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LECTURE 1

Diagonalisable groups and MT-groups.Representations of
diagonalisable groups

1. Diagonalisable Groups and Groups of Multiplicative Type
In this section, M denotes a finitely generated abelian group.!

DEFINITION 1.1. The group algebra Z[M]| of M over Z is a Hopf algebra, with comultiplica-
tion, counit and antipode given, for all m € M, by: 2

Alen) = em ® e, elen) =1 T(em) = €_m-

Hence the Z-scheme D(M) = SpecZ[M] is a commutative group scheme over Z: for every
scheme S, its set of S-points is:

(1.1)  D(M)(S) = Homsa (S, Spec Z[M]) = Homay, (Z[M], Os(S)) = Homgy(M, Os(S)*),

endowed with the group structure (¢ - ¢)(m) = ¢(m)y(m).

The group scheme D(M) is affine, finitely presented and faithfully flat over Z, since Z[M] is
a free Z-module and a finitely presented Z-algebra (see below).

Note first that D(Z) = G,,, and D(Z/nZ) = u,, for each n > 2. Note also that if M = N& N’
then Z[M] = Z|N]®z Z[N'] and D(M) = D(N) x D(N’). Thus, writing M ~ Z* & @/, Z./n,Z,
one has

D(M) = (Gm)d Xy X ©r Mg
and Z[M] ~ Z[T7, .. T [Xq, .., Xg] /(X = 1,..., X}" — 1), which shows that it is a finitely presented
Z-algebra.

Next, for any base scheme S, one defines D(M)s = D(M) x S. For every scheme S" — 5,

one still has: *

(12) D(M)S(S,) = Homs_sch(S,, D(M)S) = Homsch(S', D(M)) = Homgrp(M, OS/(S/)X).

By base change, the group scheme D(M)g is affine, finitely presented and flat over S. It is
smooth if and only if the order of the torsion part of M is invertible on S.

One says that a group scheme H over S is diagonalisable if it is isomorphic with D(M)g for
some M. If M is free of rank d then D(M)s is isomorphic with GY, ¢ and is called a split torus
of dimension d.

REMARK 1.2. (added after the lecture) In view of (1.2) each m € M defines, for every S-scheme
S’, a group homomorphism D(M)(S") — Og(S)*, which is functorial in §’. One says that m is
a character of D(M)g (see Def. 3.5 below). Thus, for every h € D(M)(S’) one has an element
m(h) of OS/(S/)X.

For the sake of simplicity, we adopt the definition below, more restrictive than SGA3 IX 1.1 as we fix the
group M beforehand, but this entails no loss of generality (see remarks 7.7 and 7.9 later).

Oversion of August 16, 2023. Two minor typos corrected.

n SGA3, arbitrary abelian groups are also considered, e.g. M = Q, but the most interesting results are
obtained when M is finitely generated.

2Here (€, )mens is the canonical basis of Z[M]. In the sequel we will often write simply m instead of e,,.

3That is, the functor D(M)g is the restriction of D(M) to the category of S-schemes.
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2 1. DTAGONALISABLE GROUPS AND MT-GROUPS.REPRESENTATIONS OF DIAGONALISABLE GROUPS

DEFINITION 1.3. A group scheme H over S is said to be of multiplicative type of type M
if for each s € S there exists an affine open neighbourhood U of s and a surjective flat morphism
U’ — U, with U’ affine,? such that H xg U’ ~ D(M)y». Further, one says that H is :

e quasi-isotrivial if one may choose the maps U’ — U to be étale;

e isotrivial if there exists a surjective finite étale map S’ — S such that H xg S’ ~
D(M)g.

e locally isotrivial (resp. locally trivial) if each s € S admits an affine open neighbourhood
U such that Hy = H xg U is isotrivial (resp. diagonalisable).

If M is free of rank d, one says that H is a d-dimensional torus over S.

PROPOSITION 1.4. Let H be a S-group scheme of multiplicative type of type M. Then H is
affine, finitely presented and flat over S.

