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Abstract
We study a previously introduced bi-local gauge invariant reformulation of two-dimensional QCD, called 2d hadron
dynamics. The baryon arises as a topological soliton in hadron dynamics. We derive an interacting parton model from the soliton
model, thus reconciling these two seemingly different points of view. The valence quark model is obtained as a variational
approximation to hadron dynamics. A succession of better approximations to the soliton picture are obtained. The next simplest
case corresponds to a system of interacting valence, ‘sea’ and anti-quarks. We also obtain this ‘embellished’ parton model
directly from the valence quark system through a unitary transformation. Using the solitonic point of view, we estimate the
quark and anti-quark distributions of 2d QCD. Possible applications to deep inelastic structure functions are pointed out.  2000
Elsevier Science B.V. All rights reserved.
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1. Introduction
There are currently two distinct points of view on
what a baryon is. One may be traced back to the quark
model. In the other point of view, baryons arise as
solitons of low energy effective local field theories of
mesons, an idea that may be traced back to the Skyrme
model [1]. In previous work by one of us, it was shown
that in two dimensions, there is an exact description
of QCD as a bi-local theory of mesons [2]. This
description, called 2-dimensional hadron dynamics, is
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not a low energy effective theory, but is equivalent
to 2d QCD for all energies and numbers of colors.
The exact description of the baryon is as a topological
soliton of this bi-local theory. At the other extreme, we
studied a 2-dimensional interacting quark model for
the structure of the baryon [3]. The question then is
whether the quark model picture can be derived from
the exact bi-local solitonic picture in two dimensions.
Here we derive the interacting valence quark model
as a variational approximation to this bi-local soliton
theory. Moreover, we find a succession of increasingly
accurate variational approximations to the soliton
model. The next simplest case turns out be a system
of interacting valence, ‘sea’ and anti-quarks. We show
that this ‘embellished’ parton model could also have
been obtained directly via a unitary transformation
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applied to the valence quark model, recovering the
‘Bogoliubov’ transformation introduced in [3]. Thus
we have a reconciliation of the exact bi-local soliton
model with the simpler relativistic parton picture of
the baryon, in 2 dimensions.
The main advantage of this new point of view is that
the semi-classical approximation of hadron dynamics
corresponds to the large Nc limit of 2d QCD, and so
is capable of describing non-perturbative phenomena
such as the structure of hadrons. Thus this reconciliation between the soliton and parton pictures is more
than just a mathematical correspondence. We illustrate
its usefulness by calculating approximately, the quark
and anti-quark distributions of the baryon in 2d QCD.
In fact, due to the correspondence we establish here,
the approximate solutions of the quark models presented in [3] are actually also approximate solutions of
2d QCD. Thus, in this paper, we will focus more on the
passage from the bi-local soliton theory to quark models, rather than their actual solution. As mentioned in
[3], our results agree well with the direct numerical solutions of Hornbostel et al. [4]. To summarize, we find
that the valence quark approximation is accurate not
only in the non-relativistic limit, but also in the ultrarelativistic chiral limit. In particular, we find that in the
chiral limit, the valence quark approximation is exact,
for Nc → ∞.
As an aside, we speculate on the possible phenomenological implications of the above model. In
deep inelastic scattering [5], the transverse momenta
of the partons is small compared to their longitudinal
momenta. Moreover, the observables of interest, the
baryon structure functions, depend only on the proton
momentum P and photon momentum q, which lie in
a two-dimensional time like hypersurface, spanned by
time and the beam direction. Thus, there must be an effective 2-dimensional theory that describes the structure of the proton as measured in deep inelastic scattering. Two-dimensional hadron dynamics has the correct symmetries to be a candidate for an approximate
description of the ‘relevant’ interactions of the quarks,
in such an effective action. This model can be thought
of as a representative example of such an approximate
effective action. The variational and many-body techniques developed here should be useful in understanding any such 2-dimensional effective action.

2. Two-dimensional quantum hadron dynamics
Let us begin with a summary of two-dimensional
quantum hadron dynamics [2]. 2d QCD is quantized
in the null gauge A− = 0 in null coordinates. The
elimination of longitudinal gluons leads to a linear
potential between quark fields a, a † which satisfy
canonical anti-commutation relations. The resulting
hamiltonian is:


Z
m2
1
H
= dx a †ai p̂ +
aai
Nc
2
p̂
Z
g2
1
|x − y| :a †ai (x)aaj (x):
−
2Nc
2
× :a †bj (y)abi (y): dx dy.
‘g’ is a coupling constant with the dimensions of mass,
i, j are color indices and a, b are flavour indices. Deba (x, y) =
fine the bi-local gauge invariant variable M
b
2
†ai (y): . The points x, y are null separated.
:a
(x)a
bi
Nc
ba (x, y) form a complete set of observThe operators M
b
ables in the color singlet sector of two-dimensional
QCD. They provide a (projective) unitary irreducible
representation of the infinite-dimensional unitary Lie
algebra:
 ea
ec (r, s)
b
b (p, q), M
M
b
d

1 c
ea (p, s)
b
=
δb 2πδ(q − r) δda sgn(p − s) + M
d
Nc

1 a
ec (r, q).
b
δd 2πδ(s − p) δbc sgn(r − q) + M
−
b
Nc
(1)
Note that the commutators are of order 1/Nc so that
the large Nc limit is a sort of classical limit: 1/Nc
plays the role that h̄ does in an ordinary field theory.
In this classical limit the above commutators are
replaced by the Poisson brackets of a set of classical
dynamical variables Mba (x, y). It was shown that the
phase space of this system is an orbit of the unitary
group, an infinite-dimensional grassmannian Gr1 . It
is the set of all hermitean operators M with integral
kernel Mba (x, y) satisfying the quadratic constraint
R
[ + M]2 = 1, with |M(x, y)|2 dx dy < ∞. Gr1 is a
curved manifold with connected components labelled
by an integer. The quadratic constraint is just the
Pauli principle for quarks: the density matrix (ρ =
1
2 (1 − M − )) must be a projection operator. Here  is
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the Hilbert transform operator, diagonal in momentum
space, with ˜ (p, p) = sgn(p).
So in the large Nc limit, our problem reduces to
solving the equations of motion obtained from the
hamiltonian and Poisson brackets:
1
E[M]
=−
Nc
4

Z 

g̃ 2
+
8
1
2i

Z


dp
µ2a ea
p+
Ma (p, p)
p
2π
Mba (x, y)Mab (y, x)|x − y| dx dy,

 a
Mb (x, y), Mdc (z, u)


= δbc δ(y − z) da (x, u) + Mda (x, u)


− δda δ(x − u) bc (z, y) + Mbc (z, y) .

(2)

(3)

The parameter µ2a is related to the current quark
masses ma by a finite renormalization: µ2a = m2a −
g̃ 2 /π and g̃ 2 = g 2 Nc . Though the hamiltonian is
quadratic, this is a non-linear interacting theory since
the phase space is a curved manifold due to the constraints on M(x, y). The linearization of the equation
of motion around the vacuum Mba = 0 describes an infinite number of free mesons, and ’t Hooft’s integral
equation [6] for the meson masses was recovered.
What kind of solution to thisR theory represents
the baryon? The quantity B = − 12 Maa (x, x) dx was
shown to be an integer, a topological invariant and
hence conserved under time evolution. We see that B
eaa (p, p)
is in fact baryon number. Thus, for p > 0, − 12 M
1 ea
and − 2 Ma (−p, −p) represent the quark and antiquark probability densities in the baryon. Thus the
baryon is a topological soliton in this picture. It corresponds to a static solution of the equations of motion
(minimum of energy subject to constraints), that has
baryon number one. A Lorentz invariant formulation
is to minimize the (mass)2 of the baryon:


Z
1
dp
M2
e
=
−
p
M(p,
p)
Nc2
2
2π

Z
µ2 dp
1
e
M(p,
p)
× −
2
2p 2π

Z
1
g̃ 2
dx dy |M(x, y)|2 |x − y| .
+
8
2
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3. Separable or rank one ansatz and valence
quark model
We have developed a method [2] to find the minimum of energy on the the phase space: a variant of
the steepest descent method that takes into account
the non-linear constraint. Here, we describe another
method based on variational approximations, which
brings out the connection to the quark model. The
main difficulty in minimizing the energy is the nonlinear constraint satisfied by M(x, y). We find a succession of variational ansatzes for M(x, y) that replace
this constraint with simpler ones. These define an ascending family of sub-manifolds, which form a dense
subset of the phase space. Minimizing the energy on
these sub-manifolds will give us successively better
approximations. These variational ansatzes turn out to
correspond to interacting quark models.
To start with, consider an ansatz of the separable
form
e a (p, q) = −2ψ̃ a (p)ψ̃b∗ (q).
M
b

(4)

= 1 if ψ̃ is of
This satisfies the constraint ( +
norm one and of positive momentum. The Poisson
brackets of the Mba (x, y) imply the relations

{ψ̃a (p), ψ̃b (q)} = 0 = ψ̃ a∗ (p), ψ̃ b∗ (q) ,
(5)

