Moduli of 7-Vector Bundles over an Algebraic Curve

C. S. Seshadri !

Introduction

Let X be a smooth algebraic curve, proper over the field C of complex
numbers (or equivalently a compact Riemann surface) and of genus g.
Let J be the Jacobian of X; it is a group variety of dimension g and
its underlying set of points is the set of divisor classes (or equivalently
isomorphic classes of line bundles) of degree zero.

It is a classical result that the underlying topological space of J can be
identified with the set of (unitary) characters of the fundamental group
m1(X) into C (i.e. homomorphisms of 7;(X) into complex numbers of
modulus one) and therefore J = S x --- x S, g times, as a topological
manifold, S! being the unit circle in the complex plane.

The purpose of these lectures is to show how this result can be ex-
tended to the case of unitary representations of arbitrary rank for Fuch-
sian groups with compact quotients.

Given a representation p: 7 (X) — GL(n, C), one can associate to
p in a natural manner (as will be done formally later) a vector bundle
(algebraic or holomorphic) on X; let us call such a vector bundle unitary
if p is a unitary representation.

! This is essentially a reproduction of the paper with the same title that appeared as a part
of the proceedings of a conference held in Italy in September 1969 (Questions on Algebraic
Varieties C.I.LM.E., III Ciclo, Varenna, 1969). Many typographical mistakes as well as a math-
ematical error (pointed out by V. Balaji, see Remark 6, Chapter II) in the earlier version have
been corrected.



It is easy to show that two vector bundles Vi, V; associated to unitary
representations py, P, are isomorphic (in the algebraic or holomorphic
sense) if and only if p; and p; are equivalent as representations.

Suppose that the genus of X is > 2. Recall the following results (cf.
[12], [17]).

(1) The unitary bundles on X can be characterized algebraically.

To be more precise, let us call a vector bundle V on X of degree zero
on X stable (respectively semi-stable) (this definition is due to Mum-
ford) if for every proper sub-bundle W of V, one has degW < O (respec-
tively degW < 0).

Then one has the following: a vector bundle V on X is unitary if and

only if it is a direct sum of stable bundles (of degree 0) and V is sta-
ble if and only if the corresponding unitary representation is irreducible
unitary.
(2) On the equivalence classes of unitary representations of a given rank
of 71 (X) (equivalently, on the isomorphic classes of unitary vector bun-
dles on X of a given rank), there is a natural structure of a normal pro-
jective variety.

It can be shown that there are stable bundles on X of arbitrary rank
if g > 2 and that in any case, they form a Zariski open subset of an
algebraic family of vector bundles.

Let X denote a simply connected covering of X. Then & = 7;(X)
can be identified with a proper discontinuous group of automorphisms
acting freely on X . It is easily seen, since 7 operates freely on X, that the
study of (holomorphic) vector bundles on X is equivalent to the study of
m-vector bundles on X, a m-vector bundle on X being a (holomorphic)
vector bundle E on X together with an action of 7 on E compatible with
its action on X.

From this point of view the results (1) and (2) admit of generaliza-
tions and in fact in the following, we shall be concerned with the fol-
lowing more general situation:

Let X be a simply connected Riemann surface and I" a proper discon-
tinuous group of automorphisms of X such that, ¥ = X mod I is compact
(the action of I is not supposed to be free). It is well-known that I" has
a normal subgroup of finite index I in I" such that Iy operates freely on
X.

Let X = X modIj and & = I mod I. Then there is a canonical action
of m on X such that Y = X mod .
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It is easily seen that the study of I"-vector bundles on X is equivalent
to the study of 7-vector bundles on X and thus the study of I'-vector
bundles on X can be said to be an algebraic problem.

Given a representation p of I' into GL(r, C), there is a natural I -
vector bundle on X (of rank r) and consequently a 7-vector bundle E on
X associated to p.

Let us call a w-vector bundle E on X 7m-unitary (respectively irre-
ducible m-unitary) if it is m-isomorphic (i.e. isomorphic in the category
of m-vector bundles) to a 7-vector bundle associated to a unitary (re-
spectively irreducible) representation of I".

As in the case of a free action, if £y, E, are two 7-unitary vector
bundles on X associated to unitary representations pp,p; of I', then E;
is m-isomorphic to E; if and only if the representations p;, p of I" are
equivalent.

Let us call a w-vector bundle E on X of degree zero, m-semi-stable
if the underlying vector bundle is semi-stable (as defined above) and
m-stable if for every proper 7-sub-bundle W of E, we have deg W < 0.

Let us call two m-vector bundles E and E> on X locally isomorphic at
x € X if there is a neighbourhood U of x invariant under 7,, the isotopy
group of 7 at x, such that the restrictions of E| and E, to U are -
isomorphic; let us call Ey and E; locally isomorphic if they are locally
isomorphic at every point of X (unlike the usual case, any two 7-vector
bundles of the same rank need not be locally isomorphic).

We can thus speak of the local type of a m-vector bundle on X.

With these definitions, these lectures are devoted to the proof of the
following results generalizing (1) and (2) above:

Suppose that genus of ¥ = X modI” is > 2. Then

Theorem I A w-vector bundle on X of degree zero is 7-stable if and
only if it is irreducible mw-unitary (cf. Theorem 4, Chapter II).

Theorem II  On the space of isomorphic classes of m-unitary vector
bundles on X of a fixed local type 7, there is a natural structure of a
normal projective variety (cf. Theorem 5, Chapter II).

We shall now give a brief outline of the proofs of the above theorems.
One proves directly that a m-unitary (respectively irreducible 7-
unitary) vector bundle E on X is 7-semi-stable (respectively 7-stable) of
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degree zero; further given an analytic family {E; };er of m-semi-stable
vector bundles on X parametrized by an analytic space T, the subset Tj
of points # € T such that E; is irreducible 7-unitary is closed in T. (cf.
Proposition 10, Chapter II).

Then one shows that given an analytic family of m-vector bundles
{E;};er on X the subset Ty of T such that E, is irreducible m-unitary is
open in T (cf. Proposition 7, Chapter II).

For proving this, one proceeds as follows.

Let p be an irreducible unitary representation of I'" of rank r and E
the associated 7-bundle on X .

Then it is proved that if U is the real analytic space of all unitary
representations of I of rank r, then U is smooth (i.e. a manifold) in
a neighbourhood of p and the dimension of the topological manifold
constituted by this smooth neighbourhood is

2dimcH! (X, n, E*® E)+dim K, — 1

where K,-denotes the group of unitary matrices of rank r, E* the dual
vector bundle of E and H'(X, n, E*® E) denotes a naturally defined
first cohomology group of E* @ E in the category of abelian 7-sheaves
on X. (cf. Th.3 and Cor. 2, Th.3, Chap. 1).

Since K, acts by inner conjugation on U and we have a natural in-
duced free action of PK, = K, modulo its centre (consisting of scalar ma-
trices) on U, we have a manifold V such that dimV = 2dim¢c H' (X, m,
E* ® E) and which represents a nice local moduli of unitary representa-
tions around the point p (cf. Cor. 1, Th.3, Chap. I).

On the other hand it is known, after the work of Kodaira—Spencer,
that there is a nice local moduli D of vector bundles around the
point E and which is a complex analytic manifold of complex dimen-
sion dim¢ H l(X , T, E* ® E); we obtain this not by using the work
of Kodaira-Spencer but as a consequence of studying a suitable Quot
scheme in the sense of Grothendieck and which is anyway required for
the proof of Theorem II (cf. Cor., Prop. 6, Chap. II).

Thus we have

dimcD = 2dimRV

and this implies easily that 7j is open in T as required above.
Thus to prove Theorem I, it suffices to produce a connected family
parametrizing all 7-stable vector bundles of a fixed local type, in fact
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we construct such a family which is a smooth (irreducible) variety (cf.
proof of Theorem 5, Chapter II).

To prove Theorem I, one constructs an algebraic family of 7-vector
bundles on X parametrized by a smooth, irreducible, quasi-projective
variety R® containing all 7-semi-stable vector bundles of a fixed local
type T and an action of a reductive algebraic group H on R" such that
the orbits in R* under H correspond precisely to isomorphic classes of
m-vector bundles (cf. Proposition 6, Chapter II).

This is done by using the Quot schemes of Grothendieck. The real
difficulty now starts, because, as Mumford and Nagata have shown, the
orbit spaces under the action of an algebraic group need not exist in the
category of algebraic schemes even in good cases.

Now one follows the ideas of Mumford (cf. [8]) by reducing this
question to a problem of constructing orbit spaces for a product of
Grassmannians under the diagonal action of the projective group and
connects the stable (respectively semi-stable) vector bundles with the
stable (respectively semi-stable) points of this product of Grassmanni-
ans under the action of the projective group (cf. Proposition 9 and Corol-
lary 2, Proposition 9 as well as §3, Chapter II).

Then Theorem II follows from these considerations for the case of
usual vector bundles and a suitable modification gives it for the case of
n-vector bundles. The Theorems I and II above, in the particular case of
a free action of I', are the main results of [12] and [17] respectively.

The proofs outlined above for the general case are substantially the
same as in [12] and [17].

Some technical improvements upon the proofs of [12] and [17] are
included here.

The fact that the morphism ) of Corollary 2, Proposition 9, Chapter
II is proper is taken from [18] and this makes the proof of Theorem II
more direct than in [17] (for the case of the usual vector bundles).

Another fact worth mentioning is the proof (due to S. Ramanan)
given here that an irreducible unitary bundle is stable.

This is more direct than that of [12].

The problem of constructing moduli of 7-vector bundles over an al-
gebraic curve, was raised for the first time by André Weil in [19].

In fact, most of the material in §2, Chap. I is to be found in [19]; in
the presentation of this material i.e.§] and §2, Chap. I, we have followed
the exposition of Grothendieck [4] of this paper of Weil.



The existence of a quasi-projective moduli space for stable bundles
was first proved by Mumford [8].



Chapter I

Unitary 7-bundles
1. Generalities on m-bundles

Let X be a complex analytic space and 7 a discontinuous group of au-
tomorphisms of X i.e. 7 acts as a group of analytic automorphisms of X
and satisfies

(1) for all x € X, the isotropy group 7, at x is finite and(ii) there exists
an open neighbourhood Uy of x such that 7, U, = Uy and U, NgU, =0
for g & m,.

Then it can be shown that Y = X /7 (p: X — Y canonical map) has a
natural structure of a complex analytic space (cf. [2]).

(In fact, we require this only for the case when X is a manifold of
dimension one and in this case it is easy to see that Y is a manifold
of dimension one and the image of the canonical map 7, — AutUj is
cyclic).

A fibre space p:E — X (or an X-analytic space) is called a m-fibre
space (or a w-analytic space) over X if  operates on E and p: E — X is
a w-morphism i.e. commutes with the operations of 7.

We say that a sheaf G (of sets, groups, rings etc.) on X is a w-sheaf if
the corresponding étale space over X associated to G is a m-fibre-space
over X (note that the étale space acquires canonically a structure of an
X-analytic space).

The definition of a 7w-sheaf can also be formulated by a procedure
resembling a presheaf datum; we leave the details.

Now 7 sheaves on X (respectively of sets, groups, rings etc.) form a
category under morphisms which commute with the action of 7.

Given a Y-analytic space, E — Y, the base change of E — Y by
p:X — Y, namely E Xy X is a w-analytic space over X, induced by the
canonical operation of ¥ on E Xy X C E X X, taking the trivial action of
monk.

We denote E xy X by p*(E).

If E — Y is alocal isomorphism (i.e. E is étale over Y), then E Xy X
is étale over X.

From this we conclude easily that if G is a sheaf (respectively of sets,
groups, rings, etc), then p*(G) has a natural structure of a m-sheaf over
X (respectively of sets, groups, rings etc.)



Then G +— p*(9) defines a functor from the category of sheaves on Y
(respectively of sets, groups, rings, etc.) into the category of m-sheaves
on X (respectively of sets, groups, rings etc.)

We note that we have a canonical functor map H(Y,G)
— H°(X, p*(9)) (i.e. m-invariant sections of p*(G) over X).

For every m-sheaf G on X, we denote by p.(G), the direct image of G
by p (sections of p.(5) on an open V C Y are sections of G over p*(V)).

We note that p,(9) acquires a natural structure of a m-sheaf on Y
(taking the trivial action of 7 on Y).

We denote by pT(9) (the invariant direct image of G) the subsheaf
consisting of 7 invariants of p.(G)(pZ(9) is defined by the following
presheaf: to every open V in Y assign the 7-invariant sections of G over
(V).

We note that pZ(9) is a sheaf of groups, rings, etc. according as G is
SO.

Now G — p¥(G) defines a functor from the category of 7-sheaves on
X (respectively of sets, groups, rings) to the category of sheaves on Y
(respectively of sets, groups, rings).

If we denote by HY(X, 7, G) the set of 7-invariant sections of G over
X, we have H)(X, &, §) = H(Y, p*(G)). If E is a sheaf on Y, then
pT(p*(E)) identifies canonically with E.

On the other hand, if G is a m-sheaf on X, then p*(p¥(9)) identifies
with the subsheaf G” of G, whose stalk at x is G7+-the subset of 7,-
invariants of G, under 7,.

Since § +— p¥(§) and E — p*(E) are functors, we conclude easily
that when 7 operates freely(so that m, = Id. for every x € X), the functor
pT establishes an equivalence of the category of m-sheaves (respectively
of sets, groups, rings etc.) on X with the category of sheaves on Y (re-
spectively of sets, groups, rings, etc.) (similarly for p*).

We note that Oy = pF(Ox), where Ox, Oy denote the structure
sheaves of rings of X and Y respectively.

Similarly if G is a complex Lie group, then the sheaf Oy (G) of germs
of analytic morphisms of X into G is a 7-sheat (of groups) and we have
pi(0x(G)) = Oy (G).

Let P — X be a principal fibre space (analytic) with structure group
a complex Lie group G.
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We say that P is a m-principal fibre space with structure group G
(or briefly a 7-G bundle) if we are given an operation of 7 on P which
commutes with that of G and induces the given operation of 7 on X.

We define in the obvious manner an isomorphism of two (7-G) bun-
dles and denote the isomorphism classes by H! (X, 7, Ox(G)).

We define similarly the notion of an associated 7-bundle to a princi-
pal (7-G) bundle on X. We can thus speak of a 7-vector bundle, namely
the m-vector bundle associated to a 7-GL(n) bundle.

We have a natural notion of a m-homomorphism between two 7-
vector bundles and when we speak of the category of m-vector bundles,
we take for morphisms 7-homomorphisms.

Given a homomorphism p: 7 — G of 7 into a complex Lie group
G, we obtain in a natural manner a 7-G bundle P — X as follows: we
take P = X x G and define the operation of 7 on P as oo (x,g) = (a0
x, p(a)g),a € .

In particular if § = GL(V) (group of linear automorphisms of a finite-
dimensional vector space V over C), we get a 7-GL(V) bundle and its
associated vector bundle will be referred to as the w-vector bundle asso-
ciated to the representation p.

The direct sum (as well as tensor product) of two 7m-vector bundle
has a natural structure of a z-vector bundle. The dual E* of a m-vector
bundle has a natural structure of a m-vector bundle. If E;, E, are two
m-vector bundles associated to representations py, p» of 7, then the 7-
vector bundle E1 ® E» is associated to the representation p; & p».

(Similarly we get a statement for the dual representation).

Let Vi, V, be the representation spaces of py, p» respectively. Then
we have a canonical homomorphism

Hom(Vy, Vo) — Homz(E, E>)

where Hom 7(V;, V») denotes the C-linear space of 7-homomorphisms
of Vi, into V, and Hom(E;, E,) denotes the C-linear space of 7-
homomorphisms (analytic) of Ej into Ej.

Proposition 1  Let us suppose that X is a connected complex manifold
and that Y is compact. Let py, p2 be two unitary representations of T
on (finite dimensional) vector spaces Vi, V; (i.e. p1, p2 leave invari-
ant positive definite Hermitian forms on V,V, respectively). Then the
canonical homomorphism
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HOII’I;;(Vl, Vz) — Hom,r(El, E2)

is an isomorphism.
In particular, if p is a unitary representation on'V and E the associ-
ated m-bundle, then the natural map

V® - HY(X, n, E)
is an isomorphism.

Proof. It suffices to prove the second assertion because of the fol-
lowing Hom (V;, V2) = Hom;(C, V;*®V,) (7 operating trivially on
€)= (Vj ® Vo))"

Similarly Hom - (E, Ey) is H'(X, 7, E} ® E3).

Thus it suffices to prove that the canonical map (Vi ® V») —
H(X, , E} ® E) is an isomorphism.

Now Ej, E{ ® E; are unitary bundles and thus we are reduced to
proving the last assertion.

Now E = X x V and thus a 7-section s of E can be identified with a
holomorphic map F: X — V

If || || denotes a Hermitian metric on V invariant under p, we see that
the function h: X — R, h(x) = ||F (x)|? is z-invariant.

This implies that 4 goes down to a function g:Y — R and g is ob-
viously continuous. In particular g attains both its maximum and min-
imum at some points of Y. This shows that £ also attains its maximum
and minimum at some points of X.

If we introduce a basis {¢;} in V such thatif v=Y.z;v;, z; € C, ||v||* =
Y |vi|?, we have F(x) = ¥ Fi(x)e; and h(x) = ||[F(x)||? = L |F(x)|* i.e.
h(x) is a sum of squares of moduli of holomorphic functions on X.

It follows that i(x) is plurisubharmonic and since it attains its max-
imum at an interior point of the connected manifold X, & reduces to a
constant map.

From this one concludes that the holomorphic map F: X — V is a
constant map because of the following:

Lemma 1 Let X be a connected complex manifold and h(x) =
" |Fi(x)|%, where F; is a holomorphic function on X. Then if h is con-
stant, the F; also reduce to constant functions.

Proof. It is easy and left as an exercise.
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Since F:X — V is a constant map, we see immediately that F(X) C
VZ. From this it is immediate that the map V* — H%(X, 7, E) is an
isomorphism and the proposition is proved.

Corollary Let E, E> be two m-vector bundles on X associated to uni-
tary representation py, p> of @ (X as in the proposition). Then E; is
isomorphic to E, as m-bundles if and only if the representations p and
p2 are equivalent.

Proof. This is an immediate consequence of the proposition.