PRrROOF. The assertion to prove is that the structural morphism f : H — S is affine, finitely
presented and flat. This assertion is local on the base so we may assume that S is affine and
there exists a surjective flat morphism S — S, with S’ affine, such that Hgs ~ D(M)g. Then
the morphism fs : Hg — S’ is affine, finitely presented and flat. By [EGA] IVy, Prop. 2.7.1,
these properties are already true for f, since the morphism S’ — S is flat, surjective and affine,
hence faithfully flat and quasi-compact. O

It is easy to give examples of isotrivial groups of multiplicative type which are not diagonal-
isable.

EXAMPLE 1.5. Let R be a ring, R — R’ an étale covering with Galois group I" and I' —
Aut(M) a morphism of groups. Then I" acts by semi-linear automorphisms of Hopf algebra on
B = R'[M] via v(bm) = ~(b)y(m),” and the invariants form a Hopf algebra A over R.

By Galois descent (see e.g. [BLR], §6.2, Example B), we know that B ~ A ®r R’ as Hopf
algebras and as I'-modules, where on the right-hand side T' acts by vy(a ® ') = a ® v(r').
Therefore, H = Spec A is an isotrivial group of multiplicative type of type M over S = Spec R,
which becomes diagonalisable over S’ = Spec R’. In general it is not diagonalisable; in fact, we
will see later that H is diagonalisable if and only if the action of I" on M is trivial.

(Added after the lecture) For every S-scheme T, one has natural identifications:
Homg(T, H) = Homg(T xg S, H)" = Homg (T x5 S, Hg)" = Homg ((T x5 5", D(M)g)"
= Homy,, (M, G,,,(T xs S"))".
Thus, H represents the group functor 7' — Homg,, (M, G,,(T x5 S"))".
A basic, and already instructive, example is:

EXAMPLE 1.6. Consider R — C, with Galois group I' = {id, 7}, and the morphism I" —
GL(Z) = Z* which sends T to —1. Then the R-algebra A of I-invariants in C[Z] = C[T,T] is
generated by X = (T+T7")/2and Y = (T —T7')/2i and one has A ~ R[X,|Y]/(X?+Y?—1).
Note that S! = Spec A represents the group functor which associates to every R-algebra R the
group of elements z = a+1ib in R®r C = R& iR such that 2~ =z, that is, (a +ib)(a —ib) = 1.

A more elaborate example is:

EXAMPLE 1.7. Let k be a field of characteristic p, let x,y be indeterminates and consider the Artin-Schreier
extension k[y] — k[z], given by y — 2P —z. Tt is a Galois covering with group I' = Z/pZ. Let T' — GL(Z?) be the
group morphism which sends the generator 1 of I to the automorphism which permutes cyclically the generators:
e1 +> ez v - 3 e, 5 eq, and let A = (k[z][ZP])T. Then H = Spec A is an isotrivial torus of dimension p over

T U is only required to be quasi-compact, it is covered by finitely many affine open subsets V{,..., V!  then
their sum V”’ is affine and V' — U is flat and surjective. So there is no loss in assuming that U’ is affine.

5The semi-linearity means in fact that the action of I' on B is compatible with its action on R'.



2. REPRESENTATIONS OF DIAGONALISABLE GROUPS 3

the affine line S = Spec k[y], which becomes trivial over S’ = Spec k[z]. On can see that it represents the group
functor which associates to every k[y]-algebra R the group of invertible elements in R ®y,) k[z], see Remark 4.9
below.

REMARK 1.8. Over a connected base, it is not easy to give examples of groups of multiplica-
tive type of type M which are not isotrivial, or which are locally trivial but not diagonalisable.
In fact, as we shall see later, no such examples exist over a connected, normal, locally noetherian
base S.

Two such examples over a nodal curve (irreducible or not) appear in [SGA3,], Exp. X, 1.6
(see also [Oes14], end of §7.1)) and will be detailed in another lecture.

2. Representations of diagonalisable groups
Again, M denotes a finitely generated abelian group.

DEFINITION 2.1. Let G be an affine group scheme over S, given by a quasi-coherent Og-
algebra A. Let A : A - A ®pg A (called the comultiplication map) and € : A — Og (called
the augmentation map) be the morphisms of Og-algebras corresponding to the multiplication
G x¢ G — G and to the unit section S — G. They satisty the following equalities:

21)  (A®Idg)oA=(Ida®A)oA and (e®Id4)oA=1Idy=(Idy®c)oA

where in the second set of equalities we have used the identifications Og®ps A = A = A®p, Os.
The inversion map of G induces a morphism of Og-algebras 7 : A — A (the antipodal map), satisfying the
equalities corresponding to the identities gg~! = e = g~'g and (gh)~! = h~1g~L.