∗b
b
ψ̃a (p), ψ̃ (q) = −i2πδa δ(p − q).
(6)
M)2

The ψ̃a by themselves define a classical dynamical
system with hamiltonian
E1 (ψ)
=
Nc


ZP 
µ2
1
dp
p+
|ψ̃(p)|2
2
p
2π
0

+

g̃ 2
2

Z
|ψ(x)|2 |ψ(y)|2

|x − y|
dx dy.
2

(7)
We can quantize this ‘mini’ theory by looking for
operators satisfying canonical commutation relations.
Let us denote the parameter that measures the quantum
correction, analogous to h̄, by 1/Nc . The constraint on
the norm can be implemented by restricting attention
to those states |V i satisfying
Z∞
0

dp
ψ̃ˆ ∗a (p)ψ̃ˆ a (p) |V i = 1.
2π

(8)

66

V. John et al. / Physics Letters B 492 (2000) 63–68

A representation for our commutation relations is
provided by bosonic creation–annihilation operators:



ˆ
b̃a (p), b̃ˆ b (p0 ) = 0 = b̃ˆ †a (p), b̃ˆ †b (p0 ) ,

ˆ
b̃a (p), b̃ˆ †b (p0 ) = 2πδ(p − q)δab ,

(9)

with

ZP
|ψ̃(p)|
0

1
ψ̂a (x) = √ b̂a (x),
Nc

1
ψ̂ †a (x) = √ b̂†a (x). (10)
Nc

Then the constraint becomes the condition
R ∞ that we
restrict to states containing Nc particles: 0 b̃†a (p) ×
dp
= Nc . Therefore, Nc must be a positive
b̃a (p) 2π
integer! Thus we are dealing with a system of Nc
bosons interacting through a linear potential.
What are these bosons? They are the valence quarks
of the parton model. They appear like bosons in the
momentum and spin-flavour quantum numbers since
their wave function is totally anti-symmetric in color.
Nc is interpreted as the number of colors. In the
mean field approximation [3], their wave function is
 i1 ···iNc ψ̃(p1 ) · · · ψ̃(pNc ), which corresponds to
|V i = a 1† · · · a Nc † |0i.
ψ̃

(11)

ψ̃

If ρ̂ba (p, q) = N1c a †ai (p)abi (q) is the quark density
operator, then the expectation value of ρ̂(p, q) in the
mean field state state |V i is equal to the ‘classical’
e1 (p, q) −
density matrix ρ̃1 (p, q) = 12 (δ̃(p, q) − M
˜ (p, q)). Thus the classical (or large Nc ) limit we have
been discussing is just the mean field approximation
to this many-body problem, an idea that goes back to
Witten [7]. The semi-classical approximation will give
us the leading corrections in the case of finite Nc .
Since the quark null momenta are positive, their
sum must equal the total baryon momentum P . In
particular, the parton momenta cannot exceed P .
This ensures that the quark distributions vanish beyond p = P . However, the total baryon momentum
is extensive P ∼ Nc . So in the limit as Nc → ∞,
0 6 p < ∞. The valence quark wavefunction is determined by minimizing the (mass)2 subject to the normalization and momentum sum rule conditions:
M2
=
Nc2

g̃ 2
+
2

" ZP
0

p
dp
|ψ̃(p)|2
2
2π

#" ZP
0

µ2
dp
|ψ̃(p)|2
2p
2π

Z∞
|ψ(x)| |ψ(y)|
2

−∞

2 dp

2π

2 |x

#
− y|
dx dy ,
2

ZP
= 1,

RP

p|ψ̃(p)|2

Nc

dp
= P.
2π

0

dp
. Since we have ignored
Here ψ(x) = 0 ψ̃(p)eipx 2π
them, we will get the spin and flavor averaged wavefunction. The probability density of valence quarks is
P
|ψ̃(xB P )|2 , where xB = p/P .
V (xB ) = 2π
The ground state of this many body problem was
found in [3], in the guise of a valence quark model.
Let us just summarize the result. In the limit Nc → ∞
and m = 0, the absolute
of the variational
p minimum S
principle is ψ̃(p) = 2π/PS e−p/(2P ) . Here PS is the
mean baryon momentum per color, P /Nc . It turns out
that M = 0 for this configuration, so that it is not just
a minimum on the separable submanifold, but on the
entire phase space, in the chiral and large Nc limits.
Thus we find that the ground state baryon is massless
in this limit, in agreement with Hornbostel et al. [4].
A variational approximation to the ground state,
after including the leading effects of finite Nc was
also given in [3]. In the chiral limit, the valence
quark probability distribution is V (xB ) = (Nc − 1) ×
[1 − xB ]Nc −2 . This variational approximation agrees
well with our numerical solution [3] and is identical to
the numerical solution of Hornbostel et al. (see Ref. [4]
Eq. (22)).