Let P be a (7-G) bundle (G a complex Lie group) on X such that the
underlying principal G-bundle is trivial i.e. P = X X G.

We can write the operation of = on X X G as follows (taking the
operation of G on P to be on the right):

(%) a-(x,g) = (a-x fux)g)

where fu:X — G is a holomorphic map.
Writing down the conditions that 7 operates on X X G, we obtain

fap(x) = fa(BX)fp(x), a,Bem

i.e. ot — fy defines a 1-cocycle of  with values in I' (X, Ox(G)), for the
canonical operation of w on I' (X, Ox(G)) (note that f(x) — f(Bx), B €
7, defines an operation of 7w on I' (X, Ox(G)), on the right).

Conversely, given a 1-cocycle of w with values in I'(X, Ox(G)) we
get an operation of  on P = X x G by (*), commuting with the action
of G and thus P acquires a 7-bundle structure.

Two such (7-G) bundles Pjand P, given by l-cocycles {fu(x)}
and {gq(x)}, are m-isomorphic if and only if the cocycles are coho-
mologous. i.e. there exists a holomorphic map F:X — G such that
F(ox) = go(x)F(x) fo(x)~'; also the set of isomorphic classes of such
bundles can be identified with the set H'(r, I' (X, Ox(G)) (this has no
structure of a group if G is non-abelian).

We see that -bundles associated to representations of 7 are particu-
lar cases of these 7-bundles.

Given any (7-G)bundle, we can choose a neighbourhood U, for every
x € X invariant under 7, such that the restriction of the underlying G-
bundle to U, is trivial and thus locally every (m-G) bundle is of this

type.
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Suppose now F is a coherent m-sheaf on X, then pT(F) is a coher-
ent sheaf on Y. (Choosing neighbourhood U, of x invariant under 7,, it
suffices to show that pTx (F /Uy) is coherent on Uy /7, and thus to show
coherence of p¥(F), we are reduced to the case of a finite group. Further
this fact is immediate when X is a manifold of dimension one.)

Suppose further that Y is compact, then since H'(X, m, F) =
HO(Y, p*(F)), it follows that H(X, 7, F) is finite-dimensional.

We say that a w-vector bundle E on X is 7-indecomposable if when-
ever E = E| & E, as m-bundles, it follows that £ = E;| or E, (as 7-
bundles). Every m-vector bundle £ on X can be written as a direct sum
of indecomposable 7-vector bundles E;.

If moreover Y = X /7 is compact then the E; as well the “multiplic-
ity” with which E; occurs in E are determined uniquely The proof is
exactly the same as in the case of vector bundles on a compact complex
manifold.

If A is the ring of w-endomorphisms of E, then A = H*(X, 7, E*®
E), (E* =dual of E) is finite-dimensional. In particular, A is artinian. A
decomposition of E into m-indecomposable components is equivalent to
a decomposition of the identity element of A into mutually orthogonal
“indecomposable” idempotents. We get the proof by applying the usual
Krull-Remak-Schmidt theorem to A considered a module over itself.

Let my(G) be the sheaf of germs of meromorphic maps of X into
a complex linear group G (for example if G = GL(n), a meromorphic
map is a matrix whose entries are meromorphic functions on X such
that, on a dense open subset of X it defines a holomorphic map into G).
Now Ox(G) is a subsheaf of groups of mx(G). The quotient sheaf of
sets Ox (G)\my(G) (operation on the left by Ox(G)) is called the sheaf
of germs of divisors with values in G (or G-divisors) and denoted by
Dx(G).

Now 7 operates on Dx(G) and so Dx(G) becomes a n-sheaf. A 7-
invariant section of Dx(G) is called a (7n-G)divisor. Given a (7-G) di-
visor ® and a point x € X, there exists a 7-invariant open subset U con-
taining x such that ®|U, which is a w-invariant section of Ox (G)\mx (G)
restricted to U, comes from a section of mx(G)|U i.e., a meromorphic
map of U into G (this need not be m-invariant).

From this it follows easily that a (7-G) divisor can be defined by
a datum: an open covering {U;} of X by z-invariant open subsets and
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{f:}, where f; is a meromorphic map of U; into G such that f;(s~'x) =
A (x)fi(x), Vs € m, A}(x) being a holomorphic map of U; into G.

Now the transition functions f;;(x) = fi(x)f jfl(x) which are holo-
morphic maps of U; NU; into G define a G-principal bundle on X and
through A7 (x) we can define an operation of 7 on this bundle.

Thus to a (7-G) divisor we can associate a T — G-bundle (which is
determined only up to a 7w-isomorphism).

The group of 7m-invariant meromorphic maps of X into G operates on
the set of (7-G) divisors on the right and we say that two (7-G)divisor
Oy, O, are equivalent (0 ~ ©,) if there exists a 7-invariant meromor-
phic map F of X into G such that ©;F = &, and it is easily seen that
the (7-G)bundles defined by ®; and ©, are m-isomorphic if and only if
O, ~ 0,.

If P is a (n-G) bundle associated to a (7-G)divisor ©, then ® can
be identified with a w-invariant meromorphic section of P. Suppose now
that G = GL(n) and that E is the associated vector bundle to P. Then
® is defined by n m-invariant meromorphic sections of E, which are
holomorphic and linearly independent in a dense open subset of X.

In general such a section need not exist and a (7-G) bundle need not
be defined by a divisor.

Let A be the abelian category of Ox-modules. It has sufficiently many
injectives. Let FXG :A — (Category of Abelian Groups), be the functor
F— H(X, n,F), F € A. Then Grothendieck’s theory applies and we
define:

H"(X, n,F) = R" I;Z (n-th right derived functor of I}°).

Then given a short exact sequence in A, we get the familiar long exact
sequence involving H"(X, m,F). We have indeed that H"(X, &, F) is
isomorphic to H"(Y, pF(F)). For all these questions see Chap. V of [5].

2. mw-vector bundles in the case of manifolds
of dimension one

We shall suppose hereafter that X is a connected complex manifold of
dimension one where 1 operates faithfully and that X as well as X mod &
are Hausdorff.

Then 7, is a cyclic group, say of order n,, and we can take U, to be
isomorphic to a disc D = {z: |z| < r} such that the operation of 7, is
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defined as: ot oz = {z where { is a primitive n,th root of unity. Then
Xmod7m =Y is a manifold of dimension one.

If x1, xp € X such that p(x;) = p(x2), then 7,, and 7, are conjugate
subgroups of 7 and therefore the function x — n, is m-invariant and
therefore gives rise to a positive integral valued function y — ny on Y.
Now n, = 1 for all but a discrete subset of Y. Such a function is called a
signature on Y and the above function is called the signature of p : X —
Y.

The points x € X (respectively y € Y) such that n, > 1 (respectively
ny > 1) are called the ramification points in X (respectively Y) of p: X —
Y.

Given a signature {n,} on Y, it can be shown that there exists always
a p:X — Y as above with the signature {n,} and in fact that there is
a unique (upto Y-isomorphism) “maximal” simply-connected one with
signature {n,}, except for the case when Y is the Riemann sphere and
Yo = {y | ny > 1} reduces to one point or two points y;, y, with ny, # n,,.

If F is a coherent (7-Oyx)-module on X, locally free of rank n, then
pE(F) is a coherent Oy-module locally free of n (that pZ(F) is locally
free is immediate since it is without torsion and coherent. Further it is
seen immediately that pZ(F) is of rank n in Y — Y, where Yy = {y |
ny, > 1}. This implies that p¥(F) is of rank n everywhere). It is well-
known that we can find n meromorphic sections of pT(F) which are
holomorphic and linearly independent at least at one point of Y.

Thus, if F' denotes the m-vector bundle on X defined by &, we con-
clude that F can be defined by a (n-GL(n)) divisor (a ©-GL(n) divisor
will be called simply a m-divisor for the sake of brevity). Thus every
m-vector bundle on X can be defined by a 7-divisor.

Let F be a coherent (1-Oy)-module. Then we have H (X, 7,F) =0
for i > 2, since we have H'(X, n,F) = H'(Y, p?(J)) and pT(F) is a
coherent Ox-module.

Proposition 2 Given a n-vector bundle E on X (of rank n) and x € X, a
Te-invariant open neighbourhood Uy of X such that E /Uy can be defined
by a representation p:m, — GL(n) and p is determined uniquely in its
equivalence class of representations (i.e. locally at x, -vector bundles
are classified by representations of m, into GL(n)).

Proof. Let A = (Ox(G))x, G = GL(n). Now E is determined locally
at x by an element of H!(7,,A). We have a canonical map
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x :H'(m,, GL(n)) — H'(n,, A).

We have to show that y is bijective.
Given a cocycle o — fo, fa € (Ox(G)), evaluation at x i.e. taking
the value of f at x defines a map

j:HY(m,, A) — H'(n, GL(n)).

We see that jo y = identity. Thus is suffices to show that y is surjec-
tive.

Now E is defined locally by a m-divisor. This means that if o +—
fo(x) is a 1-cocycle representing an element of H'(7, A), there exists
© € GL(n, K,), K, = quotient field of Ox , such that

O(aoz) = fu(2)O(z), « € m,, zin aneighbourhood of x.

Let @g = fo(x); then ¢ defines a representation of m, into GL(n).

Set
¥(z) =Y 0.0(a'2).

OET,

We have
v(B2)= Y 0.0(a 'Bz)=Y 030,.0(12)

[04S¥/5'¢ oET,
(setting =!8 = 7)
= @p ). P 10(12) = 95 - Y(2).

1.e.
v(Bz) = epy(z).
Further, we have

()07 () =Y @ufy1(2)

oET,

since
O(a'2) = f,-1(2)O(2).
Since f,-1(x) = (@a) !, we get w(x)O 1 (x) = n,- 1d.
This shows that y(z)®~!(z) defines an element of (Ox(G)),, which
in turn implies that y(z)©(z) defines the same divisor locally at x.
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But the m,-GL(n) bundle defined by v is defined by the representa-
tion @ and this proves that y is surjective. This proves the proposition.

Remark 1 Let £ be a m-vector bundle on X of rank » and xq, xp € X
such that p(x1) = p(x2). Now 7, and 7, are conjugate subgroups of ;
choose an isomorphism of 7, onto 7., by one such conjugation.

Then by the above proposition E is defined locally at x; and x; by
conjugate (or equivalent) representations of 7y, .

We say that E is locally of type T, where T represents representations
pi : ., — GL(r), x; being a point of X chosen over every ramification
point y; €Y of p :X — Y if at x;, E is locally 7, isomorphic to the
T,-vector bundle defined by p;.

All m-vector bundles of the same local type T are mutually locally
isomorphic (at every point of X).

Remark 2 The above proposition remains valid even in the case when
X is a higher dimensional variety.

For the above proof to go through, we have only to show that every
n-vector bundle E on X (of rank r) can be defined locally by a m-divisor.
For this we note that for a suitably chosen 7, invariant neighbourhood
U, of x, V = U,/x, is a Stein space.

Let E be the coherent sheaf associated to E; then one sees that the
coherent sheaf pT(E) = F is locally free of rank r outside an analytic
subset of V. Then from the fact that V is a Stein space, one concludes
that F has n-sections which are linearly independent in a non-empty
open subset of V.

This implies that £ can be defined locally by a 7-divisor.

Another way of proving this is to show that H! (7, K) is trivial (K,
quotient field of O ), which is again well-known.

Remark 3 Let x € X, then H' (7,, GL(r)) which is the equivalence class
of representations of 7, into GL(r) can be identified with the set of all
diagonal representations (7, being cyclic of finite order) p of the form

g0
p(a) =
0 <
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where o is a generator of 7, { is the primitive n,th root of unity defined
by oc-z=§ -z (zalocal coordinate at x) and 0 < d; <--- < d, <ny— 1.

Given a m-bundle E of rank r on X if p : my — GL(r) is the represen-
tation defining E locally at x, we see that if we normalize d; as above,
the d;’s are well-determined (i.e. independent of the local coordinates as
well as the choice of ).

We see that if A is the matrix

... 0
A=1| o -. 0 |, =zalocalcoordinate atx
0 ...Zdr

then every 7-divisor defining @ is of the form
A -0y

where @ is invariant under 7, i.e. entries in ®y are meromorphic func-
tions in w = 7™, which can be identified with a local coordinate at

y=p(x).

Remark 4 A 7m-divisor associated to a w-vector bundle £ on X can be
described purely in terms of Y. For every y, let Ay denote Oy if n, =0
and if n, > 1 denote the power series ring in w!/% w a local coordinate
at y. Let L, denote the quotient field of Ay.

Then a m-divisor associated to E is a map y — [©,], where © €
GL(r,Ly) and [®,] denotes the coset in GL(r,Ay)\GL(r,L,) determined
by O, such that (i) for all but a discrete subset of Y, O, € GL(r,Ay) (ii)
ifn, > 1,

wdt/ny 0

@y: .'. (@O)y, 0§d1§"'§dn<ny.
—

where @) € GL(r, K,), K, the quotient field of Oy ,.

The m-divisor is denoted often by ® for shortness.

We recall that if ®;, @, represent 7-divisors associated to 7-bundles
E| and E; of rank r then E| and E; are isomorphic if and only if there
exists an F € GL(r, M), M being the field of meromorphic functions on
Y, suchthat ®; - F = 0.
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Remark 5 Let © be a w-divisor on Y representing a 7-vector bundle E
of rank r on X as above. Then a 7-invariant section of E on p~!(U), U
open in Y, can be identified with a column matrix

il
N

such that the entries in O\f are in A, for every y € U. If y is such that
ny > 1, we see that O,f has elements in Ay < (6),f has elements in
Oy,y (since 0 < d;/ny, < 1).

f—

From this we conclude immediately that the vector bundle p?(E) on
Y can be defined by the GL(r)-divisor @ such that @, = 0, if n, =1
and @, = (@), if n, > 1.

We now define the m-degree of a -divisor ® in the case Y is com-
pact, as follows:

m-deg® = Z order (det®,)
yeY

(det®, € L, and for an element f € Ly, f # 0, order f denotes the ra-
tional number nﬂy, where p is the multiplicity of zero or pole of f at 0

considered as a function of z = w!/™).

We define the degree of a m-vector bundle E as the degree of a 7-
divisor ® on Y representing E. We see that this is well defined.

Taking ® as above, we find

di+dr+---+d
()¢ y BrETtd
y

n-degE = deg pT d; depend on y).

yny>1
= n-deg\'E.

We note that if 7 is a finite group i.e. when X is compact,

m-degE =

-degE
ordr -8

(where deg E = degree of the line bundle AE).

Proposition 3 Let E be a (n-G) bundle defined by a representation
p:w — GL(r) = G, and Y be compact. Then
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n-degE = 0.

Proof. There exists a m-invariant meromorphic section of E i.e. a 7-
meromorphic map F:— GL(r) such that

F(o-z) = p(a)F(2),
and F gives rise to a divisor defining E. Let f = detF. Then f(a-z) =
(detp(@)) - f(z). Now
g=df/f
defines a m-invariant meromorphic differential on X and therefore de-
fines canonically a meromorphic differential g’ and Y. Now the sum of
the residues at the poles of g’ is zero. Now one checks that the residue of
g aty is precisely the order of f i.e. the order of detF at y in the sense
defined above or more precisely the order of the divisor defined by ® at
.
We conclude then, that

Z order of F aty =0.
yeyY

This proves the proposition.
We have now the basic

Theorem 1 (Weil) Let X,Y be as above and suppose further that Y
is compact and X simply connected. Let E be a m-vector bundle on X
and E; its m-indecomposable components. Then E is defined by a linear
representation of T if and only if m-degE; =0 for all i.

We will not prove this theorem here. For a proof see [19] or [4].

Let Kx denote the line bundle associated to the sheaf of germs of
holomorphic 1-forms on X. Then Kx is canonically a 7z-line bundle.
Then we have

Theorem 2 (Duality theorem) Let E be a (holomorphic) m-vector bun-
dle on X and E* denote its dual m-vector bundle. Suppose that Y is
compact. Then H' (X, 70, E) can be identified canonically with the dual
of the finite-dimensional vector space H*(X,w,E* ® Kx).

Proof. This is an immediate consequence of the usual duality theorem
(on Y) because of
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(i) pF(Kx) = Ky, pX(E*®Kx)= (pF(E))* ® Ky where Ky denotes
the line bundle on Y associated to the sheaf of germs holomorphic
I-forms on Y and

(ii) H(X,n,F) = H(Y, pT(F)) where F is a coherent 7-sheaf on X (we
have mentioned (ii) towards the end of §1).

Let for every y € Y, 7, represent a character of 7, for some fixed
choice of x € X such that p(x) =y (the only non-trivial case is when
ny > 1) and 7= {7, }ey.

We say that a m-vector bundle E of rank r on X is T-special, if for
every y € Y, E is defined in a neighborhood of x, where x is the point
chosen over y, by the representation p : 7w, — GL(r), p = 7,. Id (Id =
identity element of GL(r)).

Let B(7) represent the category of 7-special vector bundles, T being
fixed.

Then we have

Proposition 4 Let E|, E; € B(7). Then the canonical homomorphism
x: Hom (Ey, Ey) — Hom (pZ(E\), p¥(E))

is an isomorphism (i.e. the functor E — pT(E) from the category B(7)
to the category of vector bundles on 'Y is fully faithful).

Proof. That y is injective is immediate. We have only to show that )
is surjective.

Given y €Y, choice x € X over y given by the definition of 7. Choose
a T,-invariant neighbourhood of x such that the operation of 7, on U, is
given by « -z = {z, where { is an n,th root of 1 (n,-the integral valued
function on X defined before) and « is a generator of 7.

Then for 7,: 1, — C, we have 7,(a) = ¢4 for some d > 0.

If E| € B(7), the associated coherent sheaf to E; can be represented
as a free module M over Oy , with basis say ey,...,e, such that if m €

Mvm = Z;:]ﬁ(z>ei7 ﬁ € Ox,x
a-m=Y {fi(C).
i=1

One finds that m € M™, m =Y., 2% fi(z)ei, f; € Oy. This implies that
the Ox ,-submodule of M generated by M is M.
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Let N be a free Ox -module representing E> in the same manner
as M represents E1. Then we find that an element of Homg, (M,N)
extends to an Oy ,-homomorphism of the submodule 7% M into the sub-
module 77N, i.e. in fact it extends to an O x x-homomorphism of M into
N.