Then, a quasi-coherent Og-module F is called a G-module if it is endowed with a structure
of right A-comodule, that is, a map of Og-modules pr : F = F ®p, A satisfying:
(2.2) (pr @1Idy) o pr = (Idr @ A) o ur and (Idr ®¢) o ur = Idz.

REMARK 2.2. (added after the lecture) Let U = Spec R be an affine open subset of S. Then
F(U) is a R-module, Gy = Spec A for some R-Hopf algebra A and we have the R-linear map
pray @ F(U) = F(U) ®@r A. Let x € F(U). For every affine U-scheme U’ = Spec R’ and
g € G(U'") = Hompg a15(A, R'), one has in F(U) @ R’ the equality

(2.3) 9-(x®1) = (ldre) ® g)prw) ().

Now, suppose that G = D(M)g and let F be a quasi-coherent G-Og-module. Thus, one has
the comodule map pr : F — F ®oy Og[M]. This means that for any affine open subset U of S,
one has an Og(U)-linear map

pr(U) : F(U) = @ FU) @ogw) Os(U) m,

sending each section x € F(U) to a finite sum )\ pp(x) ® m, where the p,,’s are Og(U)-
linear endomorphisms of F(U), all zero on F(U) but a finite number of them. Then (2.2) gives
that

Z P (P () @ M' @ M = Z Pm(z)@m®@m  and  x = Z pu(T).

m/ meM meM meM

In particular, the p,,’s are orthogonal projectors whose sum is the identity of F(U). Moreover,
the image of p,, is the direct summand

Fn(U) ={x € FU) | pr(x) = x @ m}.

Thus F(U) = @,,c1s Fm(U) and hence F coincides with the sheaf @
on each affine open subset of S. This proves the following proposition:

mem Fm, since it does so
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PROPOSITION 2.3. Let F be a quasi-coherent Og-module. Then giving a structure of D(M)g-
module on F is the same thing as giving to F a M -grading.

REMARK 2.4. (added after the lecture) Note that J,, is the “weight space corresponding to the

character m”, that is, for any affine open subset U = Spec R of S, F,,,(U) is the R-submodule
of those € F,,(U) such that for every affine U-scheme U’ = Spec R’ and h € D(M)(U’) one
has in F(U) ®g R’ the equality

(2.4) h-(x®1) = (drw) @ h)(x@m) =m(h)(z®1).
So the M-grading is in fact a decomposition into weight spaces.

REMARK 2.5. Beware that if the base S is not quasi-compact, the (separated) presheaf U — @, s Fm(U)
is not a sheaf, and needs to be sheafified to get the direct sum sheaf @, ., Frn. For example, take M infinite,
for example M = Z, let k be a field, say algebraically closed, and let S be the constant scheme Mgpec(r)- For
each m € M, denote by f,, the function equal to 1 on the m-th copy and to 0 on the other copies. Define
a D(M)g-action on F = Og by p(fm) = fm ® m for each m. Then any quasi-compact open subset U of S
corresponds to a finite subset E of M, and F(U) is the direct sum of the F,,,(U), all zero except for those m € E.
However, F(S) = [],,ca Fm is not the direct sum of the F,,(S) = k.

Notes for this Lecture

Diagonalisable groups are introduced in Exp. I, §4.7 (where Proposition 2.3 is proved), and again in Exp. VIII,
Def. 1.1.



LECTURE 2

Constant and twisted constant groups, biduality

3. Constant groups and biduality. Character groups

In this section we fix a base scheme S. For the sake of brevity, we will sometimes write D-group
(resp. MT-group) over S instead of diagonalisable group over S (resp. S-group of multiplicative type).

DEFINITION 3.1. To every non-empty set M one associates the S-scheme Mg which is the
direct sum of a family (S,,)mens of copies of S indexed by M. It is étale over S, and is finite
over S if and only M is finite. Such a scheme is called a constant scheme over S.

