change in density has the same magnitude as
the expansion © which is small in many circumstances. To see this, consider a small material
volume of fixed mass M and density p = M/V . If the mass density p changes by a small
amount dp producing a change dv in the specific volume v = 1/p (volume per unit mass) then

v+ov = ! or v<1+6v>:1 16 1<1_<5p> (119)
p+dp v pP\L+E p p

Since the mass of the material element does not change, %“ = % =V (=0, we get

0 _ g, ¢=-0 with [0 <107% (120)
P

2.4 Comparison between elastodynamic and electromagnetic wave equations

The equation of motion of elastodynamics (104) bears a resemblance to the vector wave equation
in electrodynamics, for the vector potential. To see this, we begin with Maxwell’s equations (in
cgs un-rationalized Heaviside-Lorentz units)

10B

V-B=0, VXxE=--"—"—
c Ot

10E
V-E=p and VxB=j+ - 0

. 121
c Ot (121)

31



The homogeneous equations on the first line state the absence of magnetic monopoles, and
Faraday’s law of induction. The inhomogeneous equations on the second line are Gauss’ law
and Ampere’s law with Maxwell’s correction term involving the time derivative of the electric
field (the displacement current). The electric charge and current densities must in addition
satisfy the continuity equation (1/¢)d;p+V -j=0.

e The first pair of homogeneous Maxwell equations are identically satisfied if the fields are
expressed in terms of scalar and vector potentials (¢, A)

10A
E=-V _10A and B=V xA. (122)

c Ot
However, the gauge potentials (¢, A) are not uniquely determined by the E and B fields, more
on this momentarily. In terms of the gauge potentials, the Ampere-Maxwell equation becomes

(use Vx (VxA)=-V2A+V(V-A))

1 92A

—_— 12
2 ot? (123)

~V?A+V(V-A)=j— %atv@s -
This equation bears some resemblance to the equation of elastodynamics for a homogeneous
isotropic material. The body force per unit volume pg = f plays the role of the current
density. Though there is no elastic analogue for the scalar potential term, A plays the role of &.
However, while £ is the directly measurable displacement field, A is not uniquely determined
by the measurable electric and magnetic fields. Two gauge potentials (¢, A) and (¢', A’) which
differ by a gauge transformation (here x(r,t) is an arbitrary scalar function)

’ / 1 0x

A'=A+Vx, ¢ =0- o (124)
correspond to the same electromagnetic fields. Gauge transformations form a group G which
acts on the space of gauge potentials A = {(¢,A)}. Each orbit (equivalence class of gauge
potentials) corresponds to an electromagnetic field (E,B) and the space of electromagnetic
fields is the quotient A/G. A choice of orbit representatives is called a gauge choice. It is
obtained by imposing condition(s) on the gauge potentials which are satisfied by one set of
gauge potentials from each equivalence class.

e A convenient gauge choice is Coulomb gauge V- A = 0. Given a vector potential A’ we find
its representative in Coulomb gauge by making the gauge transformation A = A’ — Vy with x
chosen to satisfy Poisson’s equation VZy = V- A’.

e Causs’ law simplifies in Coulomb gauge: V- E = —V2¢ — l% = 0 becomes —V?¢ = p,

whose solution involves the Coulomb potential (this is why V - A = 0 is called the Coulomb

gauge!) o(r,t) = ﬁ fd?’r/%. In particular, in Coulomb gauge, the scalar potential ¢(r,t)
is not a dynamical quantity, it is entirely fixed by the instantaneous charge density. Now let
us specialize to the case where there are no charges present in the interior and boundary of
the region of interest, so that p = 0. Then ¢ = 0. In the absence of charges, Coulomb gauge
is called radiation gauge (¢ = 0, V- A = 0), since electromagnetic radiation is most easily

described in this gauge. In radiation gauge, the Ampere-Maxwell equation becomes

1 92A

Ehons = V?A +], (provided V-A =0,¢0=p=0). (125)
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This is the vector wave equation in the presence of a current source j. One is often interested in
EM waves in vacuum, in which case j = 0 and we get the homogeneous vector wave equation.

e The Coulomb /radiation gauge condition V- A is often called the transversality condition. To
see why, let us consider a monochromatic plane wave that propagates along the wave vector k

A(r,t) = Ayeiltkr—ot), (126)

The direction of the Fourier amplitude Ay of this mode is called the direction of polarization.
Check that V- A = 0 implies k - Ay = 0. This means the polarization must be orthogonal
to the direction of propagation. Thus there can be only two linearly independent (transverse)
propagating components of the vector potential. These correspond to the two independent
polarizations of electromagnetic radiation. For the above plane wave to satisfy the vector wave
equation, w and k must satisfy the dispersion relation w? = ¢?k?. Since the wave equation is
linear, both the real and imaginary parts of this plane wave are solutions and we may restrict
to them when seeking real physical solutions.

e The equations of elastodynamics

82
PSS = At V(Y- €) + uV2e 4 £ (127)
reduce to the vector wave equation if A + u = 0. Comparing, the speed of transverse elastic
waves should be ¢ = \/u/p. A, p are both non-negative for typical materials, so we expect
waves in elastic media to be a superposition of transverse and longitudinal disturbances, as we
will see below.