This homomorphism is obviously 7-invariant. This shows that an ele-
ment of Hom (p¥(E;) pF(E>)) extends to a m-invariant homomorphism
of E; into E; and the surjectivity of y follows. This proves the proposi-
tion.

Proposition 5 Let Y be a compact Riemann surface with genus g > 1
and yo a fixed point of Y. Let {n, } be the signature on'Y such that ny, =n
and ny =1 for'y # yo. Let p :X — Y be the simply connected Riemann
surface with signature {ny }. Let xo be a point ever yy and T the character
of Ty, such that t(o)) = {9, n > g > 0, a a generator of Ty, such that
o-z=C{-z, 7 local coordinate at xq. Let F be a vector bundle on'Y of
rank n and degree —q.

Then there exists a t-special bundle E on X such that (i) pf(E) = F
and (ii) E is associated to a representation of T.

Proof. Let @ be a divisor y — @, y € Y defining F. We now define a
n-divisor © by defining @, = @y, y #y9, y €Y and @, = A - P, where
A=z9"1d. (1d denoting identity matrix of order n).

Let E be a (n-G) bundle defined by ® Then as we have seen before
pT(E) is isomorphic to F

Further E is indecomposable since E is so. We see that

1
-degE =degF +—-ng=0
n

Therefore by Theorem 1, Chap. I, we conclude that E is associated
to a representation of 7, g.e.d.

Remark 6 Given a vector bundle F on a compact Riemann surface Y
of rank n, we can find a line bundle L such that

—n < deg(F®L) <0.
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Thus in view of Propositions 4 and 5, the study of vector bundles on
Y of arbitrary degree can be reduced to the study of m-bundles defined
by representations.

If the degree is divisible by the rank, the theory of 7-bundles when
m-operates freely suffices but otherwise we need the case when 7 does
not operate freely.

Proposition 6 Let X be a simply-connected Riemann surface and & a
(faithful) discontinuous group of automorphisms of X. Then there exists
a normal subgroup Ty of T and of finite index in 7, such that Ty operates
freely on X.

Proof. It is classical that X is either the Riemann sphere, the plane or
the upper half plane. In all these cases the group of automorphisms of
X is a group of matrices. The proposition is now an immediate conse-
quence of the following.

Lemma 2 (Selberg) Let M be a finitely generated group of matrices.
Then there exists a normal subgroup My of M of finite index such that
My does not contain any element of finite order.

For a proof see [13].

Remark 7 Let X be as in Proposition 6 and 7 a discontinuous group
of automorphisms such that ¥ = X mod 7 is compact (Hausdorft).

Choose m as in the proposition and let X; = X mod 7. Let p: X —
Y, ¢:X — Xj and p; :X; — Y be the canonical maps. Let E be a 7-
vector bundle on X. Then ¢7°(E) has a natural structure of I"-bundle
where I = 1t/ m.

Now ¢ is an equivalence of categories since 7 operates freely. This
implies that the study of 7-bundles on X is reduced to the study of I -
bundles on X;. But now X is a compact Riemann surface and I" is a
finite group.

Now X; and Y have natural structures of algebraic schemes (smooth
and projective over C) and I is a group of automorphisms of this alge-
braic structure.

Besides, a holomorphic I'-vector bundle on X; becomes an algebraic
I'-vector bundle for this structure and the algebraic classification and
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the holomorphic classification of these bundles coincide (cf. [15]). This
reduces the study of 7-bundles on X to an algebraic problem.

3. Manifold of irreducible unitary representations of 7

Let X be the simply-connected Riemann surface over Y with the signa-
ture n, (we suppose that we have chosen the signature such that X exists)
and 7 the discontinuous group operating on X such thatY = X /7.

Let g be the genus of Y. Then it is a classical result that 7 can be
identified with the group on the letters A1,B1,...,Ag,Bg,C1, ..., Gy, sub-
jected to the relations

ABIAT'BT! - AB A B ICr G = 1.
C’f‘ :C;2 = ... =(C"m=1d.

Proposition 7 Let p be a representation on a vector space V (over R)
such that d = dimV such that p is unitary (or more generally leaving
invariant a non-degenerate bilinear form on'V). Then we have

dimg H'(7,p) = 2d(g — 1)+ 2dimg H(m,p) + }_ ey

v=1

where ey is the rank of the endomorphism (1d —p(Cy)) of V. [H (7, p)
denotes the i'" cohomology group of w in'V for the action through p].

Proof. Let us first indicate a proof for the case when the signature
is trivial i.e. 7 operates freely on X (see [11]). Then the representation
p: 7 — AutV defines a local system LonY (i.e. a locally constant sheaf)
of d-dimensional vector spaces. Then we have

dimg HO(Y,L) — dimg H' (Y, L) 4+ dimg H*(Y,L) = 2d(1 — g),

(similar to the usual Euler-Poincaré formula).

We have isomorphisms H'(Y,L) — Hi(x,p), 0 <i < 1 (since the
universal covering of Y, i.e. of X, is a disc we have indeed isomorphisms
H(X,L) — H'(m, p) for all i (cf. §9 Chapter XVI [3]).

Now L is isomorphic to its dual local system since p leaves invariant
a non-degenerate bilinear form. Therefore by the duality theorem Th.
1.14, [16] we have
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dimg H°(X,L) = dimg H*(X,L).
Thus in this case, we get
dimg H'(7,p) = 2d(g — 1) +2dimg H'(x, p).

In the general case, a similar proof should be possible. However an ex-
plicit proof of this proposition along different lines is found in a paper
of Weil (§6 and §7, [20]).

Remark 8 Let U(r) (here we change the notation of the Introduction) be
the group of unitary matrices of rank r and U(r) its Lie algebra namely
the space of skew Hermitian matrices of rank r (it is a real vector space
of dimension 72.)

If 6 € U(r), we denote by Ad 6, the adjoint transformation on U(r),
namely if M € U(r), M — MO~

Let o, ..., oy be the multiplicities of the distinct roots of the charac-
teristic polynomial of 0 i.e. if

ezn’idl O
6=A| o . o |AY o0<di<---<d <1
0 eZTEidr
Wehavedlz"':d()q,dal#da1+17da1+1:"':da27da2#da2+1,...
etc.
Then we find

(i) The rank of (Id — Ad 0) on U(r) is
P2 — (a4 -+ o) = Loy, since r =Y a;.

(For this it suffices to make the computation for a diagonal 6.)

(ii) Make U (r) operate on itself by inner conjugation.
Then the isotropy group at 6 for this action is of (real) dimension
) Ociz so that the dimension of the orbit through 0 is of (real) dimen-
sion 2 — (¥ a?).
Thus we have

(iii) Rank of (Id — Ad 0) on U(r) = the dimension of the orbit through 6
for the action of U(r) on itself by inner conjugation.
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Let p be a representation of 7 into U(r). Let 6,,p(Cy), 1 <v <m.
Let Wy, be the orbits through 6, in U(r) for the action of U (r) onto itself
by inner conjugation.

Let R be the set all representations p of m in U(r) such that 6 €
Wy, 1 < v <m(i.e. the conjugacy classes of p(Cy) are fixed). Then we
can identify p € R with the point

(P(A1), P(Bi). P(Cy)) EU(PE x W, W= 1"‘11 W

1<i<g 1<v<m
Let x:U(r)* x W — U(r) be the real-analytic map defined by

(ai,...,aq, by,...,bg, c1,...,Cm) Halblaflbfl . -agbgaglbglcl e Cm
Then R = y~'(e) and R is therefore a closed real-analytic subset of
U)X xW.

If p is a representation of 7 into U(r), let us denote by Ad p the
representation of 7 into U(r) defined by

((Adp)(8))(M) = p(O)Mp(6™"), MEU(r), Bem.

With the above notations, we have the following

Lemma 3 Let p € U(r)* x W. Then the kernel of the differential
map dy of the map x :U(r)%¢ x W — U (r) (defined above) at p can be
canonically identified with the space Z'(xt, Ad p) of I-cocycles of for
the action Ad p on U(r).

Proof. Let M(r) denote the space of all (r x r) matrices over C.

Let D be the ring of dual numbers over C i.e. the algebra over C with
basis 1, € and €2 = 0.

If a € M(r), a tangent vector to the complex manifold M(r) at a can
be identified canonically with a D-valued point of M(r) i.e. an element
of the form a+ &d’. If a € GL(r), we write this element in the form

(a,00) =a+eaa, aecM(r)

(to identify a tangent vector (a, ) at a to one at the identity element of
GL(r)).

If a € U(r), then a tangent vector (a,) at a to M(r) is tangent to
U(r) if and only if
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(1) (a+eaa)(a+eaa) =1d

Where * denotes the conjugate transpose. Now

(a+eaa)(a+eaa)” = (a+eaa)(a”+ea* o) = (aa” +eaaa* +€aa* o).

But aa* = 1Id, so that (1) is equivalent to ot + a* = 0 i.e. a € U(r), the
space of skew hermitian matrices.

We call an element (a, ) = a + €aa satisfying (1), a D-valued point
of U(r) and denote by U(r)(D) the set of such points. We note that
U(r)(D) is a group under multiplication.

Given (a, ) € U(r)(D), let us denote by 7, ¢ this affine transforma-
tion on the real vector space U(r) defined by

0 T,q(0)= Ad(a)0 +a=aba '+a, 6cU(r).
We have

(al,al)(az,ocz) = (a1 +80¢1a1)(a2+£a2a2)
=ajay+€lay -l-aloczal_l]alaz
=ajap —I—S[Otl —+ Ad(a])az]a]az.

This gives
Tlay,00)0(ar,00) (0) = Ad(ar - a2)(0) + (a1 + Ad(a1) ).
On the other hand, we check that
(TahOh o Tazﬂz)(e) = Ad(a1a2)0 + [0y + Ad(ar) ).

This shows that (a, &) — T, o defines a homomorphism of U(r)(D)
into the group Aff(U(r)) of affine transformations of U(r).

We see that the kernel of this homomorphism reduces to the scalar
matrices of U(r) i.e. (a,ct) € U(r)(D) with oo = 0 and a = (scalar)Id.

Let us recall that if :I" — AutU(r) (group of vector space automor-
phisms) is a homomorphism where I is a group and z:I" — U(r) a map,
then z € Z!(I", @) if and only if the map I" — Aff(U(r)) defined by v+
the element of Aff(U(r)) defined by 6 — @(7)0 +z(7y), 6 € U(r), is a
homomorphism.

Let p :m — U(r) be a representation as in the lemma. Then p is
represented by the point

(alvblv'"aagabgacla'-'7cm) € U(r)zg xW



27
a; = p(A;), bi=p(B;), cy = p(Cy), 1<i<g 1<v<m
Now a tangent vector to U (r)zg x W at p can be represented by
t = (Cl,’ + EQ;a;, b,’ —+ Sﬁl‘bl’, cy+ SYVCV),

where a;, b;,cy €U (r): o, Bi, 1y € U(r); 1 <i<g, 1 <v<m,and (cy+
eyey)V=1d, 1 <v<m.

Now it is immediate that ¢ is in the kernel of d at the point p if and
only if

:%

(3) (ah al)(bh ﬁz)(ah al bl;ﬁl I':nI Cv, Yv

i=1
(Cv7 ’}/v)nv = Id, 1 S \% S m
Now (3) holds if and only if

(4) HTalaal bi,Bi a,,(lx, b,,ﬁ,HTCV’

TV, =1d. 1<v<m,

cvilv T
since the map (a, &) — T, o defines a homomorphism of U(r)(D) into
Aff(U(r) whose kernel reduces to scalars in U(r).
Let F be the free groupon A;,B;,Cy; 1 <i<g, 1 <v <mandN the
kernel of the canonical homomorphism j: F — 7.
Let h: F — Aff(U(r)) be the homomorphism defined by

AiHTa[,aﬂ BiHTbi:ﬁi’ CVHEVYV’ 1 §l§g7 1 SVSH’Z

Then (4) is equivalent to saying that 4 is trivial on N i.e. (4) is equivalent
to saying that & induces a homomorphism of 7 into Aff(U(r)).

By the remark made above relating 1-cocycles with homomorphisms
into Aff(U(r)), we see that (3) is satisfied if and only if there is a 1-
cocycle zzm — U(r) in Z'(m, Adp) such that

2(A) = o, z(B;) =B, z(Cv) ="MW, 1<i<g1<v<m.

From this the lemma follows immediately since an element z €
Z'(m,Ad p) is uniquely determined by its values on A;,B;, Cy, : 1 <
i<g 1<v<m.

We have now
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dimg Z' (7, Ad p) = dimg H' (7, Ad p) + space of coboundaries

= dimg H' (%, Ad p) + [dimU(r) — dimg (7, Ad p)].

Then by applying Proposition 7, and the Remark following Proposi-
tion 7 we get

m
dimg Z' (m,Ad p) = 2r*(g — 1)+ r* + dimg H'(w,Ad p) + ¥ dimW,

v=1

m
= (2g—1)r* +dimg H(r,Ad p) + Y dimW,

v=1

Now H°(m,Ad p) = U(r)" (n-invariant elements under the ad-
joint representation). The scalar matrices are always in U(r)”" so that
dimg H(7,Ad p) > 1.

By the semi-continuity theorem on the kernel of the differential map
and the implicit function theorem, we conclude that the set of points
p € R such that dim H%(, Ad p) = 1, is smooth at these points.

Now dimg H(7,Ad p) = 1 < p is irreducible (because the repre-
sentation is unitary). Thus we have

Theorem 3 Let R C U(r)* x W be identified with the set of unitary
representations of 7t into U(r) such that p(Cy) varies over a fixed con-
Jugacy class, say Wy, C U(r), and W =TTy_, Wy. Then the subset of ir-
reducible unitary representations Ry of R is open and if it is non-empty
it is smooth of real dimension (2g — 1)r* + 1+ Y, dimW,,.

Corollary 1 Let U(r) operate on R by inner conjugation. Then the
equivalence classes of irreducible unitary representations corresponds
to the quotient space Ry/U (r).

Now the scalars in U (r) operate trivially and PU (r), the unitary pro-
jective group, operates freely on Ry and therefore Ry/PU (r) = Ry /U (r)
has a natural structure of real analytic manifold of (real) dimension
=2r%(g—1)+2+Y,ey.

Corollary 2 Let E be a m-bundle associated to a unitary representation
p:m — U(r). Then we have

dimg H' (7, ad p) = dimg H' (X, &, E* ®E).
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ie.
=2dimcH! (X, @, E*QE).

Proof. From Proposition 7, we get

(i) dimg H'(7, ad p) =2r?(g— 1) +2dimg H (7, adp) + X7, ey.
Now we have H (X, 7, E*®QE) = H'(Y,pT(E* ®E)).
The Riemann—Roch theorem gives

(i) dimcH'(Y, pf(E* ® E)) — dimcH'(Y, pI(E* ® E)) =
deg(pf(E*®E)) —r*(g—1).
We have H(Y, p*(E*®QE) =H(X, n, E*®E) = H(x, ad, p)
(by Proposition 1).

Therefore dimg H(7,adp) = 2dimc H(X, m, E* ® E)
Thus comparing (i) and (ii), it suffices to show that (cf. definition
preceding Proposition 3)

m
degpf (E*QE)=—= ) ey.
v=l1

Choose points {xy}, 1 < v <m, over the points {yy}, | <v <m
of Y. Then the isotropy group 7, at x, for the m-action on X can be
identified (not canonically) with the subgroup of 7 generated by Cy and
thus we can identify Cy with a generator & of 7, so that p(a) = p(Cy) =
Oy.

Choosing ¢ an nyth root of unity as has been done before, we write

| =

g0
pla)= , 0<d{ <---<d)<ny
0
Now the bundle E* ® E is defined locally at the point x by the repre-
sentation Ad p: 7, — GL(r?) defined by

a—pla)@p(a)”!

Now p(a) ® p(a)~! is a diagonal (? x r?)-matrix with elements

dY—dY . T,
4% 7% 1 <1, j<r and we observe that if d; _di < 0, we have
A =df (=) .

Thus if we write Ad p(a) in the canonical form i.e.
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¢ 0
Adp(a) = , 0<l<---<la<ny

we check easily thatif o), ..., @ denote the multiplicities of the distinct
roots of p(a), we have

1 r
—~ Z : Z o orf
i=1 1<z,j<k
i#]

This shows that —degpf (E*®E) = 5 Lym ey and the corollary is
proved.

Proposition 8 For the group m as above if g > 2, then there exists an
irreducible unitary representation © of arbitrary rank such that p(Cy)
are arbitrary unitary matrices with the condition det[]}_, p(Cy) =1
and (p(Cy))™ =1 for 1 < v < m (we see that these conditions are
necessary).

Proof. Given r we can always choose two unitary matrices Uy, U, of
rank r which form an irreducible set.

Let 8 =]7"_,; p(Cy). Then we can find two unitary matrices X,Y of
rank r such that

U LU Uy xyx Ty =6

because given a unitary matrix ¢ of determinant one and rank r, the
equation
Xyxlyl=g¢

is easily seen to be solvable in unitary matrices. Now the representation
p: 7w — U(r) defined by

p(A1) =Ui, p(B1) =U2, p(A2) =X, p(B2) =Y, p(Ai) = p(Bi) = 1d,

is irreducible. This proves the proposition.
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Chapter 11

Stable bundles and unitary bundles

Notation. In the following (unless otherwise stated) X will mean a
smooth projective curve over C and 7 a finite group operating faithfully
on X.

LetY =X /mand p : X — Y the canonical morphism. Let g, 4 denote
the genus of X,Y respectively.

Let Oy(1) denote an ample invertible sheaf on Y, and Ox(1) =
p*(Oy(1)). Then Ox(1) is an ample invertible m-sheaf on X. We de-
note by Ox (m) the invertible sheaf Ox (1)®" (m-fold tensor product).

Given a coherent sheaf F on X, we denote by F(m) the sheaf F ®
Ox (m).

If V is an algebraic vector bundle on X, we denote by V(m), the
vector bundle whose sheaf of germs of sections is V(m), where V is the
sheaf of section of V.

We consider only algebraic schemes over C (i.e. schemes of finite
type over C, terminology as in [7]) and by a point of a scheme, we mean
always a closed point unless otherwise stated.

Let po: X — X be a simply-connected covering of X and p; = po po.
Then Y is a quotient of a discontinuous group I of (faithful) auto-
morphisms of X and there exists a normal subgroup Iy of I" such that
n=T/Ijand ) = m (X).