The sections I'(Mg/S) of the projection Mg — S are the locally constant functions from the
topological space S to M, denoted by Loc(S, M). For any S-scheme S’, one has Mg xS’ ~ Mg
hence:

(31) HOIHS_SCh(S/, Ms) = HOl’Ilsl_Sch(S,, MS/) = LOC(S/, M)
Thus, Mg represents the functor which associates Loc(S’, M) to every S-scheme S'.

On the other hand, to give a morphism from Mg to a S-scheme H is the same as giving, for
each m € M, a morphism of S-schemes S — H, i.e. an element of H(.S); thus one has:

(32) HOHlS_SCh(MS, H) = Homsets(M, H(S))

If w: M — N is a map of sets, it induces a morphism of S-schemes ug : Mg — Ng. One
therefore obtains a functor M — Mg from the category of non-empty sets to that of S-schemes.
It commutes with products, i.e. one has

MS XSNsﬁ (M X N)S

Thus, if M is a group one obtains that Mg is a group scheme, called a constant group scheme
over S. If u: M — N is a morphism of groups, then ug : Mg — Ng is a morphism of S-group
schemes. Thus, M — Mg is a functor from the category of groups to that of S-group schemes.
Further, as in (3.2), for every S-group scheme H one has:

(33) HOIIls_Gr(MS, H) = HOngrps(]w7 H(S))

DEFINITION 3.2. Let G, H be S-group schemes. The functor | Homg (G, H) |is defined as

follows: its value on a S-scheme T is the set Homp.q,(G7, Hr) of morphisms of T-group schemes
from Gr to Hy. This is a contravariant functor from the category of S-group schemes to the
category of sets. This functor is clearly “compatible with base change”, that is, for any S-scheme
T one has:

(34) I_IO—InS-Gr<G7 H) Xg T = mJT-Gr<GT7 HT)
as both sides send any T-scheme U to Homy.q,(Gy, Hy).

Further, if the group law of H is commutative, it induces on Homg ¢, (G, H) the structure of
a commutative group functor. In particular, the group functor Homg ¢, (G, G, ) is denoted
by D(G). For future use, let us record (3.4) in this case as:

(3.5) D(G)r = D(Gr)

Oversion of August 16, 2023, after the lecture.



6 2. CONSTANT AND TWISTED CONSTANT GROUPS, BIDUALITY

In the rest of this section, M denotes a finitely generated abelian group.

REMARK 3.3. Suppose that G = Mg. Then, for every S-scheme T one has, by the previous
definition and (1.2):

D(Mg)(T) = Homy gy (M7, Gy ) = Homg,ps (M, Orp(T)*) = D(M)s(T).
Thus the functor D(Mg) is represented by the diagonalisable S-group scheme D(M)g.

Next, let G = D(M)g. For every S-scheme T, both Gr = D(M)r and G,, 1 are affine
over T and correspond to the quasi-coherent Op-Hopf algebras Or[M] and Or[X, X~!] (the
comultiplication of the latter being A(X) = X ® X). Hence, one has:

D(D(M)s)(T) = Homy- g (D(M)7, G 7)) = Homo, g1opt(Or[X, X1, O[M]).

Note that any locally constant function ¢ : T' — M defines a partition of S into the open and
closed subschemes S,, on which ¢ takes the value m, and on S,, this defines the Hopf algebra
morphism given by X +— m. This defines a monomorphism Mg — D(D(M)g). Further, one
has the following biduality theorem:

THEOREM 3.4. The natural morphism Mg — D(D(M)s) is an isomorphism.

PROOF. We must prove that every morphim of Op-Hopf algebras 1 : O7[X, X1 — Op[M]
is obtained as above. But Or has a natural structure of Or[X, X~ !]-comodule, given by
LG, (f) = f ® X for any local section of Or (this corresponds to the natural action of O (T")*
on Op:(T") for any T-scheme 7).