4. Rank three ansatz: valence, sea and anti-quarks
We can get a better approximation to the exact soliton model, by considering a larger submanifold of the
phase space, compared to the separable ansatz, which
corresponded to the valence quark approximation.
The departure from the valence quark picture is determined by the dimensionless ratio m2 /g̃ 2 , a measure
of chiral symmetry breaking. Thus we should expect
the anti-quark content to be small for small current
quark masses. The leading effect of finite Nc is to constrain the range of momenta of the partons, as we have
seen.
The mathematical advantage of the separable ansatz
is that it ‘solves’ the nonlinear constraint on M:
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more precisely, it replaces it with the condition that
ψ is of norm one. In the same spirit, consider the
configuration
Mr =

r
X

ξba ψa ⊗ ψ †b .

(12)

a,b=1

Here we choose ψa to be a set of r orthonormal
eigenvectors of the operator ; i.e., ψa = a ψa ,
a = ±1. This implies that the operator Mr is of
rank r: the special case of rank one is just the separable
ansatz above. This ansatz will satisfy the constraint on
M if the r × r matrix ξ is hermitean and satisfies the
constraint
ξab ξbc + [a + c ]ξac = 0,

(13)

a ‘mini’ version of the constraint on M. Moreover,
the baryon number is B = − 12 tr M = − 12 tr ξ . In the
special case of rank one, we have simply ξ = −2.
By choosing a large enough value of r this ansatz
can produce as general a configuration in the phase
space as needed. The simplest configuration of baryon
number one that departs from the separable ansatz is
of rank three. We will find that for small current quark
masses, even this departure is very small, so we do not
need to consider configurations of higher rank.
By a choice of basis among the ψa , we can always
bring a rank three configuration of baryon number one
to the form

†
†
− ψ+ ⊗ ψ+
M3 = −2ψ ⊗ ψ † + 2ζ−2 ψ− ⊗ ψ−

†
†
+ ψ+ ⊗ ψ−
,
+ 2ζ− ζ+ ψ− ⊗ ψ+
(14)
where ψ− , ψ, ψ+ are three vectors in L2 (R) satisfying ψ− = −ψ− , ψ = ψ, ψ+ = ψ+ , kψ− k2 =
kψk2 = kψ+ k2 = 1, hψ, ψ+ i = 0. The conditions
hψ− , ψi = hψ− , ψ+ i = 0 are then automatic. The parameter 0 6 ζ− 6 1 measures the deviation from the
rank one ansatz and
p hence, the anti-quark content of
the baryon. ζ+ = 1 − ζ−2 . For example, baryon number is given by
Z∞
B=



 dp
.
|ψ̃(p)|2 + ζ−2 |ψ̃+ (p)|2 − |ψ̃− (−p)|2
2π

0

(15)
ψ, ψ+ vanish for p < 0 and describe valence and ‘sea’
quarks. Their orthogonality is a consequence of the
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Pauli principle. ψ̃− is the anti-quark wavefunction.
From our previous result we expect ζ− to vanish as
m2 /g̃ 2 → 0.
This rank 3 ansatz can also be understood as arising
from a unitary transformation applied to the valence
quark ansatz. The phase space of hadron dynamics
carries a transitive action of the infinite-dimensional
restricted unitary group [2]. Thus the configuration M3
can be obtained from M1 by a unitary transformation
U † ( − 2ψ ⊗ ψ † )U =  + ξba ψa ⊗ ψ †b .

(16)

Since both M1 and M3 have the same baryon number,
U lies in the connected component of the identity
and is of the form U = eiA for A hermitean. From
the above expressions for M1 , M3 , we see that U is
the identity except on the span of ψ+ and ψ− .  =
−σ3 , in this subspace. Thus e−iA (−σ3 )eiA = sσ1 +
(r − 1)σ3 , where r = 2ζ−2 and s = 2ζ− ζ+ and σi
are the Pauli matrices. Therefore, on this subspace,
A is a 2 ∗ 2 traceless hermitean matrix σ.w. w is the
vector in R3 about which (0, 0, −1) must be rotated
by an angle 2|w| to reach (s, 0, r − 1). Thus A =
†
†
− ψ+ ⊗ ψ−
).
i arcsin(ζ− )(ψ− ⊗ ψ+
We can use the infinite-dimensional analogue of the
Plücker embedding [8,9] of the grassmannian in the
fermionic Fock space to reexpress this unitary transformation on the phase space of hadron dynamics, as
a Bogoliubov transformation on the second quantized
states. The operator that corresponds to U and acts on
the fermionic Fock space is