1. Category of semi-stable bundles on X

A vector bundle V on X (assumed always to be algebraic or holomor-
phic) is said to be semi-stable (respectively stable) if for all sub-bundles
W (#0) of V, we have

_ degW < degV

degW  degV
W) = -
Hw) k(W) = rkV

kW < rkV

(V) (respectively

for every proper sub-bundle of V.)

(We call u(W)the reduced degree of W).

We see by an immediate application of the Riemann—Roch theorem
that V is semi-stable if and only if for every sub-bundle W of V, we have
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where for example, x (W (m)) = dim HO(W (m)) — dim H' (W (m)).
Since H'(V(m)) = 0 for sufficiently large m, this is equivalent to
saying
AW (m)) _ dimHO(V (m))
rkW — — rkV
Similarly, we can express the condition of stability.
We say that a m-vector bundle V on X is m-semi-stable (or semi-
stable m-bundle) if the underlying vector bundle of V is semi- stable.
A m-vector bundle V on X is said to be w-stable if V is w-semi-stable
and for every proper m-sub-bundle W of V, we have u(W) < u(V).
Let B (respectively By) denote the category of vector bundles (re-
spectively m-vector bundles) on X.
We denote by S (respectively Sy ) the category of semi-stable vector
bundles (respectively 7-semi-stable vector bundles) on X of degree zero.
We denote by S, (respectively Sy ,) the full sub-category of S (re-
spectively Sy) consisting of vector bundles of rank 7.

for m sufficiently large.

Proposition 1 The category S (respectively Sy) is abelian, artinian
and noetherian. In particular, every object in S (respectively Sz) has
a Jordan—Holder series and the Jordan—Holder theorem holds in S (re-
spectively Sy). Further if & € Hom (V.W), V,W in S (respectively Sz),
then a is of constant rank on the fibres of V.

Proof. We make use of the following simple lemmas:

Lemma 1 Let o :V — W be a morphism in B (respectively Br). Then
Q can be decomposed as:

0 -V v Ly - 0
B
0 - W - We' W - 0

where Vi, W; are vector bundles (respectively m-vector bundles), the rows
are exact sequences of vector bundles (respectively m-vector bundles),
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o =iofojand P is a generic isomorphism i.e. B induces an isomor-
phism on a non-empty open subset of X.

Proof. Let V,W be the Oyx-coherent modules associated to V,W re-
spectively and o :V — W the homomorphism associated to «.

We note that Oy , is a principal ideal ring. Let W; be the minimal
Ox-submodule of W containing o/(V') such that W; D (V) and W /W,
is locally free (W) can be defined as the inverse image of the torsion part
of W/a(V)).

Now « factorises as

0— ker —>Vi>lma—>0
g
0—W/Wy —W <& W) —0

o =iofo j, with rows exact and all the Ox-modules occurring in these
terms being locally free. The diagram replacing the locally free sheaves
by the corresponding vector bundles is the required one.

Lemma 2 Ler B :V — W be a homomorphism of vector bundles of
rank r and the same degree on X .
Then if B is a generic isomorphism, it is in fact an isomorphism.

Proof. By hypothesis A"B: A"V — A"W is a non-zero homomorphism
and it suffices to prove that A"} is an isomorphism.

Thus to prove the lemma, we can suppose that they are line bundles.
Then f can be identified with a non-zero element of I'(X, V*@W).

Now V*®@W is a line bundle of degree zero. This implies that V* @ W
the trivial line bundle and f is a constant section (3 0). This shows that
B is an isomorphism.
Proof of proposition. Take the decomposition of & as in Lemma 1, Chap.
I1.

Since V is semi-stable of degree 0,degV; < 0.

This implies degV, > 0.

Now B :V, — W is a generic isomorphism so that

degW; > degV; (forif r =rkVo, A"B :AN"'Vy — AW

is non-zero, and in this case the property is clear).
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This implies that degW; = 0 since W € S(respectively Sy). By
Lemma 2, Chap. II, it follows that 8 is an isomorphism. This proves
the proposition.

Let V €S (respectively Sz). LetV; C V, C --- C V,, =V be a Jordan—
Holder series for V.

Then V;/V;_| is stable (respectively m-stable). We denote by grV
(respectively grpV), the associated graded object Vi & V,/Vi & -+ &
Vi/Vu—1 (determined only up to isomorphism but not as an object in
V). We call V;/V;_; the stable components (respectively m-stable com-
ponents) of grV (respectively gr V). Note that the stable bundles (re-
spectively m-stable bundles) are the simple objects in S (respectively
Sx)..

Let V € By (respectively B,) and L a line (respectively z-line) bun-
dle. Then V € S (respectively Sz) if and only if V ® L € S (respectively

Sq).

Proposition 2 Let V,W € S, (respectively Sy y) with at least one of them
being stable (respectively m-stable). Then if f:V — W is a non-zero
morphism in S (respectively Sy, then it is an isomorphism.

Proof. Suppose that V is stable. Then V is a simple object in S (re-
spectively Sy ). This implies that ker f = 0.

Then by Proposition 1, Chap. II, it follows immediately that f is an
isomorphism.

Corollary Let V be a stable (respectively m-stable) bundle. Then
EndV = HY(X,V*®V) (respectively EndV = H(X,m,E* ® E)) re-
duces to scalars.

Proof. Let A = End;V (respectively End V). Then A is a finite-
dimensional C-algebra.

By Proposition 1, every non-zero element is a unit. This implies that
A = C and the corollary is proved.

Proposition 3 For the category Sy, there exists an integer my such that
for m > mg, we have

(1) H'(V(m)) =0 form > mg (by the Riemann—Roch theorem, this
implies that dim H%(V (m)) is independent of V € S, for m > my).
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(2) the canonical homomorphism E — V (m), where E represents
the trivial bundle X x H(V (m)) is surjective i.e. V(m) is a quotient
bundle of E.

Proof. We note that V € B is stable if and only if V* (dual of V) is
stable. We shall now prove the proposition more generally for S¥, which
denotes the category of semi-stable bundles of rank » and reduced degree
a.

Let us first prove (1). If V is semi-stable such that u(V) = «, then
H°(V) = (0) if o < 0, for if there exists s € H*(V), s # 0, then s gen-
erates a line sub-bundle L of V such that degL = u(L) > 0.

The duality theorem gives that for any V € B,

dimH'(V(m)) = dimH°(V*(—m) ® K).

where K is the line bundle associated to the sheaf of differentials on X.
Now V*(—m) ® K semi-stable if V is semi -stable. Thus H! (V (m)) =
0if u(V*(—m)®K) < 0. Now we have

WV (=m) @ K) = —u(V) —mdeg Ox (1) + 1 (K).

Now u(V) and p(K) are fixed. Thus for m > 0, the right hand side is
negative and so assertion (1) follows.

To prove (2), we proceed as follows: Let I, denote the ideal sheaf
associated to a point P € X and Ty = Ox /I,. Then I, gives a line bundle
of degree —1. Because of (1) we can choose mq such that for all m >
mo, H'(V(m)) =0and H'(V(m)®1,) =0 forall P € X.

Tensoring the exact sequence 0 — I, — Ox — T, — 0 by O(m) (sheaf
associated to V (m)), we get

0—V(m)®I, —V(m)— V(m)®T, — 0 exact.
Writing the cohomology exact sequence, we get
H°(V(m)) — H°(V(m) ® T,)) — 0 exact for m > my.

This implies that the fibre of V(m) at every P € X is generated by
H°(V(m)) and the proposition is proved.

We say that a family of vector bundles {V; };er on X parametrized by
an algebraic (respectively analytic) scheme T is algebraic (respectively

2 This proof suggested by M.S. Narasimhan is more direct than the one to be found in §3, [17]
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analytic) if there is an algebraic (respectively analytic) vector bundle V
on X x T such that V|X x 1~ V,.

We say that a sub-category K of B is bounded if there is an algebraic
family of vector bundles {V, };cr parametrized by an algebraic scheme
T such that given V € K there is a V; such that V =~ V;.

Proposition 4 Let K be a category of vector bundles on X of fixed rank
and degree, say n and d respectively, such that it satisfies the conditions
(1) and (2) of Proposition 3, Chap. Il. Then there is a family of vector
bundles {V,};cr parametrized by an (irreducible) algebraic variety T
“containing” K i.e. given W € K, there exists t € T such that W ~ W,
(in particular K is bounded).

Proof. We make use of the following well-known property (due to
Serre).

Lemma 3 Let V be a vector bundle on X of rank n, n > 2 and such that
HO(V) generates V. Then there exists a trivial sub-bundle I,_1 of V of
rank (n— 1) so that we have

0—1,.1—V—>V/l,y—0exactand V/I,_; = A"V.

Sketch of proof of lemma. For every P € X, let K, be the kernel of the
canonical homomorphism

H®(V) — Fibre of V at P.

We have to find an (n — 1)-dimensional linear subspace of H%(V)
such that its intersection with every K), is the linear sub-space (0).

This is done easily by counting dimensions.

Let us go to the proof of the proposition. Let m be an integer such
that H'(V(m)) = 0 and H(V (m)) generates V (m) for all V € K.

The dimension of H°(V (m)) is the same for every V € K.

Let E be the trivial vector bundle on X of rank = dimH°(V (m)).
Then by Lemma 3, (Chapter 1), we have

0—1,_.1—V(m)—L—0exactVV € K.

or 0—1,—1(—m)—V —L(-m) —0 exact
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We have degV = degL(—m) + degl,—;(—m). It follows then that the
degree of L(—m) is constant, say dj, when V varies over K. Thus every
element of K can be represented as an extension of a line bundle of
degree d; by the fixed vector bundles I, (—m).

Let A denote the affine variety on the vector space H' (LT ®
I,—1(—m)), where L is a fixed line bundle of degree d; so that to each
element a of A, we get a vector bundle V,, which is an extension of L; by
In,1 (—m)

We check easily that {V,},ca is in fact an algebraic family (cf. §3,
[12] for details).

We have an algebraic family {Ly} of line bundles of degree 0
parametrized by the Jacobian J of X. Then the correspondence

(a, a) =V, ®Lqy

defines an algebraic family of vector bundles on X parametrized by the
irreducible variety A x J. This contains the category K by our construc-
tion and the proposition is proved.

Remark 1 The converse of the above proposition is true, namely that,
if K is a bounded category of vector bundles on X, then H'(V(m)) =0
and H°(V (m)) generates V (m) for all V € K.

When K reduces to one element, these are the well-known theorems
of Serre (cf. [14]).

The general case follows from these theorems and the semi-
continuity theorems applied to an algebraic family containing K (cf. §7,
Chapter III, [7] or §5, Chapter II [10]).

Given a sub-category K of B with bounded ranks and degrees, we
see that K is bounded if and only if there is an algebraic family of vector
bundles on X containing K.

We say that a family of m-vector bundles {V;},cr on X parametrized
by an algebraic (respectively analytic) scheme T is algebraic (respec-
tively analytic), if there exists an algebraic (respectively analytic) 7-
vector bundle V on X x T (for the canonical action of 7 on X x T ex-
tending the action of & on X by taking the trivial action on 7') such that
VIX xt(~X) ~ V.

We say that a category K of m-vector bundles on X is bounded if
there is an algebraic family of 7-vector bundles on X containing K.
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Proposition S Let E, E> be two w-vector bundles on X of the same rank
(say r), same m-degree and such that they have the same local type T (or
equivalently locally isomorphic, cf. Remark I, Proposition 2, Chapter
I).

Then there is an algebraic family {E, };ct of m-vector bundles para-
meterized by an (irreducible) algebraic variety T containing E| and E,
i.e. there exist t\,ty € T with E;, = E\, E;, = E, (in the sense of 7-
isomorphism) and such that all E;, t € T, are locally of type 7.

Proof. Lety;cY,i=1,...,m,bethe points of Y over which p: X —Y
is ramified and n;, i = 1,...,m, the orders of the isotropy groups 7, at
x; € X such that p(x;) = y;.

Let z represent a local coordinate (i.e. a generator of the maximal
ideal of the algebraic local ring Oy ) at points of Y.

Then we have matrices (see Remark 4, Chapter I and Remark 5,
Chapter I)

A = , 0<dj<dj<--<dl<n, djintegers
0 d}'/n,-

such that E|, E» can be defined by divisors @', &2 of the form &*:y —
@F, k=1,2 such that

k _ Aipk A _
cpyz‘ =z ®yi’ <= o
0 Zd;’/ni

;15;‘2): OF, y # yi and ©*:y — O represents a divisor for pT(Ey)(k =
We can in fact find @ so that @yki are regular maps into GL(r) in
some neighbourhood of y; (for we can find rational section of the prin-
cipal bundle associated to a vector bundle regular in a neighbourhood of
a finite number of points of X).
Let now E be any m-vector bundle on X such that p7(E) =~ pZ(E;).
Then E can be defined by a divisor ¢ of the form ®:y +— Py; P, =

Oy, y # yi, and
Py, = MY,
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¥, a regular map of a neighbourhood of y; into GL(r).

Now by the definition of a divisor, the divisor @ assigns to y; the
coset in GL(r,Ay,)\GL(r,Ly,) determined by ®,, (A, denotes the power
series ring z'/™i and Ly, is the quotient field of A,).

Consider the equation

(%) u-7 =AY W € GL(r,Oy,,), u<€ GL(r, Ay,).

If (*) holds, we have u = zZAW/¥ 1774, Set o = (oy1) = ¥/
Then o € GL(r, Oy,y,).
Now (*) holds if and only if z4az 4 € GL(r, Ay,). We have

Aoz 4 = (akgz(d’ifdé)/"i).
Now we see easily that zYaz =4 € GL(r, Ay,) if and only if
o (vi) = 0 whenever di — di < 0.

Thus () holds if and only if the value of the matrix o = y/y; ! at
yi belongs to the parabolic subgroup of GL(r) determined by matrices
P = (py1) such that

Pr1 = 0 whenever d,i — d{ <0.

This shows that we can choose y — @ so that
Y = Ki@yli for some K; € GL(r).

1.e. by modifying @yli by a suitable constant matrix we can represent by
a divisor any m-vector bundle E such that p¥(E) ~ pZ(E)).

We get thus a similar statement for 7w-vector bundles E such that
PI(E) ~ pI(E2).

Let V| = pT(E)) and V, = pZ(E3). Then V}, V, are vector bundles
on Y of rank r and the same degree. Then by Proposition 4, Chap. 1,
there is an algebraic family {V;},c7, parametrized by a quasi projective
algebraic variety Ty such that there are two points 71,7, € T such that
Vi, =Viand V,, = V;.

We shall now show that there is an open neighbourhood 7' of Ty con-
taining #; and #, such that the family{V; };cr can be lifted to an algebraic
family {E; };,cr of m-vector bundles on X with E;, ~ E; and E;, ~ E; and
E; is locally of type 7 for every t € T.
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This would prove the proposition.

Let V be a vector bundle on Y x Ty which defines the family {V; };c7,.
We can now find an open neighbourhood T of #1,#, and an open covering
{Uq} of Y X T and a meromorphic section ® of the principal bundle
associated to V such that

(1) the restriction of V to Uy, 1s trivial for every .
(ii) there exists a unique member say U; of the covering {Uy } such that
U; contains y; X T and Uy, for a # i does not intersect y; x T.
(iii) let U] be the open subset in Y defined by U/ = pry (Uj;).
1

Then in p~'(U!)(p:X — Y), the function w = z" which is a local
coordinate at every one of the points p~!(y;) is non-vanishing except
at the points p~!(y;).

(iv) the section @ is regular at the points (y;, 1) 1 <i<mandV, € T.

Choose trivialisations of V over Uy ; then the section is defined by
rational maps @, of Uy into GL(r) such that ©; is regular at the points
(yi,t), t €T.

Now Oy = ®“®[;1 is a regular map of Uy N Up into GL(r) and
define transition functions for V.

We observe that the values of ©; at (y;,#;) 1 <i<m, 1 <k <2could
be arbitrarily prescribed (because we can choose a rational section at y;
assuming arbitrary values at y;).

Let g:X x T — Y x T be the map g = p x Id and {W,, } the covering,
{Wy} = q '(Uy). Then Wy, is m-invariant.

Let &y be the rational map of Wy, into GL(r), defined by &y =
g ' (Oy) if a #i, 1 <i<mand ®; defined as follows:

wdi 0
q_l(@i), 1<i<m, (w=z").

0 wd'i‘

Now if @pp = Py Cbﬁ_l, D5 is a regular map of Wyg = Wy NWp
into GL(r) and define a vector bundle E on X.

By the choice of our @, 7 operates on E (see the discussion towards
the close of §1 in Chap. L.

Now @ (1) (value of Py atr € T) is a w-divisor on Y such that its
representative at y; is of the form z%¢;, where @; is a regular map in a
neighbourhood of y; into GL(r).
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By the preceding discussion, by suitably choosing the values of ®; at
(yi,tr)(1 <i<m, 1 <k <2), we can suppose that the divisors Py(1})
and Py (1) define m-vector bundles which are isomorphic to E; and E;
respectively.

Now the algebraic family {E, },c7 of m-vector bundles gives a lifting
of the family {V; };cr with E;, ~ E; and E,;, ~ E, and E; locally of type
tforallteT.

This completes the proof of the proposition.

Remark 2 Let {E,},cr be an algebraic (respectively analytic) family
of m-vector bundles parametrized by an algebraic (respectively analytic)
scheme 7. Then the equivalence classes of the local representations as-
sociated to E; at the ramification points of p: X — Y are the same for all
t € T, provided T is connected.

For this it suffices to show that, assuming {E; };cr to be analytic, the
above conclusion holds in a suitable neighbourhood of every point of 7.

Given a pointt € T and x € X which is a ramification point of p: X —
Y, we can choose the open neighbourhood U, of x (invariant by 7,) and
an open neighbourhood 7 of ¢ such that the restriction of the defining
bundle E of {E,} to U, x Ty is defined by a representation of 7, (see the
Remark 1, Chap. I).

The equivalence class represented by this matrix is the local class of
representations at x for every E;, ¢t € Ty. From this the required assertion
follows.

2. Reduction to constructing orbit spaces under
an algebraic group

We say that a coherent sheaf I on X has Hilbert polynomial P if
P(m) = x(F(m)) =dimH®(F(m))—dimH' (F(m)), for every integer m.