Therefore, ) makes F = Op into an Op[M]-comodule, with coaction ug given by

(%) pa(f) = f @ v(X).

for any local section of Or. Hence, by Proposition 2.3, for each ¢ € T', the local ring Or, is the
direct sum of the stalks F,,;, for m € M, which are therefore projective Orp;-modules of rank
0 or 1. It follows that for each t € T there exists a unique m € M such that F,, # 0 on some
open neighbourhood of ¢, and one has F,,, = Or on this neighbourhood.

This gives a partition of 7" into open and closed subschemes T;,, hence a locally constant
function ¢ : T" — M. Further, over each T,, one has Or = F,, hence for any local section f of
Or,, one has pe(f) = f @m.

Comparing with (x) above, we see that on T, the Hopf algebra morphism % is given by
X +— m, hence v is the Hopf algebra morphism corresponding to the locally constant function
¢. This proves the theorem. 0

DEFINITION 3.5. The constant group scheme My is called the character group of the diago-
nalisable group D(M)g.

4. Twisted constant groups. Anti-equivalence with groups of multiplicative type

DEFINITION 4.1. A group scheme E over S is said to be a twisted constant group of
type M if for each s € S there exists an affine open neighbourhood U of s and a surjective flat
morphism U’ — U, with U’ affine, such that E xg U’ ~ M. Further, one says that E is :

e quasi-isotrivial if one may choose the maps U’ — U to be étale;

e isotrivial if there exists a surjective finite étale map S’ — S such that F x5 5" ~ Mg

e locally isotrivial (resp. locally trivial) if each s € S admits an affine open neighbourhood
U such that E xg U is isotrivial (resp. constant).

EXAMPLE 4.2. Let " — S be a finite étale Galois covering with Galois group I' and let
I' = Aut(M) be a morphism of groups. Then recall (see e.g. [SGA1], Exp. V) the following
facts:
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(1) One has S’ xg 8" ~ 5" x I' (a disjoint sum of copies of 5").

(2) For each subgroup G of I, there exists a scheme Y, étale over S, which is the quotient
S’/G, that is, for every S-scheme Z one has

Homg(S'/G, Z) = Homg(S', Z)°

where the right-hand side denotes the G-equivariant S-morphims f : S” — Z, that is,
fo~=fforall ¥ €T (note that the action of G on 7 is trivial).!

(3) For any S-scheme T, one has (5'/G) xs T ~ (5" xsT)/G.

(4) In particular, one has (S'/G) xg 5" ~ (8" xI')/G ~ §" x (I'/G).

Now I" acts on Mg =[] S/ by sending the m-th copy of S’ to the «(m)-th copy via the

meM ~m
automorphism 7 of S’. Denote by M/I" the set of T-orbits in M, choose a representative m in

each orbit and denote by I'), its stabilizer. Consider the étale S-scheme
E= ][] §/tw
meM/T

and denote it by Mg/ /T'. As we will see in a later lecture, this is indeed the quotient of Mg/ by T, in the
sense that for any S-scheme Z, we have natural identifications
Homg(E,Z) = [[ Homs(S'/Tm,Z)= [] Homs(S,2)' = [] Homs(Ms:,2Z)".
meM/T meM/T meM

Further, applying Fact (4) above to each S’/T,,, one obtains that ’E xg S ~ Mg.

On the other hand, for any S-scheme T', one has natural identifications
Homg(T, E) = Homg(T x5 S, E)" = Homg (T xg S', Eg/)"
= Homg (T x5 5", Mg/)' = Loc(T x5S, M)".

Therefore, E represents the group functor T — Loc(T x5 S’, M)I'. Since Eg ~ Mg, it an
isotrivial twisted constant group of type M, which splits over S’.

EXAMPLE 4.3. Let S = SpecR and S = SpecC, with Galois group I' = {id, 7} acting
on M = Z by 7(n) = —n. Then 7 acts on Zg = [], ., (SpecC),, by swapping (SpecC),, and
Spec(C_,,), the comorphism being 7 : C — C. The quotient scheme E = Zg /T" is the sum of
Spec(R)y and a sum of copies of Spec C indexed by (Z — {0})/I". This is an isotrivial twisted
constant group of type Z over Spec R, which splits over Spec C.

Now, we have the following three results. The complete proofs rely on the powerful technique
of faithfully flat descent, to be discussed in another lecture.