2.5 Compressional and shear waves in a homogeneous isotropic elastic medium

e Here we investigate solutions of the equations of elastodynamics, especially in unbounded
media in the absence of body forces. We use the Helmholtz decomposition theorem? of vector
calculus to write the displacement field as a sum of a divergence-free and a curl-free part

E=¢ér+&, where V- -&pr=0 and V x&p=0. (128)

We will show that &7 and £ each satisfies a vector wave equation (assuming the density
variations Vp may be ignored). & being divergence-free is a transverse wave (k - fT =0 in
Fourier space). It does not cause any change in volume or density, it is called a shear wave.
On the other hand & is not divergence free and describes a longitudinal compressional wave
(a sound wave). These two waves have distinct characteristic speeds of propagation. To begin
with, the equation of elastodynamics is

pler +EL) = A+ p)V(V - &) + uV2(Er +£p). (129)

We may try to eliminate &7 by taking the divergence of this equation and using V- &r = 0 and
Vp=0. We get

Vo (p€r) = A+ p)V2V - €L+ pV2V - & = (A +20)V - (V) (130)

“Helmholtz’s theorem says that a smooth vector field in R® that vanishes faster than 1/r at infinity can be
uniquely decomposed as a sum of divergence-free and curl-free parts.
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So we have )
V- (péL — (At 20 9% ) = 0. (131)

Thus we have
v (pg"L (A zu)VQgL) —0 and V x (pg'L . zu)v%L) = 0. (132)

The second equation follows since &j, is curl-free. Thus the vector field in parentheses is both
curl free and divergence-free. By Helmholtz’s theorem on the uniqueness of vector fields with
specified divergence and curl, it must be the zero vector field (assuming it vanishes sufficiently
fast at infinity). Thus &, satisfies a vector wave equation

2
oS = (A4 2V (133)

It describes curl-free ‘sound’ waves of expansion/compression, since V - &, # 0. These waves
propagate at the speed csound = \/H%.

e On the other hand, we may try to eliminate £y by taking the curl of the equation of elasto-
dynamics assuming p to be constant. We get

V x (pép — puV2€r) =0 and V- (pér — uV3r) =0 (134)

The second equation follows from V - & = 0. Thus the vector field in parentheses is both curl
free and divergence-free and must be identically zero by Helmholtz’s uniqueness theorem. Hence
&r satisfies a vector wave equation

pbr = pV2er (135)

describing non-compressional waves (V - {p = 0) that propagate with a speed cghear = \/1t/p-
These are called shear waves, they are a bit like electromagnetic waves in the sense that they are
transverse waves, since V-&r = 0. They travel at a lower speed than the sound waves described
by &1, above.

e The ratio of the speeds of sound and shear waves is independent of the density of the medium

/2 A
Csound _ 1% + (136)
Cshear 2

Measurement of this ratio in seismic waves during an earth quake can give information about
the elastic constants of the region (of the Earth’s crust) through which the waves propagated.

2.6 Plane wave solutions for shear and compressional waves

We seek monochromatic plane wave solutions &(x,t) oc &e/8*=“! (for constant density) to
the linear elastodynamic wave equation (127) without body forces. The substitutions 9 —
—iw,V? = —k%,V = ik,V- — ik- and Vx — ikx turn the PDE into a system of decoupled
algebraic equations for the Fourier modes & :

pwbe = pk* G+ A+ p) k(k - &) = pk& + <K + ;/J) k(k - &) (137)
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Using the Helmholtz decomposition and monochromatic, plane wave ansatz for the displacement
field ¢ we see that & is the longitudinal component of the oscillation along k and &7 is the
transverse component of the oscillation perpendicular to k:

Vxé =0 and V-&r=0 = kx& =0 and & -k=0 (138)

where K = A+ 2u/3. Longitudinal waves have only one degree of freedom §~ L= §~ ok and
are completely describable by the single polarization component é 1. On the other hand, éT can
have two independent polarizations since it can point in any of the two directions perpendicular
to the direction of propagation k. Thus an elastodynamic wave, unlike a EM wave in vacuum can
have a total of three possible polarizations. Interestingly, even EM waves can have a longitudinal
polarization component when light travels through a plasma or a superconductor.

