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PART A

(1) A, B, C
(2) A, B, D
(3) C, D.
(4) C.
(5) A, B, C,D
(6) A, C.
(7) A, D.
(8) B.
(9) B.

(10) A.

PART B

(11) (A) = (B) : Let K be a nontrivial minimal subgroup of G. Then K N H is
nontrivial and by minimality K N H = K. This gives the first statement of (B).
Let 0 # x € G. Then (x) N H #+ 0, so that nx € H for a positive integer n. Here
(x) denotes the subgroup generated by = in G. This gives the second statement of
(B). (B) = (A) : Let K be a nontrivial subgroup of G. To prove that KN H # 0,
it is enough to show that (a) N H # 0 for some nonzero element a € K. So let
us assume that K = (a) is cyclic. If K is finite then it will contain a minimal
nontrivial subgroup which is contained in H by the first statement of (B). So
K N H # 0. Suppose that K is infinite. By hypothesis, na € H for a positive
integer n. Since a has infinite order, we conclude that 0 # na € H N K.

(12) (A) Since IJ CINJ, Z(INJ) C Z(IJ). To prove the containment in the other

direction, let a € Z(IJ) and f € I N J. We want to show that f(a) = 0.
Note that f2 € IJ. Hence f(a)? = 0. Therefore f(a) = 0.

(B) I(a) is the kernel of the surjective ring homomorphism €(R) — R, f = f(a).

(C) If fand g have compact support, so does f + g. If f has compact support
and g is any continuous function, gf has compact support. Hence the given
set is an ideal. If it were not a proper ideal, it would contain the unit, i.e.,
the constant function 1, which is not compactly supported. For every a € R,
there exists a compactly supported continuous function fsuch that f(a) # 0.

(D) False. Choose a maximal ideal p containing the ideal I given in (C). Then
Z(p) CZ(I)=0.

(13) The relation A(f(x)+g(y)) = zy, for all points z,y € R imply that h is surjective.
If f(z) = f(y) then x = h(f(z)+g(1)) = h(f(y)+g(1)) =y, hence f is injective.
Also since f is continuous, f is strictly monotone. If f is bounded above then
lim,, . f(x) = « exists, but

ha+g(1) = lim h(f(x) +g(1) = lim z = cc.
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So f is unbounded above, and similarly unbounded below. Thanks to continuity
f maps onto R. So f is a bijection. So f(z) + g(0) takes all values in R. But
h(f(x)+ g(0)) = 0 for all z, which is a contradiction.

i k+1 1

(14) [ flz)g(na)de = 5 [ F(2) g(y)dy = 3, [ F(E)gtwdy = 530 [ f(52) 9(2)dz,
by periodicity of g. By replacing g by g + ¢ for some constant ¢, we can assume
g is non-negative. Using continuity and mean value theorem for integrals, we

can write the above sum as & 3" f(%) j(;l g(z)dz for z, € (0,1). Now
1 St (M) converges to the Riemann integral fol f(x)dx.

(15) (A) True. Let a € R? be such that f(a) > 0 and b € R? be such that f(b) < 0.
Let ¢ be the line perpendicular to the segment joining a and b passing through
the midpoint of the segment. For each p € ¢, there is a straight-line path
joining a with p and then p with b. On each such path there is a point ¢ such
that f(q) = 0.

(B) True. Let U = (a,b). Suppose that f(U) is open. Note that f(U) is bounded.
Then Of(U) is uncountable. On the other hand, since OU has exactly two
elements, 0f(U) is finite.

(16) (A) False. The point z = 0 is an essential singularity. To see this, suppose
that for some n > 1,¢(2) = 27" f(2) is such that lim, ,,g(z) = oo, then
z = 0 is a pole of g(z). Let k be the order of the pole of g(z) at z = 0
and write g(z) = z7%h(z) where h(z) is analytic in |z| < 7 for some r < 1
with h(z) # 0. Then f(z) = 2" *h(z). If n > k, then f(z) is analytic at
z = 0 and hence continuous at z = 0, contrary to our assumption on f(z).
If n <k, then n —k < 0. As h(0) # 0, we have lim,_,, f(z) = oo, again a
contradiction.

(B) False. Write a,, for the fractional part of en!. Note that a, — 0. Hence
f(eQTrian) =0.

(17%) (A) Write () = I,, + tA + O(t?) where A = v'(0) € M,,. Now consider 4.

(B) Every tangent vector of G is also a tangent vector of GL,, so there exists
A € M, such that v/,(0) = A is the tangent vector. I, = (I, + tA +
Ot*)*(Iy + tA + O(t?)) = I, + t(A* + A) + O(t?), so A* = —A. Since
dety,(t) =1 for all t, Tr A = 0.