We say that a coherent sheaf F on X x T, T an algebraic prescheme,
is flat over T if forall y € X x T,y = (x,t), the Oxx7,, module ), is flat
over Or;. Let &F; denote the restriction of F to X xt ~ X,t € T. Then
if F is flat over T and T is connected, the Hilbert polynomial of J; is
independentof r € T'.

Let now € be a coherent sheaf on X and P a linear polynomial with
integral coefficients.
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Let Quot: (Algebraic Schemes) — (Sets) be the functor defined
by Quot (T') = Set of coherent sheaves F on X x T such that (i) F is
a quotient of pry(€)(pry:X x T — X projection onto X) (ii) J is flat
over T and (iii) F has Hilbert polynomial P with respect to T i.e. the
Hilbert polynomial of J; for every ¢t € T is P. Then, by Grothendieck,
we know that Quot is representable by a projective algebraic scheme
Q(E/P) (over C). (Th. 3.2, [6]).

Because of representability, we have a uniquely determined coherent
sheaf on X x Q(Q = Q(E/P)) such that F is flat over Q, is a quotient of
prx (&), has Hilbert polynomial P with respect to Q and is universal for
all the coherent sheaves Quot(7) on X x T.

Suppose now that € is a w sheaf. Then we see that 7 operates on
Quot(T') and this operation is functorial in 7. From this, we conclude
that 7 operates canonically as a group of automorphisms of the scheme
Q0 =0Q(E/P).

Let Q" (E/P) = QO represent the canonical closed subscheme of m-
invariant points of Q(&/P) defined as follows: the (geometric) points of
Q™ are precisely the points of Q invariant under 7, if g € Q" choose an
affine open subset U = SpecR of Q containing ¢ and which is invariant
under 7; then the ideal which defines the closed subscheme Q" N U of
U is the ideal of R generated by elements of the form f — o - f,f € R
and a € 7.

Now we see easily that Q" represents in fact the functor 7 +—
(Quot(T))" (subset of m-invariant elements of Quot(7')).

This results easily from the fact that if Z = Spec B is an affine scheme
on which a finite group 7 operates and J is the ideal of B generated by
elements of the form f —a - f, f € B and a € 7, then a homomorphism
of rings B — A is m-invariant if an only if it is zero on J.

Thus, if Z is the functor

Z: (Algebraic Preschemes) — (Sets)

such that Z represents Z and Z” is the functor Z*(T) = (Z(T)™(n-
invariant subset of Z(T')), then we see that Spec (B/J) represents Z. We
deduce the above assertion easily from this.

Now if § € (Quot(T))", we see that G is in fact a m-coherent
sheaf and the canonical homomorphism pry(€) — § is in fact a 7-
homomorphism.
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Thus Q7 represents the functor 7 — (Quot(7))" = Set of all z-
coherent sheaves § on X x T which are (i) m-quotients of E (ii) G is
flat over T and has Hilbert polynomial P with respect to 7.

We shall suppose hereafter that € is the sheaf of germs of sections of
a m-vector bundle E of rank p such that its underlying vector bundle on
X is trivial. We see that identifying E with a fibre over a point of X, the
action of 7 on this vector bundle is given by a representation of 7 on E.
If we refer to E simply as a vector bundle, it is without its 7-structure;
when we refer to E as a m-bundle it will be done so explicitly. Then
G = AutE (group of automorphisms of E) can be identified with the
full linear group GL(p).

Let H = Autz(€) = Autz(E)(m-automorphisms of E); then H is a
direct product of full linear groups; in particular it is connected and re-
ductive. We write often Q(E /P) instead of Q(€/P) (similarly Q™ (E/P).

We see that G (respectively H) operates as a group of automorphisms
of the scheme Q(E /P) (respectively Q" (E /P))—this again results from
the fact that G operates on Quot (7') (respectively (Quot (7'))") functo-
rially with respect to 7.

Let R; be the subset of Q = Q(E/P), consisting of points g € Q such
that &), is locally free (we recall that J is the defining quotient coherent
sheaf on X x Q of pry(€) and JF, is the restriction F to X x g ~ X).

We observe that the rank of J is the same whatever be g € R;. Let
this be r. Let Rf = R N Q". Let R be the subset of R; consisting of
q € Rj such that

(i) the canonical linear map H(E) — H%(J,) is an isomorphism and

(i) H'(F,) = 0.

Let R = RN Q”". Let R* C R™ be the subset of R* consisting of all
g € Q" such that F; is locally of a fixed type T i.e. the set of all g € R
such that Fj, is locally isomorphic (i.e. for every x € X, Ty-isomorphic
in a suitable 7,-invariant neighbourhood of x) to a fixed Fy,,qo € R (see
Remark 1, Proposition 2, Chapter I).

If g € Ry (respectively RT) we denote by F, the vector bundle (re-
spectively m-vector bundle) associated to F,.

Proposition 6

(i) Ry and R (respectively R}, and R™,R") are G-invariant (respectively
H-invariant) open subschemes of Q (respectively Q).
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(ii) Let q1,q2 € R (respectively R™); then F, is isomorphic (respectively
m-isomorphic) to Fy, if and only if q1, q; lie in the same orbit under
G-invariant (respectively H),G = AutE,H = AutzE.

(iii) R (respectively R™) has a local universal property in the following
sense.

Let {V; };e7 be an algebraic or analytic family of vector bundles (re-
spectively 7-vector bundles) on X parametrized by an algebraic scheme
T such that

(a) the Hilbert polynomial of every V; is P

(b) H'(V;)) =0foreveryt € T.

(c) H° (V;) generates V; for every r € T (respectively the m-vector bundle
on X associated to the canonical 7-module H°(V;) is m-isomorphic

to E and H(V;) generates V;. In fact, it suffices to assume that H%(V;)

is mw-isomorphic to E for one point in each connected component of

7).

Then for every ¢t € T, there is an open neighbourhood 7y of ¢ and a
morphism f: Ty — R (respectivelyR”) such that if g = f(z), F;, is isomor-
phic (respectively z-isomorphic) to V;.

(iv) R (respectively R?) is smooth and irreducible.
Further R™ is smooth, its connected components being of the form

R® for some 7.
(v) (a) If R is non-empty, then

dimR = (r*(g— 1)+ 1)+ (dimG — 1)

where r is the integer such that F is of rank r,q € R (g = genus of X).
(b) Let 7 associate the representation py of 7,,,1 < v <m (cf. Re-
mark 1, Prop. 2, Chap. I)

g0
pv(a) = : 0<d{<...<d’ <ny
0 <l
where x, is a point of X chosen over yy, {yy} being the ramification

points in y of p:X — Y, & is a generator of 7,, and { is an ny-th root
of unity as chosen often in §2, Chap. L.
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Let af,..., o be the multiplicities of the distinct roots of the char-
acteristic polynomial of p(a)) and

— V.V
ev=), oo
1<i,j<r

i#]
(See Remark following Chapter I and Corollary 2 of Theorem 2, Chapter
I).

Then if R® is non-empty, we have

1 m
dimR® = (PP(h—1)+1)+ D+5 Y ey +(dimH —1)

v=l1

where & = genus of Y.
Proof. (i) To prove that Ry and RT are open in Q and Q" respectively
it suffices to show that R; is open in Q.

For this, it suffices to show that if U is an affine subset of X and
q € Ry, then there is an open subset W of Q containing g such that the
restriction of F (defining quotient sheaf of pry(€) on X x Q) toU x W
is locally free.

Let now V be an affine open subset of Q containing ¢,V =
SpecA’,U x V = SpecB’ and ¢':A’ — B’ the homomorphism defining
the canonical projection U x V — V. Now the restriction of 5 to U x V
is defined by a noetherian B’ module F’ which is A’-flat.

Let m be the maximal ideal of A’ defining ¢,§ = A —m,A =
A'S™1B=B'S™! ¢:A — B the homomorphism induced by ¢’ and F
the B-module F'S* —1'.

Now it suffices to prove that F' is a free module over B, for then it is
easily seen that there is an open subset W of R; containing g such that
the restriction of F to U x W is free.

Thus the above assertion is an easy consequence of

Lemma 4 Let ¢:A — B be a homomorphism of rings such that A is a
local ring with maximal ideal m. Suppose that for every maximal ideal
nof B,o~'(n) = mie @(m)B (which is denoted by m.B) is contained
in the radical of B. Let F be a B-module of finite type such that it is flat
over A.

Then F /mF is free over B/mB, then Fis free over B.
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Proof of lemma. Let F = F /mF. Let f1,... f, be abasis of F over B/mB.
Let fi,... f, be some elements of F which lift f1,... f,. Let L be a free
B-module of rank r and 0:L — F the B-homomorphism which takes a
given basis of L into fi, ... f, respectively.

Since the induced homomorphism 6:L — F, where L = L/mL is sur-
jective it follows that m. (F /6(L)) = 0.

Therefore, by Nakayama, F/6(L) = 0 i.e. 0 is surjective. Let L; =
ker 6. Then we have the exact sequence of B-modules

0—-L—L—F—D0.
Tensoring by A /m and using Tor{ (F,Ap) = 0, F being A-flat, we get
0—Li®aA/m —LesA/m — FQ4A/m—0

is exact.

Since L@aA/m~ L/mL~ F/mF ~F ®A/m,we see that L; ®4
A/m=0ie. Ly =mL

Now L is a B-module of finite type and B being noetherian with L of
finite type over B, L is also of finite type over B. Therefore, by apply-
ing Nakayama once again we deduce that L; = 0. Thus 8:L — F is an
isomorphism and the lemma is proved.

As remarked above, it follows now that R and R’f are open in Q and
O” respectively.

We shall now show that R is open in R;. Let gg € R. Then by the semi-
continuity theorem, there is a neighbourhood S of ¢q such that H' (Fy) =
0, for all g € S. Further (pry).(F) is locally free on S of rank = rank E
and the corresponding vector bundle is denoted by (prg)«(F).

The restriction of the canonical homomorphism pry (E) — F to X x
S gives rise to a homomorphism o of the vector bundle (prg).(pr*(E))
(which is isomorphic to the trivial bundle of rank r on S) into (prg).(F)
such that ¢ induces an isomorphism of the fibres of these vector bundles
at qo.

Therefore there is a neighbourhood S; of ¢go,S| C S such that « re-
stricted to S; 1s an isomorphism. This implies that for every g € Sy, the
canonical homomorphism H°(E) — H(F,) is an isomorphism. This
shows that R is open in Q. That R™ is open in Q" is an immediate con-
sequence of the fact that R is open in Q.

It follows now that R® is open in R™ by the Remark following Propo-
sition 5 (Chapter II).



47

The fact that Ry and R (respectively RT and R*,R®) are G-invariant
(respectively H-invariant) is immediate.

This completes the proof of (i).

(ii) Let g1,q2 € R (respectively R™). Suppose that g;,¢, lie in the
same orbit under G (respectively H). Then by the definition of the ac-
tion of G (respectively H), it is immediate that F, .F,, are isomorphic
(respectively m-isomorphic).

We observe that this is so even if we take g;,q>» € Q (respectively
Q™). Suppose on the other hand F,, is isomorphic (respectively 7-
isomorphic) to Fy,. This gives rise to an isomorphism (respectively 7-
isomorphic) of H°(F,,) onto H(F,,).

But now we can identify H°(F,,) and H°(F,,) canonically with
HO(E). This implies immediately that there is an automorphism (respec-
tively m-automorphism) of E which takes the quotient sheaf F,, to F,
1.e. g1, ¢ lie in the same orbit under G (respectively H). This proves (ii).

(ii1) Let V be the defining vector bundle (respectively -vector bun-
dle) of the family {V;};cr. Consider W = (pry)«(V), where V is the
coherent sheaf associated to V. Then by our hypothesis W is locally
free. Let W be the vector bundle associated to W. The fibre at # of W can
be identified canonically with H(V;).

By our hypothesis on the Hilbert polynomial of V;, it follows further
that dimH°(V;) = dimH°(E).

Givent € T, there is a neighbourhood 7j of ¢ such that W restricted to
Tp is trivial. Then (pr g, )*(W) is isomorphic (respectively z-isomorphic)
to (pry)*(E) and V can be considered as a quotient (respectively 7-
quotient) bundle of pri (E).

By the universal property of Q(E/P) (respectively Q") we have
a morphism f:7Ty — Q such that V; is isomorphic (respectively 7-
isomorphic) to F,(q = f(¢) and V; is the coherent sheaf associated to
Vi)-

By the definition of R (respectively R™), we have f(Ty) C R (respec-
tively R"). This proves (iii)

(iv) We shall first show that R (respectively R?) is connected. We
shall suppose that R (respectively R™) is non-empty. Otherwise there is
nothing to prove.

Given ¢1,q> in R (respectively R"), then by Proposition 4 (respec-
tively Proposition 5 of Chapter II), there is an algebraic family {V, },cr
of vector bundles (respectively 7m-vector bundles) parametrized by an
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(irreducible) algebraic variety T and two points ¢{,#p € T such that
Vi, = Fy,, Vi, = Fy, Vi, Vi, being the coherent sheaves associated to V;,V;,
respectively.

Let Ty be the subset of T formed by points ¢ such that (a) H'(V;) = 0
and (b) H O(V,) generates V;. Then by the same type of arguments as in
the proof of (i) above T is open. Now 7 contains #; and #, and Tj is
irreducible.

By the universal property (iii) above, we have an open covering by
non-empty subsets {7;} of Ty and morphism f;: T — R (respectively R*)
such that if g = f(z), then V; = F,.

We have T; N T; # 0 and because of (ii) above, the G-saturations (re-
spectively H-saturations) of all f;(7;) and f;(7;) have non-empty inter-
section for every i, j. Now the G-saturations (respectively H-saturations)
of all f;(T;) contain ¢1,q> and f;(T;) is an irreducible constructible sub-
set of R (respectively R®). Now ¢, q> being arbitrary, it follows that R
(respectively R?) is connected. We have seen that R? is open in R™. Thus
R” is a disjoint union of connected open subsets R* for distinct 7. Hence
RT are the connected components of R”.

To conclude the proof of (iv), it suffices to show that R (respectively
R® or R™) is smooth. For q € R (respectively R™), let H, be the vector
bundle defined by the exact sequence.

0—H,—E—F,—0

(where Fy is the vector bundle associated to F). Then we have the exact
sequence
O—>Fq*—>E* —>H;—>O

where, for example, by Fq*, we mean the dual vector bundle F;.
Tensoring this by F,, we get the exact sequence

0—-F/®F—>E®F—H,QF—0
Writing the cohomology exact sequence, we get
0— H(F; ®F,;) > H (E*®F;) — H'(H; ® F;) — H'(F, ® F,)
— H'(F*®F;) — H'(H; ® F;)) — H*(F; ® F,).

(respectively the corresponding cohomology sequence in the category
of m-sheaves).
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We note that H Z(Fq* ®F,) (respectively H>(X, 7, F; ®F;)) = 0since
X is a curve (respectively since H(X, 7, Ff @ Fy) = H*(Y, pT(F;} Q F))
and Y is a curve).

Further H!(E* ® F,) = 0 for E* ® F, is a direct sum of copies of the
same Fj;. We have also H "X, mE*® F,) = 0 for, by the duality theorem
for m-bundles (Theorem 2, Chapter 1), we have

dimH' (X, 7, E* ® F;) = dimH(X, 7w, E* ® F; © K)

where K is the line bundle corresponding to the sheaf of differentials (it
is canonically a -bundle). Now

H(X,mEQF; ®K) CH'(X,EQF, ®K).
But by the usual duality theorem
dimH°(E ® F; ® K) = dimH' (E* ® F,;) = 0 by hypothesis.
Thus we deduce that
HI(H;‘ ® F,) = 0( respectively H' (X, m,H, @ F;) = 0)

and that the following sequence is exact
(A)
0—H(F;®F,) - H (E*®F,) - H'(H; ® F;) — H'(F; ® F;) — 0

(respectively the corresponding cohomology sequence in the category
of m-sheaves).

Now by the differential study of the scheme Q(E/P) as well as Q"
(cf. §5, [6]), we deduce that the local ring of R (respectively R”) at g is
formally smooth (over C) (cf. §17, Chap. 1V, [7]) i.e. if T is any affine
scheme (over C) and T a closed subscheme defined by an ideal 7 with
I> =0, then if fy: Ty — Spec Og,q (respectively Ogz ) is a morphism, it
can be extended to a morphism f:T — Spec O 4(respectively Ogr ),
since Hl(H;]k ® Fy) = 0 (respectively HI(X,ﬂ,H;Ik ® F,) = 0; for this
case, one has to repeat the arguments of §5, [6]).

It follows now that Og 4 (respectively Ogr ;) is smooth (over C) (cf.
§17, Chapter 1V, [7]), so that R (respectively R) is smooth. This com-
pletes the proof of (iv).

(v) Again by the differential study of the scheme Q (respectively Q")
referred to above (§5, [6]) HO(H; ® F,)( respectively H(X, , H;®F,))
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can be identified canonically with the Zariski tangent space to R (respec-
tively R") at g.
Since R (respectively R?) is smooth and irreducible, we have

dimR( respectively dimR®) = dimH°(H] ® F,)
(respectively H(X, m,Hy @ Fy)).
Now because of (A) above, we have
dimR = dimH(E* ® F;) — x(F; ® F;) =

and

dimR® = dimH°(X, 7, E* @ F;) — 1 (F; @ Fy)).
Now E* is a trivial bundle, so that we have

HY(E*®F,) = H (E*) @ H(F,) = H'(E* ®E).
It follows also that

H'(X,n,E*®F,) = H'(X,7,E* ®E).

Thus HY(E* ® F,) (respectively H(X,m,E* ® F,)) identifies canoni-
cally with HO(E* ® E) (respectively HO(X, 7, E* @ E)) i.e. the space of
endomorphisms (respectively 7 endomorphisms) of E.
The algebraic group of automorphisms of E (respectively -automor-
phisms of E) is open in H*(E* ® E) (respectively H(X, 7, E* Q E)).
This shows that

dimR = dimG — x (F; @ F)

and
dimR® = dimH — x (X, 7, F; ® F).