e The dispersion relations for longitudinal and transverse waves follow from the algebraic equa-
tion (137)

4
wi = (A +2u)k%/p = (K—l— 3,u) E*/p and w¥ = uk?/p. (139)

2.7 Energy of elastodynamic waves in an isotropic homogeneous medium

Just like electromagnetic waves or waves on a string, elastodynamic waves also transport en-
ergy. The energy density of such waves in an isotropic, homogenous medium includes a kinetic
contribution (p¢?)/2 in addition to the elastic potential energy of Eq. (78) leading to the total
energy

1 - 1

Let us derive the analogue of this formula for energy stored in the longitudinal waves and
compute it in a polychromatic example. Dotting (133) with £; and integrating we get

.92 ) d 2 )
/ |:pr . 8T£2L — ()\ + Qﬂ)fL . VQSL:| dr = / [dt (ng> + ()\ + 2#)(8j§Li)(aj§Li)] dr=0
d 1

or % 9

(€3 + A+ 200)(9320) (9513) ) dr = % % (b7 + O\ +20)8k8E ) dr = 0 (141)

upon integrating by parts.

e To calculate the potential energy we take k along Z so that the longitudinal displacement
may be written as a Fourier integral:

—

E(z) =€&p.2 = / |:5L7k6i(kz_wL(k)t) + fﬂke_i(kz“%(k)t) [dk] 2. (142)

Here [dk] = dk/2m and wy (k) = |k|\/ (K + 41/3)/p. The second term is the complex conjugate
of the first and ensures that £,(z) is real. Moreover the first term includes both right- and
left-moving waves as k takes both positive and negative values though wr,(k) > 0 by definition.
It follows that 0,§, = 0,& = 0 so that the expansion becomes © = V- £ = 0.§, = S,,. All
other components of S;; vanish. Thus, the total energy of the longitudinal wave becomes

Ep = /; (pé% +(A+ 2u)@2> dr = /; (pé% + (K + §u> @2> dr. (143)
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We compute the KE and PE by going to Fourier space

KE;, = g / [dky dks)(—iwr, (k1)) (—iwr, (k2))E Lk EL ks / dzeikitke)zo—i(wr (k1) +wr (k2))t / dzdy
+g/[dkldkg](—iWL(kl))(iWL(kQ))£L7k1£z7k2/dZei(kl_kQ)ze_i(wL(kl)_wL(kQ))t/dl’dy

+g /[dklde](iwL(kfl))(iWL(kQ))g[i’kléikz /dze_i(k1+k2)Zei(wL(k1)+wL(k2))t/dﬂjdy
A c c c —2i FE X i
= P2 [ lakleon () (20002 — Ep by, e 2r @ — & (& ePien ], (144)
Despite appearances, K Ey, is a positive quantity. Here A = [ dzdy is the transverse area of the
region and [ dzetk1th)z — 9ns (k1 + ko). Similarly, we compute the potential energy by going
to Fourier space,

PEL = ;]L(K-i- 4§L> /[dkldkg](ikl)(ikz)éhklg[”]w/dzei(kl—i_kQ)ze_i(wL(k1)+wL(k2))t
A 4 . . T % —1 z i(w w
T3 <K+ ;) /[dkldk2](—Zkl)(—ZkQ)fL,klfL,kg /dze (hrtha)zgilwr (o (k)

+4 <K+ 4:) /[dkldk2](ikl)(_ik2)§~L,k1€~z,k2 /dzei(kl_kg)ze_i(wL(kl)_wL(kQ))t

A 4 ~ -~ ) -~ o~ )
= D (R ) [0 [P + Eurbaae 4 G 8] aa5)

Using the dispersion relation pw? = (K + 3u)k* (139) we see that the first terms in K E, and
PE; are the same while the last two terms are equal in magnitude but opposite in sign. Though
neither the KE; nor PE, is separately conserved the total energy is conserved and is given by
the simple and manifestly time-independent formula

B =24 (K4 2 [10HE0u = 204 [ [abon (01l (146)

e For a monochromatic wave (only one wave number k,—k) £ is periodic in time with period
T, = 27 /wr (k) so that it is natural to average the PE and KE over the time period ((f) =
% fOT fdt). Then the oscillatory terms in KE; and PE} average to zero and we see that the
time-averaged KE; and PE are equal:

Ep = 2(KEp) = 2(PEL) = 2A (K + 4;) /[dk]kQ\éL,kF. (147)

We say that on average the energy is equally partitioned between kinetic and potential energies.
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