(C) ®(1,) = (1,0,0,0) and the tangent space there is R3. Let A = {162 _Zm] €
V. Then

1+iat+O(t%) 2t + O(t?)
D(y4(t) =@ ({ —A+ 0% 1+ iat+ O(t2>D

= (1 4+ O(t?),at + O(t?),R(2)t + O(t?),T(2)t + O(t?)).

Therefore (D®);_(A) = (a,%M(2),3(z)). Note that the map (A, B) — [A, B]
is R-bilinear. An R-basis for V'is

" o [ ol

Call these A;, Ay, A5 respectively. (D®); (A;) is the ith standard basis
Hence the induced multiplication on R? is the vector cross product.
(18%) Since P is irreducible, [ (o) = F 24 for each root a of P. Thus the splitting field
of Pover [, is F2qa. One has that Gal(F q/F,) ~ Z/(2d), generated by the
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(197)

(207)

Frobenius element o : x + x9. Since the Galois group is cyclic, all roots of P are
of the form o*(«), where « is a chosen root. Then we set

Q=[] @—0o'(a)

reven

and
Qy = [ (@ =o' (),
todd

we have that P = Q; (5. Each of the polynomials (), have coefficients which are
symmetric polynomials in their roots, and it is easy to see that these coefficients
are fixed by 0. The fixed field of (62) is F ;> and thus Q; has coefficients in F .
Since all roots of Q, lie in a single Galois orbit for (o2), Q, is irreducible in F2l].
If 0 < a < 1 is rational w := 2™ is a root of unity. So (rw)™ = 7™ for
all m > n for n := o(w). Summing from the the first N th terms we obtain
5= Zm>n 7™ and it suffices to show this sum diverges to oco. Consider the sum

up to m 4+ 1 terms of the above series: s, = r™ 4 - + ™.

Let N > 1. Choose r so that »™ > 1/2. This is possible since t — tN' is
continuous at 1 and so lim, ., 7' = 1. For this choice of r, we have s, >
(N —n+1)/2. As n = o(w) is fixed, we see that sy — 0o as N — oc.

(A) Cover R? by unit squares R,, , with sides parallel to the coordinate axes
and centres at (m + 1/2,n + 1/2) with (m,n) € Z2. It is easily seen that
the rectangles {R,, , | (m,n) € Z*} can be arranged in a sequence S, =
Rg 0,51, 52, -+, Sy, - so that (1) Sy, # Sy if k # 1, (i) S; NS, is a common
edge of both §;, S, ;.

Suppose that fy : I — I? is a surjective continuous map. We may arrange so
that f,(0) = (0,0) = f(1). (Otherwise let o : I — I?* describe the straight-
line segment from £(0) to 0 and 3 : I — I?, the straight-line segment joining
f(1) to (0,0) and consider the concatenation f := - f, - 8: I — I?, which
describes «, f,, 8 with thrice the speed in succession. Then f maps 0,1 € I
to (0,0).)

Consider ¢ : R — R? is defined as follows: ¢(t) = (0,0) if t < 0,4(t) =
fo(t),0 <t <1, and , inductively, having defined ¢ on [j — 1, j] such that
o([j —1,5]) = 5,4 = R, ,,, with ¢(j — 1) = (m,n), we proceed to define
¢ on [j,j + 1] as follows. By our hypothesis, S; = R, where (k,l) €
{(m,n+1),(m,n—1),(m+1,n),(m—1,n)}. Let o : I = R, , URy, be
the straight line segment that joins (m,n) to (k,l). Then define

o0 +1) —{ (k) + fo(2t—1), if1/2<t<1

Then ¢ : R — R? is a continuous surjection. (Continuity follows from pasting
lemma and surjectivity follows from the fact that | JR,, ,, = R2.)

(B) The complement of the graph of ¢ is path connected. Suppose that both
po = (Zg,Y0,%0) 01 = (T1,Y1,2) are not in I'. If xy = xy, then py,py
belong the plane P with equation z = 2y, and I' N P is a singleton. So P\I'
is a punctured plane, which is path connected.

Suppose that xy < ;. Then I' N {(t,y,z) | 2, <t <z} is compact. So

we can choose a ¢ > 0 large such that I' is contained in the half space

{(z,y,2) | z < ¢}. Now the straight-line segment joining ¢, = (z,, 0, ¢) and
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¢, = (241,0,¢) does not meet I'.  Applying first case (twice) we get a path
from p, to gy to g; to p; not meeting I'.



