A noncalculus proof that Fermat’s principle of least time implies
the law of refraction
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We provide an algebraic proof of the fact that Fermat’s principle of least time implies Snell’s law.
This proof is closer to Fermat's original approach than the usual calculus-based developments of the
subject. © 2002 American Association of Physics Teachers.
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The search for the law governing the refraction of lighttime Q;R/v; + RQ,/v, is minimal. Then sim/sing
played an important role in the development of phyflcs. EU= 1, /1,. The idea behind the proof is to disprove the two
docpits the efforts of many Scienists over the years, ncluc1SGUalles SimSn<sn/v; and sinalsing>s/r, So

) h . S lein @ 12 .
ing giants such as Johannes Kepler, the law of refractioﬁr.1at ngcessanly si/sin3 = Vl/VZ'. We_f|rst_ assume Fhat
sina/sinB<v;/v, and choose poinP; (in air) and point

could not be found.It appeared in print for the first time in i 3 J X
Rene Descartesta Dioptrique in 16373 He found that P2 (in watey, lying on the pathQ,RQ, of minimal time,

sina/sin =K, where « is the angle of incidenceg the  Such thatP;R=P;R=r (see Fig. 2 This particular choice,

angle of refraction, antk a constant that depends only on & choice of Fermat, will simplify the calculations con-

physical media that the ray of light goes through, e.g., air angiderably. We define; =H;R and x,=RH,. Because we

water (see Fig. 1 Willebrord Snell already knew this law as assumed that siwsinp<w;/v,, we can conclude that

early as 1621, and before him Thomas Hariot had made pre<i /X2 = (X1 /1)/(Xa /1) = sinalsin<wi/v,. So  (X/v5)

cise experiments about refraction arriving at the same- (X;/v1)>0. Next select a positivé such thats<x, and

conclusiort* 6<2((Xo/vy) — (X¢/v))/((L/vy) + (1/vy)). In the process
Descartes’ approach to refraction led to the equakity of the proof, we will realize why we selected a positige

= v,/v,, Wherev, is the velocity of light in the first me- satisfying these two conditions.

dium (henceforth taken to be aiand v, is the velocity of LetR’ be the point on the surface of separation to the right

light in the second mediurthenceforth taken to be wajer ~ of R, such thaRR'=45. We will see that the ray of light

Pierre de Fermat criticized Descartes’ arguments and aftewould take less time going fror®; to R’ and then toP,

strenuous effort was able to prove at around 1661 that if onénstead of going fronP; to R and then td®,. We will have

were to accept the principle of least time, then &fisin 8 reached a contradiction, as we have taken the latter to be the

= 1,/1,.° That is, the value oK obtained by Fermat is ex- path of minimal time. In other words, we will see thAt

actly the inverse of the value obtained by Descartes. Note<0, where

that Isaac Newton obtained the same law as Descaites.

the seventeenth century the discrepancy coul_d_not be re- _ ile’+iR’P2> —(ile'f'iRPz). 1)

solved because there was no means of determining accurate 121 12 121 12

values for the velocities of light in air and in water. This

determination was possible only in 1850 when Leon Fou-Ve note that

cault found very precise values fer andv,; it turned out \/(x1+5)2+h§ JOo— 6)2+h§ ( r ; )

that v,<v,.% Because it is experimentally determined that A=
a> B, we can assert that sidsin 8>1. Thus Fermat turned

V1 Vo vy V2

out to be right. 1 1

Fermat’s argument is quite interesting but rather long. The = —(J&%+ 26x,+ rZ—r)+ —(\/67—25x2+ rZ—r).
tools he used foreshadow what would become the standard Y1 V2
techniques of differential calculdsThe purpose of this note 2

is to develop a noncalculus proof that differs from other non-
calculus proof¥ in that it is algebraic rather than geometri- BUt vb+a— Va<bl/\/a for anya>0 and anyb such that

cal in nature and does not use a limit process. We will comb+2>0> We let a=r®> and b=4+26x; or b=4

pare the value of a given function at an assumed extremunr 26x,, and obtainys%+28x, + r2—r<(82+26x,)/r and

with the value at a nearby point. This kind of argument cany/5?—25x,+r2—r<(82—248x,)/r . So

be used to obtain rigorous elementary solutions to many

problems involving maxima and mininta. L &+ 25X1) i( 52—25X2)
Let us state with care what we want to prove: Suppose vy r

that given any two pointsQ; (in air) andQ, (in waten, a

ray of light going fromQ, to Q, does so touching the _

separation surface at a poiRtin such a way that the total r

()
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o, ratio 2((Xo/v,) — (X1 /v1))/((1/v1) +(1/v,)). This choice of
a R’ in turn led us to the conclusion that the time to traverse a
air route throughR’ is less than that througR, showing that
any suchR cannot be a path of minimum time.
We can replace sia/sin 8> vy /v, by sina/sin B<w, /v, by
relabeling air and water as water and air, and he&pceQ,,
v, Vo, a, B by Qs, Qq, vy, v1, B, «, respectively. Thus
both inequalities lead to a contradiction, and consequently
sina/sinB= v /v,.
B As the reader may have noted, a noncalculus proof of the
fact that Fermat's principle implies Snell's law is bound to
E require some effort. The need to surmount these difficulties
was one of the driving forces behind the early development
a, of calculus by Gottfried Leibniz. In fact, the interest gener-
ated by the phenomenon of refraction led Leibniz to discuss
Fig. 1. Refraction of light. it in 1684 in the first paper ever published on calcuitighe
usual calculus-based proof is certainly impressive, and
should be taught to undergraduates, but it does not convey a
sense of the difficulties that Fermat had to surmdaint.

: It is pedagogically sound to start in high school with a
\iVe(X c/a;}n))ejzllyif Saied t:rﬁt;((lfllgg;( ((th//i)))tz((x(x/llv)l))/ quasiempirical approach to refractithin college, physics
(v 2) j (1/v,)) . Hence,A<0, and az céntradi(l:tio; has Majors can compare a noncalculus and a calculus approach
beezlreacheltjjz ' ' ' to Fermat’s principle of least time in the context of discuss-

. . . ing the phenomenon of refraction of light. A course on optics
To recapitulate, we began with the assumption that the ray e history of science would be the ideal environment for
strikes the surface at a poift such that sim/sinB<w,/v,.  gych a pursuit.
From this assumption we obtained the inequabity/v,
>x,/v,. We then chose a poirR’ at a distance’ to the dElectronic mail: haraldh@princeton.edu
right of R such thats is less than botlx, and the positive TE'GCUONC mail: helfgott@oswego.edu _
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