Now deg(F; ® F;) = 0 and 1k (F; ® F;) = r*. Therefore by the
Riemann—Roch theorem, we get

—X(Fq*®Fq) :"2(8_ 1)

This proves that dimR = (r>(g— 1) + 1) + (diimG — 1).
We have x(X,7,F; ® F;) = x(Y,pf(F; ® F;)). Again by the
Riemann—Roch theorem, we have

_X(Y7P>ZT(F;®F¢I)) = rz(h_ 1) _degpf(Fq*(qu)‘
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On the other hand we have
1
—d F * F = — E

as has been verified in the proof of Corollary 2, Chapter I.
Thus we have

1
dimR® = (PP (h—1)+1) + 3 Y ev+(dimH-1)
v=1

and the proposition is proved.

Remark 3 We have a little more than what is stated in (iii) of the above
proposition. We have in fact a neighbourhood 7j of ¢ and a morphism
f:To — R such that the defining bundle on X x Tj of {V;} is the inverse
image by Idf:X x Ty — X x R( respectively X X R") of the family of
vector bundles on X x R (respectively X x R?) defined by the restriction
of F to X x R (respectively X x R").

Corollary (to Proposition 6) (Local moduli for a vector bundle with
trivial automorphism). Let Vi) be a vector bundle (respectively mt-vector
bundle) on X such that dimcEnd Vy (respectively dimcEnd;Vy) = 1.
Then there is a holomorphic family {V,;} parametrized by an analytic
manifold D and a point dy € D such that

(1)Vyg, = Vo and Vy, # Vy, (i.e. not isomorphic) if di # do,d> € D.

(2)given a holomorphic family {W,} of vector bundles parametrized by
an analytic space T and a point to € T such that Wy, = Vy, there is
an open neighbourhood Ty of ty and a (unique) morphism f:Ty —
D such that the family {W, };ct, is the inverse image of the family
{Vi }iep i.e. the defining bundle of {W,}ie, on X x Ty is the inverse
image of the defining bundle of {V;}acp by the analytic map 1d x
f[: X xTy — X xD.

(3)We have in particular Vg =~ W, where d = f(t), and

dimD = dimH"' (V§ ® Vp) (respectivelyH' (X, , Vi @ Vp)).

Proof. Choose an integer m such that (a) H'(Vp(m)) = 0 and (b)
H°(Vy(m)) generates Vo(m). Let E be the trivial vector bundle X x
H°(Vy(m)) (respectively the 7m-vector bundle associated to the canon-
ical -module H®(Vy(m))).
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Consider the scheme Q(E/P) (respectively Q*(E/P)),P being the
Hilbert polynomial of Vy(m). Then there is a unique G-orbit K in R
(respectively H-orbit K in R* for a suitable choice of m) such that F, ~
Vo(m) < g € K(Vo(m) sheaf associated to Vy(m)).

We have H C G and H contains the scalars matrices A -Id,A € C We
note that the scalar matrices in G (respectively H) operate trivially on R
(respectively R").

Denote by PG(respectivelyPH ), the quotient group of G (respec-
tively H) modulo the group of scalar matrices. Then the action of G
(respectively H) on R (respectively R?) gives rise to a canonical action
of PG (respectively PH) on R (respectively R®).

By our hypothesis if ¢ € K then the isotropy group ¢ for the action
of PG (respectively PH) reduces to the identity element of PG (respec-
tively PH).

Then there is a neighbourhood U of K (in the topology of analytic
spaces) in the manifold R (respectively R®) such that PG (respectively
PH) operates freely on U, the quotient D = U /G (respectively U /H)
exists as a manifold and in fact there is a section of R (respectively R")
over D.

Because of this section, we have a holomorphic family of vector
bundles {V)}sep parametrized by D and a point dy € D such that
Vi, ~ Fy = Vo(m) for g € K and V; ~ F;,d being such the image of
q € U under the canonical morphism U — D.

Let {V;}4ep be the holomorphic family V; =V (—m). We have V,;, ~
Wo.

Suppose now that {W; };cr is a holomorphic family of vector bundles
as in (2) of the above Corollary; W being the defining bundle of {W;} in
X x T. Then by the semi-continuity theorem, we can find an integer m
and a neighbourhood Tj of #q such that (a) H!(W;(m)) = OV € Ty and
(b) HY(W,(m)) generates W, (m) for all ¢ € Tp.

Then by the property (ii1) of the above proposition, we have a mor-
phism f; of a neighbourhood of #y, which we can assume to be 7y into
R (respectively R?) such that if

q=f(t), Fy=V,(m) orF,(—m)~V,.

We can also suppose that f;(7y) C U. Let f: Ty — D be the morphism
obtained by composing f7 with the canonical morphism U — D =U /G
(respectively U /H).
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If d = f(t), we deduce immediately that W; ~ V,;, and in fact that the
defining bundle of {W,},c7, is the inverse image by Id x f:X x Ty —
X x D of the defining bundle of {V,}4cp (use also the remark on (iii) of
the above proposition at the end of its proof).

Finally, we have dimD = dimR — dim PG = (respectivelydimR —
dim PH ). But we have dim R = dim PG +dim H ' (V§ ®Vj)). This proves
(3) of the corollary and the corollary is proved.

Remark 4 Let, as usual S, (respectively Sz ) be the category of semi-
stable (respectively 7-semi-stable) vector bundles on X of rank r and
degree zero (respectively 7 degree zero < deg is zero) and S; the sub-
category of Sy , consisting of all 7-semi-stable vector bundles V in 8z ,
which are locally of a fixed type 7 (cf. Remark 1, Proposition 2, Chapter

D).

Then since S, is bounded (Proposition 3, §1), we can find an integer
m such that H(V (m)) generates V(m) and H'(V (m)) = OVV € S,.

Let P be the Hilbert polynomial of V(m),V € S,. Then every V (m)
V(m),V €8, (respectively V € S;) can be considered as a quotient of the
trivial vector bundle E of rank = dim H%(V (m)) (respectively 7-quotient
of a suitable 7-bundle E such that the underlying vector bundle is trivial
and of rank = dimH°(V (m)),V €8,).

Thus we can associate to each V(m),V € S, (respectively V € S;)
canonically a G-orbit (respectively H-orbit) in R(E/P) (respectively
R™(E/P)).

This reduces the problem of classification (up to isomorphism) of
semi-stable vector bundles (respectively 7-semi-stable vector bundles)
to a problem of constructing orbit spaces of the subset of R (respectively
R” or R") corresponding to semi-stable (respectively m-semi-stable) vec-
tor bundles.

Proposition 7 Let V) be a vector bundle (respectively m-vector bundle)
associated to an irreducible unitary representation p of I (respectively
I') is open.

Let {Va}aep(Va, = Vo) be the analytic family as in Cor. Prop. 6
(Chap. II) above.

Then there is a neighbourhood Dy of dy such that for all d € Do,V is
isomorphic (respectively m-isomorphic) to a vector bundle (respectively
m-vector bundle ) associated to an irreducible unitary representation of
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Iy (respectively I', for the notation I, see at the beginning of Chapter
1)

(ii) Let {V; }1c1 be an analytic family vector bundles (respectively T-
vector bundles) on X. Then the subset Ty of T of points t such that V; is
isomorphic (respectively - isomorphic) to a vector bundle associated
to an irreducible unitary representation of I (respectively I') is open.

Proof. Let S be the C-analytic space of all representations of Iy in
GL(r,C) (respectively be the C -analytic space of all representations
of I' into GL(r,C) in X such that the 7-vector bundle on X defined by
x is locally of type 7). Let U denote the subset of & corresponding to
unitary representations.

We see easily that there is an analytic family {W;} of vector bundles
(respectively m-vector bundles ) on X parametrized by 8. There is an
so € U C § such that Vy, = V).

By the universal property of {V,;} of Corollary to Proposition 6
(Chapter II), we have a canonical analytical map of a neighbourhood
of 5o in D and therefore its restriction to U defines a continuous map f
of a neighbourhood Uy of sq into D such that if d = f(¢), then V; = W;.

Since equivalence classes of unitary representation of Iy (respec-
tively I") define isomorphic bundles, we can suppose that Uj is invariant
under the canonical action of the unitary group K of rank r defining
equivalent representations.

Thus f defines canonically a continuous map g:Uy/K — D which is
injective. Because §3, Chapter I, we can suppose that Uy again consists
of points defining irreducible unitary representations of Ij(respectively
I') and besides Uy/K is a manifold whose real dimension is equal to
dimg H'(I,ad p) (respectively dimg H'(I",ad p)).

But on the other hand, we have

dimg H'(Iy,ad p) = 2dimc H' (Vf @ V))
(respectivelydimg H!(I",ad p) = 2dimc H' (X, 7, V* Q@ V)).
cf. §3, Theorem 3, Chapter I and its corollaries). But we have dimD

=dimH! (V5 @ V) (respectively H' (X, 7,V* ®V)), dimension being as
a complex manifold. Therefore, as topological manifolds, we have

dimD = dimUy/K.

Since g is injective we conclude that g is a local homeomorphism by
Brouwer’s theorem. This proves (i) of the proposition 7.
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Now (ii) is an immediate consequence of the local universal property
of {V,}, namely the property (2) of Corollary to Proposition 6 (Chapter
IT) and Proposition 7 is proved.

3. Some results from Mumford’s geometric
invariant theory

In this section, we give a rapid survey of some results from Mumford’s
geometric invariant theory, chapters 0, 1, 2 and §4 of Chapter 4 [9]; and
§2 of [18] which we need.

In this section of Chapter, we do not conform to the notations men-
tioned at the beginning of this chapter. We still keep the convention that
we consider only algebraic schemes defined over C and by a point of a
scheme we mean a closed point unless otherwise stated.

Let X be an algebraic scheme on which an affine algebraic group G
operates.

A morphism @:X — Y of algebraic schemes is said to be a good
quotient (of X modulo G) if it has the following properties:

(i) @ is G-invariant i.e. the following diagram

X

XxG X

prx (2

X L Y

is commutative, where ¥:X X G — X is the morphism by which the
action ¢ fG on X is defined.

(i1) @ is a surjective affine morphism

(iii) (¢:(0x))” =0y

@iv) if X1,X, are closed G-invariant subsets of X such that X; N X, is
empty, then @ (X)), @(Xz) are closed and @(X;) N @(X,) is empty.

We say that ¢: X — Y is a good affine quotient if @ is a good quotient
and Y is affine (this implies that X is also affine).

The first three conditions are equivalent to the following: ¢ is sur-
jective and for every affine open subset U of Y, ¢~ !(U) is affine and
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G-invariant, and the coordinate ring of U can be identified with the G-
invariant subring of ¢~ (U).

Some properties of good quotients are collected together in the fol-
lowing.
Proposition 8

(i) The property of being a good quotient is local with respect to the
base scheme i.e. 0:X — Y is a good quotient if and only if there is
an open covering U; of Y such that every V; = ¢~ (U;) is G-invariant
and the induced morphism @;:V; — U; is a good quotient.

(ii) A good quotient is also a categorical quotient i.e. if 0:X — Y is a
good quotient, then for every G-invariant morphism y:X — Z, there
is a unique morphism v:Y — Z such that vo ¢ = y.

(iii) Transitivity properties: Let X be an algebraic scheme on which an
affine algebraic group G scheme operates.

Let N be a normal closed subgroup of G and H the affine algebraic
group G/N. Suppose that ¢1:X — Y is a good quotient (respectively
good affine quotient) of X modulo N. Then we have following:

(a) The action of G goes down into an action of H on'Y .

(b) If 02:Y — Z is a good quotient (respectively good affine quotient)
of Y modulo H, then ¢y 0 @:X — Z is a good quotient (respectively
good affine quotient) of X modulo G.

good

Z

(c) If :X — Z is a good quotient (respectively good affine quotient) of
X modulo G, there is a canonical morphism @,:Y — Z such that ¢ =
@20 @1 and @y is a good quotient (respectively good affine quotient)
of Y modulo H.
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good

(d) If o:X — Y is a good quotient (modulo G) Z a normal alge-
braic variety on which G operates and j:Z — X a proper injec-
tive G-morphism (in particular a closed immersion which is a G-
morphism), then Z has a good quotient modulo G; in fact it can be
identified with the normalization of the reduced subvariety (¢ o j)(Z)
in a suitable finite extension of the field of rational functions of

(@0 ))(Z).

The proof of this proposition is quite easy and we leave it as an exer-
cise.
The basic existence theorem on good quotients is the following:

Theorem 1 Let X = Spec A be an affine algebraic scheme on which a
reductive affine algebraic group G operates (note that we have supposed
the ground field to be C). Let Y = Spec A®(AC = G-invariant subring of
A) and ¢:X — Y the canonical morphism induced by A° C A. Then Y
is an affine algebraic scheme and @:X — Y is a good affine quotient.

Outline of proof. It is a classical fact that AC is finitely generated over
C. Therefore Y is an affine algebraic scheme.

Let V be a finite-dimensional vector space over C and be a G-module
through a homomorphism p: G — GL(V) of algebraic groups.

Then G being reductive, V is a semi-simple G-module and we have
a canonical linear projection V — VO, called the Reynold’s operator,
which is functorial in V.

Now given f € A, it can be embedded in a finite-dimensional G-
submodule V of A (for the G-module structure on V induced by the
right or left regular representation). Because of this, we get a canonical
linear projection p:A — AC.

Suppose now that X, X are two closed G-invariant subsets of X such
that X1 N X, is empty. Then there exists f € A such that f is 0 on X; and 1
on X,. Let g = p(f). Then g € A® and we see again that g is 0 on X; and
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1 on X; (this results from the functoriality of the Reynold’s operator).
Thus we can separate X and X, by a G-invariant function g on X.

This is the crucial property and this implies easily the property (iv)
in the definition of good quotients and the proposition follows. For more
details cf. §2, Chapter I [9].

Let X be a closed subscheme of the n-dimensional projective space
P". An action of an affine algebraic group G on X is said to be linear if
it comes from a rational representation of G in the affine scheme A" !
of dimension (n+ 1). This definition means that we have an action of G
on A"t = Spec C[X1, ..., X, 1] given by a rational representation of G
on A"*! and that if a is the graded ideal of C[Xi,...,X, 1] defining X,
then a is G-invariant.

We have X = Proj.R, where R = C[X,...,X,.1]. We denote by X
the cone over X (X = SpecR) and by (0) - the vertex of the cone X.

The action of G on X lifts to an action of G on X and this action and
the canonical action of the multiplicative group G,, on X (by homothe-
cies) commute. We observe that the canonical morphism p: X — (0) — X
is a principal fibre space with structure group G,, and that p is a good
quotient (modulo G,).

Suppose then that X is a closed subscheme of A” and that we have a
linear action of an affine algebraic group G on X. A point x € X is said
to be semi-stable if for some £ € X — (0) over x, the closure (in X) of the
G-orbit through £ does not pass through (0).

A point x € X is said to be stable (to be more precise, properly stable)
if for some £ € X — (0) over x, the orbit morphism y;: G — X defined
by g — Xo g is proper.

Since the actions of G and G,, on X commute, we see easily that if
x € X is semi-stable, then for every £ € X — (0) over x, the closure (in X)
of the G-orbit through X does not pass through (0). A similar property
holds for the stable points of X.

We denote by X*° (respectively X*) the set of semi-stable (respec-
tively stable) points of X.

With these definitions and notations, we have the following.

Theorem 2 Let X be a closed subscheme of P" defined by a graded ideal
a of C[Xy,...Xu+1] so that X = Proj.R,R = C[X1,...,X,11]. Let there
be given a linear action of a reductive affine algebraic group G on X.
LetY = Proj.RC and ¢:X — Y the canonical rational morphism defined
by the inclusion R® C R. Then we have
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(i) x € X* if and only if there is a homogeneous G-invariant element f €
R(R being the subring of R generated by homogeneous elements of
degree > 1) such that f(x) # 0.

Note that Xy is a G-invariant affine open subset of X and x € Xy C
X% so that we have, in particular that X** is open in X and for every
x € X%, there is a G-invariant affine open subset containing x and
contained in X*°. Further (i) implies that ¢ is defined at x € X**.

(i) ©:X* —Y is a good quotient andY is a projective algebraic scheme
and

(iii) X* is a Q-saturated open subset i.e. there exists an open subset Y* of
Y such that X* = ¢~ (Y*) and @:X* — Y* is a geometric quotient
i.e. distinct orbits (under G) of X* go into distinct points of Y°.

Outline of proof. Let ¥ = SpecRC and ¢:X — Y the canonical mor-
phism induced by the inclusion R® C R. Then by Theorem 1, ¢:X — ¥
is a good affine quotient.

From this it follows easily that x € X** if and only if there exists an
f € R such that £(0) =0 and f(£) # 0 where £ is some point in X — (0)
over Xx.

Now the homogeneous components of f are also G-invariant and
£((0)) = 0 implies that there is a homogeneous components f; of f
such that f; is in R4 and f;(x) # 0. Thus we see that x € X** if and only
if there is a homogeneous f in Ry such that f(x) # 0.

Now the canonical morphism ¢7:X; — V7 induced by ¢ is a good
affine quotient by Theorem 1 (Chapter II).

Since RC is finitely generated over C, ¥ = Proj.RY is a projective
algebraic scheme.

We see easily that we have a canonical morphism @p: Xy — Yy in-
duced by the inclusion (R?)O C (Ry)? where (Ry)? (respectively (R%)?)

o . ST
indicates the homogeneous elements of degree 0 in the localization R

of R (respectively RJ(;’ of R®) with respect to the multiplicative closed

subset of R (respectively R®) formed by powers of f.

By the local nature of good quotients in Proposition 8, Chapter II, it
suffices to prove that @7: Xy — Y is a good quotient.

But now we observe that the coordinate ring of the affine scheme Y
is (R?)O which is precisely (RS)C)G i.e. it is the G-invariant subring of
(Ry)? which is the coordinate ring of the affine scheme Xy.
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Therefore @7: Xy — Yy is a good quotient by Theorem 1, Chap. IL
This proves the assertions (i) and (ii).

Let X denote the set of points £ € X such that the orbit morphism
¥:G — X is proper. Then X* is p~!(X*), where p is the canonical mor-
phism X — (0) — X.

Let U be the subset of X consisting of the points £ € X such that
dimG = dim y;3(G). By an easy application of the dimension theorem,
we see that U is open. Further U is obviously G-invariant.