b = eiÂ = exp − arcsin(ζ− ) aiψ− a i† − aj ψ+ a j † ,
U
ψ+
ψ−
(17)
the sum over colors produces a singlet. The angle
θ of [3] can be identified as arcsin(ζ− ). The second quantized state after the Bogoliubov transformation is thus |V SAi = e−i Â |V i. Here |V i is the valence quark state, and |V SAi stands for a state containing valence, ‘sea’ and anti-quarks. The condition
hV SA|ρ̂(p, q)|V SAi = ρ̃3 (p, q) is then automatic,
since the corresponding condition was satisfied in the
rank 1 case and we have performed the same unitary
transformation on both sides.
Thus, we have derived the ‘embellished’ quark
model, which contains valence, ‘sea’ and anti-quarks,
as a variational approximation to the bi-local soliton
theory. The wave functions ψ, ψ± and the probability
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of finding an anti-quark in a baryon ζ−2 /(1 + 2ζ−2 ),
were estimated in [3]. To summarize, we found that
the probability of finding an anti-quark in the baryon is
∼ 0.1% and a ∼ 0.035 for m2 /g̃ 2 ∼ 10−3 . Moreover,
the anti-quarks carry less than 0.1% of the baryon
momentum. Hornbostel et al. [4] also find a similar
suppression of the anti-quark content in the chiral
limit.

5. Conclusion
Thus, while neither the quark model, nor the solitons of low energy effective local field theories provides a complete description of baryons in two dimensions, a bi-local quantum field theory provides an exact description. We have shown how the quark model
arises as a variational approximation to this bi-local
soliton theory. Moreover, we have used this bi-local
theory to estimate the quark and anti-quark distributions in two dimensions and find good agreement with
direct numerical approaches. It is interesting to know
what the analogous non-local theory is in four dimensions.

Acknowledgement
This work was supported in part by U.S. Department of Energy grant No. DE-FG02-91ER40685.

References
[1] T.H.R. Skyrme, Proc. Roy. Soc. A 260 (1961) 127;
A.P. Balachandran, V.P. Nair, S.G. Rajeev, A. Stern, Phys. Rev.
Lett. 49 (1982) 1124;
G. Adkins, C. Nappi, E. Witten, Nucl. Phys. B 228 (1983) 552.
[2] S.G. Rajeev, in: E. Gava, K. Narain, S. Randjbar-Daemi,
E. Sezgin, Q. Shafi (Eds.), 1991 Summer School in High Energy
Physics and Cosmology, Vol. II, World Scientific, Singapore,
1992;
P.F. Badaque, I. Horvard, S.G. Rajeev, Mod. Phys. Lett. A 7
(1992) 3347;
S.G. Rajeev, Int. J. Mod. Phys. A 31 (1994) 5583;
O.T. Turgut, S.G. Rajeev, Commun. Math. Phys. 192 (1998)
493;
S.G. Rajeev, Derivation of the Hadronic Structure Functions
from Quantum Chromodynamics, Lectures at the Swedish
Academy of Sciences and the Feza Gursey Institute, hepth/9905072, in press;
S.G. Rajeev, Nucl. Phys. B Proc. Suppl. 86 (2000) 86.
[3] G.S. Krishnaswami, S.G. Rajeev, Phys. Lett. B 441 (1988) 449;
G.S. Krishnaswami, Undergraduate Thesis, University of
Rochester, hep-ph/9911538;
V. John, G.S. Krishnaswami, S.G. Rajeev, An interacting parton
model for quark and anti-quark distributions in the baryon,
Phys. Lett. B, in preparation.
[4] K. Hornbostel, S.J. Brodsky, H.C. Pauli, Phys. Rev. D 41 (1990)
3814.
[5] J.D. Bjorken, E.A. Paschos, Phys. Rev. 185 (1969) 1975;
R.P. Feynman, Photon–Hadron Interactions, Benjamin, Reading, 1972;
CTEQ Collaboration, G. Sterman et al., Rev. Mod. Phys. 67
(1995) 157, and references therein.
[6] G. ’t Hooft, Nucl. Phys. B 75 (1974) 461.
[7] E. Witten, Nucl. Phys. B 160 (1979) 57.
[8] S.S. Chern, Complex Manifolds without Potential Theory,
Springer-Verlag, New York, 1979.
[9] J. Mickelsson, Current Algebras and Groups, Plenum, 1989.