Let W =X —U. Then C = @(W) is a closed subset of ¥ because
@:X — ¥ is a good quotient. It is easily seen that X* = ¢~ (¥ — C).
This implies that X* is a @-saturated open subset of X and it follows
easily that ¢:X* — ¥ =¥ — C is a geometric quotient. Now one sees
easily that ¢ goes down to a geometric quotient ¢:X* — Y* as required
in (iii) and the theorem follows.

Let H, ,(E) denote the Grassmannian of r-dimensional quotient lin-
ear spaces of a p-dimensional vector space E (over C). We have a canon-
ical immersion of H,, ,(E) into the projective space associated to A"~ E
and if X = H)) (E) denotes the N-fold product of H, (E), we have a
canonical projective embedding of X, namely the Segre embedding of
X associated to the canonical projective embedding of H,, ,(E).

There is a natural action of GL(E) on H), ,(E) and this induces a
natural action (diagonal action) of GL(E) on H;,\{ +(E). The restriction of
this action to the subgroup G = SL(E) of GL(E) is a linear action with
respect to the canonical embedding of X.

We denote by X**(respectivelyX*) the set of semi-stable (respectively
stable) points of X for the action of G with respect to the canonical
projective embedding of X.

With the above notation, we have the following important computa-
tional result of Mumford:

Theorem 3 Let X = H) (E) and X*,X* be as above. Then for x €
X,x ={E;}1<i<n,Ei a quotient linear space of dimension r of E,x € X*
(respectively X*) if and only if for every linear subspace (respectively
proper linear subspace) F of E, if F; denotes the canonical image of F
in E;, we have

T YN dimF _ dimF
. >

(respectively >).
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Outline of proof. (a) Let us call a a rational homomorphism of G,, into
G a one parameter subgroup of an algebraic group of G (abbreviated
1-ps of G).

Let there be a given linear action of a reductive algebraic group G on
a projective scheme X C P".

Then a basic result states that x € X** (respectively X*) if and only if
it is so with respect to the restriction of the action of G to every 1-ps of G
(cf. page 53, Chapter 2, [9]). This fact can be expressed in a quantitative
manner as follows:

Suppose there is an action of G,, on the projective space P, in-
duced by a linear action of G,, on the affine space A"*!. With re-
spect to a suitable coordinate system in A"*!, this action is given by
x = (X0,...,X) — (Qxp,...,a"™x,) where a is the canonical coordi-
nate of G,.

One defines for x € P", u(x) = max{—r; | i such that x} # 0} where
x* = (X}) is a point of A" over x € P".

In this manner, for the action of G on X, we obtain an integer f(x,A)
for every x € X and every 1-ps A of G.

We note that if y is the specialization of a-x as @ — 0, u(x,A) =

iy A).
The above result can be expressed as follows (cf. §1, Chapter 2, [9]):

t(x,A) > 0 (respectively > 0)
x € X* (respectively X*) < or u(y,A) > 0 respectively > 0, y being the
specialization of & -x as o« — 0

The proof of (a) is not difficult. By the definition of stable and semi-
stable points of X C P", we are reduced to proving the following: we are
givelll a linear action of G (assumed reductive, affine) on the affine space
AL

Then if x € A"*! such that the orbit morphism y; :G — A" with
respect to G is not proper (respectively the closure of ¥, (G) does not
pass through the origin in A"*1) then there is a 1-ps A of G such that the
orbit morphism ¥, ;:G,, — A, 1| with respect to A is also not proper
(respectively the closure of ¥, 1 (Gy) does not pass through the origin
in A"1). The proof of this is given on pages 53—54 of §1, Chapter 2 [9].

(Note, incidentally that for the case when G = GL(r) or SL(r), a
theorem of Iwahori which is used in [9] in the proof, is quite easy).

(b) Let X = HII,\fr(E). If x € X, let us write
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x=(L',...,[N)

where L, 1 < i < N, denotes a k-dimensional hyperplane of the projec-
tive space P(E) associated to E (in the usual sense).

If we take a 1-ps A of SL(E) in the diagonal form, say A(a) =
(a'id,),0 < i,j < p—1,and ro > r; > ... > r,_1, the specializa-
tion y of o -x can be computed explicitly and thereby a formula for
1(x,A) = u(y,A) is obtained.

This formula holds even when ry > ry > ... > r,_; and being a linear
function of r;, t(x,A) is positive for every 1-ps A in the diagonal torus
T of SL(E) if and only if it is so for the extreme sets of r;, namely when

(p—l—q):r():...:rq;rqH :...:rp_lz—(q—{—l)

Writing down this condition and writing it in an SL(E) invariant
form, we get the theorem. For details, see §4, Chapter 4 [9].

This theorem is quite nontrivial and represents one of the significant
computations made in [9].

4. Stable bundles and stable points in H',(E)

We follow now the notations and conventions made at the beginning of
this chapter.

Consider the category S, of semi-stable vector bundles on X of rank
r and degree 0. Then if m is an integer which is sufficiently large, we
have H'(V(m) = 0 and H°(V(m)) generates V (m), for every V € S,
Proposition 3, Chapter Il, Fix such an integer m. Let P be the Hilbert
polynomial of V(m), V € S, and E the trivial vector bundle on X of rank
= dimHO(V (m)).

Let Q= Q(E/P),R=R(E/P)and Ry = R(E/P) be as in §2, Chapter
II. Let R* (respectively R®) denote the subset of g € R such that the
vector bundle associated to F is semi-stable(respectively stable).

Let us denote by F, the vector bundle associated to the coherent sheaf
JF, and by F the vector bundle on X X R associated to the restriction of
the defining sheaf J of {F,} to X X R;.

Let n denote an ordered set of N points Py, ..., Py on the curve X. Let
Xi:R1 — H, (E) be the morphism into the Grassmannian of » dimen-
sional quotient linear spaces of the p-dimensional vector space H°(E)
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(we set p=dim H°(E)) which assigns to ¢ € R the fibre at P; of the vec-
tor bundle F;; considered canonically as a quotient linear space of H O(E)
(if we conform to the notations of 3, we should write H,, ,(H°(E)) in-
stead of H,, -(E). We use this notation for simplicity).

Let x:R; — H;,\fr(E) be the morphism defined by x(q) =
{xi(9)}, 1 <i<N.Let G= GL(E) be the group of automorphism of
the vector bundle E.

Then we have G = GL(H"(E)) and we see that ¥ commutes with the
canonical actions of G on R and Hf,\f +(E) respectively (for the latter it is
the diagonal action, cf. §3).

We shall now extend the above morphism y:R| — Hix +(E) to a multi-
valued set mapping of Q = Q(E/P) into HII,\C +(E) and we shall denote
this extension by

(P:{(P}i, ¢i:Q1_>Hp,r(E)a ISZSN

(if one prefers, @ is a subset of Q; X HI],V,(E) and &; is a subset of
Q1 xH,,(E),1 <i<N).

Suppose now that for g € Q, F, is not locally free i.e. ¢ ¢ R1. Then
we have F, =V, ® T, where V, is locally free and 7}, is a torsion sheaf
(because X is a smooth curve).

Suppose that P; ¢ Supp 7, (support of 7). We then define ®;(g) €
H, ,(E) as the fibre of the vector bundle V,, associated V, at P; consid-
ered canonically as a quotient linear space of E of dimension r.

Suppose that P; € Supp T,; we then define @;(qg) to be any point of
H,,(E).

We thus obtain a multi-valued (set) mapping ®;:Q — H, (E). It is
easy to see that &; is a morphism in a neighbourhood of ¢ € Q if and
only if P; € Supp.T; (for by Lemma 4 of §2 Chap. II), we see that the
defining sheaf J of {F,} is locally free in a neighbourhood of (P; x ¢q)
in X x Q which implies easily that &; is a morphism in a neighbourhood
of g).

We see immediately that the graph of ®; in Q x H), ,(E) is closed and
contains the closure of the graph of y:R; — HII,V AE).

Then with these notations we have the following basic fact which
connects stable (respectively semi-stable) bundles with the stable (re-
spectively semi-stable) points in Hff)\{ (E) for the canonical action of G.

Proposition 9 If m and N (N = cardinality of the set n of points
Py,...,Py) are sufficiently large, then for g € Q = Q(E/P),®(q) is a
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semi-stable (respectively stable) point of HIIX A(E) for the canonical ac-
tion of G if and only if g € R* (respectively R®) i.e. the vector bundle F,
is semi-stable (respectively stable). Recall that G = SL(E).

The proof of this proposition, though not difficult, requires some
careful analysis. To prove the proposition is to prove equivalently the
following two assertions; namely

qER” = @(q) =x(q) € Hy (E)* ()
q € R¥ then ®(q) is in H) (E)* if and only if g € R®

and
®(q) € H) (E)” = g R (B)

The proof of (A) is to be found in §7, especially Propositions 7.2, 7.3
and Theorem 7.1 [17].

The proof of (B) is given in §3, Lemma 2, [18] and is more delicate
than that of (A).

Here, we outline only a proof of (A) but not of (B).
Outline of proof of (A). 'We claim for sufficiently large m, we have the
following:

(a) if G is any sub-bundle of V,V € S, such that degG = 0, then
H'(G(m)) = 0and H°(G(m)) generates G(m). Further, we have

dimH%(G(m))  dimH°(V(m))
tkG(m) — tkV(m)

(b) let G be any sub-bundle of V,V € S, such that degG < 0 and
H°(G(m) generates G(m) generically (i.e. there is at least one point x €
X such that H%(G(m)) generates the fibre of G(m) at x).

For the proof of (a), we observe that if G satisfies the hypothesis of
(a), then G is semi-stablei.e. G € S, 1 <k <r.

Now for sufficiently large m, we have H’(V (m)) generates V (m) and
H'(V(m))=0foreveryV € S;,1 <k<r.

The equality

dimH°(G(m))  dimH°(V (m))
tkG(m)  tkV(m)

is an immediate consequence of the Riemann—Roch theorem.
For the proof of (b), we proceed as follows. We have the following
simple
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Lemma 5 Let V be a vector bundle on X such that H*(V) generates V
generically. Then we have

dimH°(V) > degV + rkV.

The proof of this lemma is quite simple (cf. Lemma 7.2 [17]).

If rkV =1, the hypothesis implies that V can be defined by an ef-
fective divisor D and the above inequality is obtained by induction on
degD. Then the general case is obtained by induction on rk V.

To continue the proof of (b), we observe that if 6 is an integer and
B, is the category formed of vector bundles G on X such that G is a
sub-bundle of some V € S, and deg§G > 6, then B is bounded.

For proving this, we note that since S, is bounded, there is an integer
e such that whenever W is an indecomposable vector bundle on X such
that degW > e and tkW < r, the only homomorphism of W into any
V, V € 8, is the zero one (cf. Proposition 11.1, [12]).

This implies that the degrees of the indecomposable components of
any § € B are both bounded above and below. Then by a theorem of
Atiyah (cf. p. 426, Theorem 3, [1]) it follows that B is bounded.

Fix now the integer 0 so that whenever G is a sub-bundle of some
V € §, and satisfies the condition deg§ < 6, we have

deg§
G < —g.

Let G be a sub-bundle of some V € S, such that H°(G(m)) generates
G(m) generically and degG < 6. Then by Lemma 5, we have

dimH(§(m)) < deg G(m) + rk (G(m))
so that

dimH%(S(m)) < deg G(m) - deg§
tkG(m) = rkG(m) ~ 1k§
where L is the line bundle defined by Ox(1).

On the other hand since for sufficiently large m, we have H' (V (m)) =
0 for every V € S,, by applying the Riemann—Roch theorem we get

+1+mdegL

dimHO(V (m))

rk V (m) = —g+1+mdegL, m sufficiently large.
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Since we have —g > deg G/rk G, (b) is proved in this case.
Suppose now degG > 6 and G is a sub-bundle of some V € S, i.e.
G € By. Then for sufficiently large m, we have also H'(G(m)) = 0.
Then by Riemann—Roch theorem we have

dimH%(G(m))  deg§
tk G(m) kg
We have deg G < 0 and this implies immediately that

dimH%(S(m))  dimHO(V(m))
tk G(m) tkV(m)

—g+1+mdegL, for m sufficiently large.

1.e. (b) is proved.

Choose now an integer m such that the properties (a) and (b) above
hold. Let V € S,. Then if L is a proper linear subspace of H%(V (m)), we
set

p(L) = %Zﬁvz'ldlmLi or

dimL p
where p = dimH°(V(m)) = rk E and L; denotes the canonical image of
L in the fibre of V(m) at P;(Py,. .., Py the ordered set n of points on X).

To prove (A), we have to show that p(L) > 0; further if V is semi-
stable and not stable, there is an L such that p(L) = 0 and that if V is
stable p(L) > 0.

Let G be the unique sub-bundle of V (m) generated by L; set

kG r, (L)_ﬁ_f
dmZ p- PP T dmA0G) " p

pi(L) =

Suppose now that
)
degG degV(m)
kG rkV(m)
and that L = H%(G). In this case V is semi-stable but not stable.
Then we have p(L) = p;(L) further p;(L) = 0. This implies that

p(L)=0.
Suppose that
(i)

degG  degV(m)
kG rkV(m)

and L # H°(G).
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Then p; (L) > p2(L). But po(L) = 0 by (a).
Therefore we have pj(L) > 0. Suppose that
(iii)
deg§ - degV (m)
k G tkV(m)
Then p; (L) > p2(L) and p2(L) > 0 by (b) above. Therefore again in this
case p1(L) > 0. Thus when (i) does not hold, we have p;(L) > 0. Now
we have

1 N .
— _ I_Vzi:I(TkS—dlmLi)
Pt =Pl = dimZ

Let A be the number of distinct points x € X such that L does not
generate the fibre of G at x. Then we have

(¥ I e -y 20

Now we have the following

Lemma 6 Let W be a vector bundle on X and M a subspace of H*(W)
such that M generates W generically. Let [l be the number of distinct
points x € X such that M does not generate the fibre of W at x. Then we
have u < degW.

The proof of the lemma is quite easy (cf. Lemma 7.1 [17]) and we do
not give it here.
Now this lemma and the inequality () above it implies

deg Grk (G
eI > (o0 - pw) =0
We h

© e deg§ < degV(m)

kG — rkV(m)

Therefore, we have

m)-r 2
NV dimE 2 (P11 P (1) 20

Since dimL > 1, we have in fact

degV (m) -k (G)?
N-1kV(m)

(s4) > (p1(L) —p(L)) > 0.
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Now if N is sufficiently large, we conclude we have in fact p(L) > 0 in
cases (ii) and (iii) since we had already p; (L) > 0.
This proves the assertion (A).

Corollary 1 (of Proposition 9) Let {V, },cr be an algebraic or analytic
Sfamily of vector unless on X of degree 0. Then the subset T*® (respec-
tively T*) consisting of points t € T such that V; is semi-stable (respec-
tively stable) is open in T. In particular R*® (respectively R*) is an open
subset of R (notations as in the above proposition).

Proof. Consider the multi-valued set mapping ®:Q — HII,V +(E) for
sufficiently large m and N as in Proposition 9, Chapter II. Let ¥:R —
HI],\{ +(E) denote the morphism induced by &. Then

R* (respectively R*) = xil(H;X +(E)*) (respectively xil(H;,V’ A(E))?).

Since H),(E)* (respectively H),(E)*) is open Theorem 2, Chapter
I1, we deduce that R*® (respectively R®) is an open subset of R. Then by
the local universal property of R by Proposition 6, Chapter II, it follows
immediately that 7°° (respectively 7°) is open in T'.

Corollary 2 Let x:R* — HIIX +(E)*S be the canonical morphism induced

by the multi-valued set mapping P: Q — HIIX +(E) as in the above prepo-
sition. Then if m and N are sufficiently large, X is a proper morphism;
in fact we can find an integer my and an ordered set of points n on X
such that for any integer m and an ordered set of points n with m > my
andn Oy, if X:R* — H IIQV’ ~(E)% is the canonical associated morphism,
then Y is a closed immersion.

Proof. We shall prove first that ) is proper when m and N are suffi-
ciently large.

Let us denote by the same letter @ the graph of the multi-valued set
mapping ¢: Q0 — Hl],\{ +(E).Let I' be the graph of the morphism y: R* —
H),(E)* and ¥ the closure of I" in Q x HY (E).

We have @ D W (see the discussion preceding the above proposition).

By the above proposition, we have (for sufficiently large m and N)

PN (QxH) . (E)*)=T.

It follows then that
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W (QxHY (E)) =T,

Since ¥ is closed in Q x H) (E), the above relation implies that I,
which by the definition is closed in R* x HI],V +(E)* is, in fact closed in
O xHJ (E)*®.

Since Q is projective, in particular proper, over C, the canonical pro-
jection of Q x HY (E)* onto HY (E)* is proper and this implies that
X:R* — Hl],\f +(E)* is proper for sufficiently large m and N.

Finally to show that y is in fact a closed immersion for a choice of
m and n as indicated above, it suffices to show that there exists ny such
that whenever n > ng, ) is an immersion.

This is quite easy and in fact a consequence of a more general fact.
Let us show for example that there exists n such that whenever n D ng, ¥
is injective.

Now {F,},cr represents a family of quotient bundles of E such that
if g1 # ¢, then the canonical maps E — F, ,E — F,, represent distinct
quotient bundles of E.

It follows then easily that given distinct points ¢, ...,qs of R, there
exists a point P € X such that the fibres of Fy,,...,F, at the point P
considered canonically as quotient spaces of H° (E) are distinct.

From this one deduces easily (by the well-known diagonal argument)
that there exists an ordered set of points ng such that the canonical mor-
phism y:R — HIIJV +(E) induced by @ (associated to ng) is injective.

This proves the assertion regarding injectivity.

To show that there exists ngy such that x: R* — H[[)\f ~(E) is an immer-
sion, we have only to show that the differential map d ) of y is injective
at the tangent space of every one of the points of R* (note that R and
Hz,\f +(E) are smooth).

The proof of this is similar and is left to the reader. This completes
the proof of the corollary.

5. Proof of the main results

We say that a vector bundle V on X is unitary (respectively irreducible
unitary) if it is associated to a unitary (respectively irreducible unitary)
representation of I.
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We say that a m-vector bundle on X is w-unitary (respectively irre-
ducible w-unitary) if it is associated to a unitary (respectively irreducible
unitary) representation of I .

(We recall that pg: X — X represents a simply connected covering of
X, Ip=m(X),Y =X/I' and & =T /Ip).

We need the following observation in the sequel:

Let {E; };c7 be an algebraic (or analytic) family of 7-vector bundles
on X, defined by a vector bundle E on X x T. Then ¢ — dimH'(X, 7, E;)
is an upper semi-continuous function.

To see this, let g: X X T — Y x T be the morphism ¢ = p X id and
F = ¢T(E). Then we claim that pT(E;) = F; (which implies that F
is a vector bundle). This claim follows from the fact that “taking 7-
invariants commutes with base change, in particular taking restriction
to the m-closed subscheme X x ¢ of X X T”’. We have already seen that
H(X,m E,) = H(Y,F), so that the required semi-continuity property
follows from the usual semi-continuity theorem for the family {F;} of
vector bundles on Y, parametrized by T'.

Proposition 10

(i) LetV be a unitary (respectively m-unitary vector bundle on X ). Then
V is semi-stable (respectively m-semi-stable).

(ii) Let V be an irreducible unitary (respectively irreducible m-unitary)
vector bundle on X. Then'V is stable (respectively m-stable).

(iii) Let {V;}ier be an analytic family of vector bundles (respectively T-
vector bundles) on X such that V; is stable (respectively m-stable) of
degree zero for everyt € T. Then the subset Ty of T formed by points
t € T such that V; is unitary (respectively m-unitary) is a closed sub-
set of T (for the usual topology).

Proof. (i) To prove (i) it suffices to show that if V is unitary (the 7-
unitary case is a consequence of this), then V' is semi-stable. (cf. defini-
tion of 7-semi-stability §1, Chapter II).

Suppose that V is not semi-stable. Then there exists a sub-bundle W
of V such that degW > 0. Let k = rkW. Then AW is a line bundle such
that deg(A\W) = degW > 0 and A*W is a line sub-bundle of AKV. Now
AKV is again unitary so that we can suppose without loss of generality
that W is a line bundle.
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We can find a line bundle W; such that degW; = degW and W has
a section s,s5 # 0, vanishing at least at one point of X (for W; defined
by a divisor D with support at a unique point of P and multiplicity at
P = (degW). Then we have W) = W ® L where L is a line bundle of
degree zero.

Therefore L is unitary (we use here the classical theorem that a line
bundle on X of degree zero is unitary, in fact this is also an easy part of
the proof of the next theorem) so that V ® L is also unitary.

Thus again to prove (i), we can suppose without loss of generality
that W has a non-zero section s vanishing at least at one point of X.

But V has only constant sections (i.e. if E is the representation space
of a representation of I defining V.,V is associated to the canonical -
bundle X x E and Ij-sections of this bundle on X are constant i.e. given
by Ip-invariant elements of E) by Proposition 1, §1, Chapter I. This leads
to a contradiction. This proves (i).

(1) Let V be an irreducible unitary (respectively irreducible 7-
unitary) vector bundle on X. Then by (i) V is semi-stable (respectively
m-semi-stable). Suppose that V' is not stable (respectively 7m-stable).
Then there is a sub-bundle (respectively m-sub-bundle) W of V such
that degW = 0.

Let k = rkW. Then similar to what we did in (i), we can suppose
without loss of generality that AYW is trivial (respectively trivial as a
7t-bundle), for this we make use of the fact that a 7-line bundle L such
that deg L = 0, is m-unitary. This will also follow from the next theorem.

Then there is a non-zero section (respectively 7-section) so of AKW.

Now s¢ can be identified canonically with a section (respectively 7-
section) of AKV and is denoted by s.

We see that s(x) is a decomposable element (or tensor) of the fibre of
AV at x.

But AV being unitary (respectively 7-unitary), s is a constant sec-
tion (in the sense explained in (i) above). Hence s identifies with a de-
composable tensor s of NKE (E as in (i) above) which is Ip-invariant
(respectively, I'-invariant). Hence we get a subspace F' of E of rank
k, which is I-stable (respectively I '-stable). This contradicts the irre-
ducible nature of E and (ii) follows.

(iii) Let r = tkV; forevery t € T.

Let S be the C-analytic space of all representations of Iy into GL(r, C)
(respectively of all representations of I" into GL(r,C)).
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Let U denote the subset of S corresponding to unitary representa-
tions. We see easily that there is an analytic family {W;}cg of vector
bundles (respectively m-vector bundles) on X parametrized by S. Let K
be the subset of S x T consisting of point (s,#) such that Hom (W, V;) #
0 (respectively 7 — Hom (W, V;) #0).

By the semi-continuity theorem, K is closed in § x T. Since U is
compact, Ko = pry(KN(U x T)) is closed in T

Now t € Ky if and only there is a unitary (respectively 7-unitary)
bundle Wy, s € U such that Hom (W, V;) # 0. Since W; is semi-stable
(respectively m-semi-stable) and V; is stable (respectively 7-stable), this
is equivalent to saying Wy ~ V; (Proposition 2, Chapter II). i.e. Ky = Tj.
This proves the proposition.

Theorem 4

(i) Let V be an irreducible m-unitary bundle on X (X being a smooth
complete curve over C on which a finite group T operates); let T be
its local type.

Then every m-stable bundle W on X which is of degree zero and
locally of type T (Remark 1, Proposition 2, Chapter I) or equivalently
of degree zero and locally isomorphic to 'V (i.e. for every x € X, T,-
isomorphic to V in some T-invariant neighbourhood of x) is also
(irreducible) m-unitary.

(ii) Suppose that g = genus of Y > 2, Y = X mod . Then every 7-stable
vector bundle on X of degree zero is T-unitary

Proof. Choose an integer m such that H(W (m)) generates W (m) and
H'(W(m)) = 0 for every W € S, — the category of semi-stable vector
bundles on X of rank r and degree zero , where r = rk V.

By Proposition 10, V is 7-stable so that we have also that HO(V (m))
generates V (m) and H' (V (m)) = 0.

Let R =R(E/P), P being the Hilbert polynomial of V (m), (notations
being as in Proposition 6, Chap. II) and E the m-vector bundle on X
associated to the canonical z£-module H%(V (m)).

Then the quotient m-vector bundle E — V(m) is in R*. Now R" is
irreducible and smooth (Proposition 6, Chap II).

Let R™* denote the subset of R? of points ¢ € R such that the m-vector
bundle F is 7-stable. Then R®* is a Zariski open subset of R as will be
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shown in the proof of the next theorem (Theorem 5). Therefore R™* is
also irreducible, in particular connected.

By Propositions 7 and 10 (Chap. II), the subset U of points g € R™*
such that if F, = V,(m),V, is m-unitary is open and closed in R** for
the topology of the underlying analytic spaces. Now U is non-empty
by hypothesis. Therefore U = R** so that we conclude that for every
g € R** if F; =V,(m), then V, is m-unitary.

Since every m-stable vector bundle W of m-degree zero and of local
type T occurs in R™*, the part (i) of the theorem follows. Note that by
Corollary 1, Proposition 9, Chapter 1I, R*® and R® are Zariski open in
R and R° respectively being defined by ¢ in R such that F; is stable
(respectively semi-stable), so that (i) follows.

(ii) If g > 2, by Proposition 8, Chapter I there is always an irreducible
unitary representation p of I" such that p(Cy) = py(Cy). The type of the
n-vector bundle defined by p is determined by the conjugacy classes of
pv(Cy). Hence there is always a vector bundle as in (i) and (ii) follows
from (i).

Theorem 5 Suppose that g = genus of Y > 2,Y = Xmodn,X being a
smooth complete curve over C on which a finite group operates.

Let St denote the category of m-semi-stable vector bundles on X of
rank r, degree zero and fixed local type 7T (for definition of local type see
Remark 1, Proposition 2, Chapter 1)

Let S denote the set of equivalence classes of objects in St under the
equivalence relation Vi ~ V,,V1,Va € St if and only if gr Vi = gr Vs,
(see the definition included before Proposition 2, Chapter I1).

Then on 8; there is a unique structure of a normal projective variety
denoted again by S; such that (i) if {V;}ier is an algebraic family of
n-vector bundles such that V, € St for everyt € T then the canonical set
map f:T — S defined by t? gr,.V; is a morphism and (ii) given another

structure 8' having the property (i) the canonical set map S; — 8’ is a
morphism.

Further the underlying topological space of S coincides canonically
with the topological space of equivalence classes of m-unitary vector
bundles on X of local type 7.

Proof. With respect to the category S; choose an integer m so that
HO(V(m)) generates V(m) and H'(V(m)) = 0 for every V € S,. Let
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E be the m-vector bundle on X associated to the canonical 7-module
H°(V(m)), V € S;. Let H = AutzE and G = AutE i.e. the group of
automorphisms of the underlying trivial vector bundle of E. Let P be
the Hilbert polynomial of V (m),V € S;.

Let R = R(E/P) and R*(C R) be the smooth schemes on which G
and H respectively operate as in Proposition 6, Chapter II.

Let R* (respectively R®**) denote the subset of g € R (respectively
R") such that if F, = V,(m) then V, € S, (respectively S;). Recall that
RS (respectively R™%) is G-stable open (respectively H-stable open) in
R (respectively R"), which is a consequence of Proposition 6, Corollary
1 of Proposition 9 (Chapter II) and the definition of 7-semi-stability.

Let p = rk E. Then for a suitable choice of m and an ordered set n of
points Py, ..., Py, the canonical G-morphism

KRS — HY,(E)*

is a closed immersion. (by Corollary 2, Proposition 9, Chapter II).

Now HI],V +(E)* has a good quotient modulo G and this is projective
(by Theorems 2 and 3 of Chapter II).

Now x being a closed immersion, R* has also a good quotient
0:R* — M modulo G and M is projective (by Proposition 8, Chapter
1D).

We see easily that R*® has also a good quotient modulo H and it is
affine over M. This also holds for closed subschemes of R** stable un-
der H. In particular we see that R™** = R* N R*,R®* = R* N R* (recall
that R is a connected component of R*, by Proposition 6, Chapter II)
have good quotients modulo H. We see that R*, R®* are smooth va-
rieties so that their good quotients are normal varieties. Let N be the
good quotient R*** modulo H and 6;: R** — N the canonical quotient
morphism. We have a canonical morphism j:N — M. We claim that it
is an affine morphism. In fact, we have an affine covering {V;} of M
such that W; = 8~1(V;) is affine and G-stable. Then W/ =W;NR" is
a closed H-stable subscheme of W;. In particular it is affine and we see
that j~1(V;) is just the good quotient W! mod H, which is affine. This
shows that j is an affine morphism. Since M is projective it follows that
N is quasi-projective.

We shall now show that R®* is Zariski open in R™** by an argument
similar to the one in [12]. As we saw in the previous theorem (Theorem
4, Chapter II) this would imply that every 7-stable vector bundle of rank
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r and degree zero on X is (irreducible) w-unitary. We shall prove this by
induction on the rank r.

For r =1 there is nothing to prove since 7-stability just means it is
a m-line bundle so that in this case R®* = R*. The induction hypothe-
sis implies that every 7-stable vector bundle that is of degree zero and
rank < (r — 1) is (irreducible) m-unitary. Let R* = R™* — R™". we see
then that ¢ € R* if and only if (a) there is a non-zero 7-homomorphism
of a m-stable vector bundle W on X of rank < (r — 1) and degree zero
into V, (recall F, =V, (m), E — F, the quotient representing g € R*** C
Q(E/P)), or equivalently (b) there is a non-zero 7-homomorphism of
a m-unitary vector bundle W of rank< (r — 1) into V,. We see that we
have a family of m-vector bundles on X, parametrized by an algebraic
scheme T whose points represent the bundles in (a). Then by an argu-
ment similar to the proof of (ii1) of Proposition 10, Chapter II, it follows
that R* is the image of a Zariski closed set in X x T'. This implies that R*
is constructible. A similar argument using (b) shows that R* is the image
of a closed set in X x K, where K is compact (in the usual topology) so
that R* is closed with respect to the usual topology in R™**, so that R* is
Zariski closed in in R (cf. Lemma 12.2, [12]). Hence R®* is Zariski
open in R™*, Note that R** is non-empty.

Let U denote the set of unitary representations of I" of rank r and
of local type 7. As we have often done before, using an analytic family
of m-vector bundles containing all 7-vector bundles corresponding to U
and the local universal property of R® (cf. Proposition 6, Chapter II) we
get a canonical continuous map A:U — N.

By the previous theorem (Theorem 4, Chapter II) the image of A
contains 6;(R"*) which is dense in N (by Chevalley’s theorem since 6;
is dominant) and U being compact it follows that A is surjective and N
is projective.

Further, if u;,u; € U and the representations of corresponding to
uy, uy respectively are equivalent, then A (1) = A (uy).

Suppose we show that

q1,92 € R"™, gr F, # gr F,, then 6:(q1) # 6:(¢2) (*)

Then it will follow that A induces a homeomorphism of the topolog-
ical space of equivalence classes of unitary representations of I" of rank
r and local type T with N and in fact that 0;(q;) = 6:(q2) if and only if
gr F, = gr F,,. We see that N ~ 8.
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The universal properties of the theorem are now immediate conse-
quences of the local universal property of R* given by Proposition 6,
Chapter 1II.

Thus, to conclude the proof of the theorem it suffices to prove (x).
To prove (), we have to show that if g;,g> € R®** as in (), then

O(q1) N O(q2) is empty

where O(q1),0(q2) represent the closures in R™* of the orbits O(q),
O(q») through g1, g respectively under H.

Suppose that ¢ € O(q) N O(g2). Then we can find a smooth curve C
and a morphism p:C — O(q;) such that if & is the generic point of C
then 1(€) € O(q1) and there is a (closed) point &y € C such that (&) =
q.

We can now suppose without loss of generality that gr, Fy is constant
for every y of the form p(x),x € C,x # &y (by taking C to be a suitable
neighbourhood of &).

Taking the inverse of the family {F,} by the morphism u, to prove
(*), we are easily reduced to prove the following

Lemma 7 Let {V;};cr be an algebraic family of vector bundles (re-
spectively m-vector bundles) on X parametrized by an irreducible
smooth curve T, and let ty € T. Suppose that (i) Vt,V; is semi-stable
of degree zero (respectively m-semi-stable of m-degree zero) and (ii)
grVi(respectively grzV;) is constant fort € T,t # tg. Then grV, = grV;,
(respectively grpV; = grzV;) foranyt € T.

Proof of lemma Let grV; = W) @ --- @& W, W, being stable of degree
zero (respectively 7-stable of m-degree zero) fort € T, t # t(. The proof
is by induction on k.

Let k = 1. Let D = {r € T | dimHom(W},V;) (respectively
dim Hom z(W;,V;)) > 0}. By the semi-continuity theorem, D is closed
in 7. But S D Ty, where Ty = T —tg. Therefore D = T. This implies that
W1 = V; (Proposition 2, Chap. II.) This proves the lemma for the case
k = 1. Let us go to the general case.

Let D; = {t € T | dim Hom (W}, V;) (resp.dim Hom (W;,V;) > 0}.
Then Dy is closed in T and UyDy =T.

This implies that at least one Dy is T; say D; = T, so that we have
Hom (W1, V;) (respectively Hom (W,V;)) # 0 for every r € T.
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We can now suppose that dim Hom (W;,V;) (respectively,
Hom (W},V;)) is constant for every t € U where U is a non-empty
open subset of 7.

Let V be the defining bundle (respectively m-bundle) on X x T
of the family V;. Then P = (pry).(Hom ((pry)*(W;),V)) # 0 where,
Hom ((pry)*(W;,V) denotes the sheaf of germs of homomorphisms of
(pry)*(Wp) into V.

We can suppose, without loss of generality, that 7' is an affine neigh-
bourhood of #y. Then the above implies that there is a homomorphism
f:(pry)*(W)) — V and we can suppose without loss of generality that
the restriction of f to every X x t,t € T is non-zero (for P = P| ® P,
where P; is locally free and P, is a torsion sheaf and we can take a sec-
tion of P which comes from that of P; and does not vanish on the fibre
of the vector bundle associated to P; at ty).

This implies that (pry(W;) can be considered as a sub-bundle of V;
let V; be the quotient bundle of V' by this sub-bundle.

Now the family defined by V; satisfies the hypothesis of the lemma
and (grV}), (respectively (gr,V;);) is of length < k. Now the induction
works and the lemma is proved.

This completes the proof of the theorem.

Remark 5 (i) Taking 7 to be the trivial group, we get the theorem for
semi-stable vector bundles of fixed rank and degree zero on a smooth
complete curve of genus > 2, proved in [17].

Note that the above theorem (Theorem 5), because of Remark 6,
Proposition 5, Chapter I, includes also the generalizations of the main
theorem of [17] to arbitrary degree (by creating more ramification points
with special local types).

(i1) The dimension of the variety S; is

1 m
r2(h—1)+1+§ ey
v=l1
where h = genus of Y, r = rank of the vector bundles in question and
ey the integers determined by the local type 7 (cf. (v), Proposition 6,
Chapter II and Proposition 7, Chapter I).
(iii) The variety S; is smooth at the points corresponding to irre-
ducible m-unitary vector bundles or equivalently 7-stable vector bun-
dles.
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This is an immediate consequence of the corollary to Proposition 6,
Chapter II.

(iv) Let {Vi};er be a family of m-vector bundles of type T,
parametrized by an algebraic scheme 7. Let T° (respectively T°°) be
the subset of T defined by ¢ € T such that V; is 7-stable (respectively
m-semi-stable) of type 7. Then T° (respectively 7°%) is Zariski open.

For the case of usual vector bundles and 7-semi-stable vector bun-
dles, this follows from Corollary 1, Proposition 9, Chapter II. For the
m-stable case, this is a consequence of the fact that R™* is open in R7,
shown in the course of the proof of the above theorem and the universal
property of R® (cf. Proposition 6, Chapter II).

When T is an analytic space, a similar assertion holds, in fact 7 — 7*
and T — T* are closed analytic subsets of T'.

(v) We saw above that the morphism j:N — M is affine. On ethe
other hand N and M are projective varieties. It follows then that j is a
finite morphism.

(vi) We see easily that for ¢ € R, R"* if and only if the H-
orbit O(g) in R™* is closed and dimO(q) = dim H — 1 = dim PH( =
H modulo scalars).

Remark 6 The gaps mentioned in the footnote on p. 1 are in the proofs
for the projectivity of N as well as for the openness of R** in RS,
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