PROPOSITION 4.4. Let E be a twisted constant S-group scheme of type M. Then:
(1) D(E) is representable by a S-group scheme H of multiplicative type of type M.
(2) One has E ~ D(H). Thus E is reflezive.
(3) E is constant if and only if H is diagonalisable, and E is quasi-isotrivial (resp. isotrivial,
resp. locally isotrivial, resp. locally trivial) if and only if H is so.

PROPOSITION 4.5. Let H be a S-group scheme of multiplicative type, quasi-isotrivial of type
M. Then:

(1) D(H) is representable by a quasi-isotrival twisted constant group E of type M.

(2) One has H ~ D(FE). Thus H is reflezive.

(3) H is diagonalisable if and only if E is constant, and is isotrivial (resp. locally isotrivial,
resp. locally trivial) if and only if E is so.

If S = Spec R and S’ = Spec R/, then S’ /G = Spec R'C.
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THEOREM 4.6. Fiz a base scheme S.

(1) The functors E — D(FE) and H — D(H) are type-preserving anti-equivalences, quasi-
inverse one to another, between the category of twisted constant finitely generated abelian
groups E, quasi-isotrivial over S, and the category of finitely presented groups of mul-
tiplicative type, quasi-isotrivial over S.

(2) These functors induce anti-equivalences, quasi-inverse one to another, between the sub-
categories of groups which are isotrivial, resp. locally isotrivial, resp. locally trivial.

We will begin the proof of these results in the next section, and complete it in the next
lecture. Before that, let us describe everything explicitly in the Galoisian case: for the rest of
this section, S’ — S is a Galois covering with group I', and I' acts by group automorphisms on
M.

EXAMPLE 4.7. Let £ = Mg /T be as in example 4.2. For every S-scheme 7' one has
ExsT = (Mg xsT)/I'=Mg /T,
by Fact (3) of 4.2, and hence one has natural identifications
D(E)(T) = Homyp.c(Er, Gy 1) = Homye(Mgi g, G )" = Homge, (M, Gy(S” x5 T))"
Combined with the discussion in Example 1.5, this shows that D(FE) is represented by the S-
group of multiplicative type H = Spec R'[M]'', assuming for simplicity that S = Spec R and
S’ = Spec R'.

EXAMPLE 4.8. Conversely, if H = Spec R'[M]", it follows from the reflexivity part of
Prop. 4.4 that D(H) = Mg /T". This can also be seen directly, as follows. Let T" be a S-scheme.
Firstly, one has

Hp xsS'=HxXxgT x5S =Hg xsT=D(M)g xsT =D(M)gxgr
and hence
Homy g, (Hr X5 S, Gyr) = Homrp g (D(M) s o7, G 1)
= Homr «, 5.ce(D(M) s g7, Ginrxss1) = Loc(T x5 S', M).
Therefore, one has
D(H)(T) = Homyp.,(Hy, Gy, ) = Hompog, (Hy X5 S, Gpr)t = Loc(T xg S', M)F
and it follows that D(H) is represented by Mg/ /T

ExAMPLE 4.9. Now, consider the case where H corresponds to the permutation representa-
tion M = Z[I']. Then, by the discussion in Example 1.5, one has for every S-scheme T

H(T) = Homgyy (Z[T], Gou(T x5 5"))" = Homgey (Z, G (T x5 5')) = Gu(T x5 .5).
Thus, H is the Weil restriction Resg Gy, . (This generalizes Example 1.7.)

REMARK 4.10. To answer a question of Prof. Balaji during the lecture, let us give immediately an example
of a MT-group over S which is quasi-isotrivial but not locally isotrivial. Let k be a field, algebraically closed
if one wants, and let S be the affine curve obtained by identifying the points 0 and 1 of A}, that is, its ring of
functions is R = O(S) = {P € k[t] | P(0) = P(1)}. As k-algebra, R is generated by the elements z = ¢(t — 1)
and y = t2(t — 1), which satisfy the equation 23 = y(y — x) and one finds that S is the nodal cubic given by this
equation.

Consider the auxiliary curve S obtained by glueing two copies of A} by identifying 0 of each copy with 1 of
the other copy. Then I' = Z/227 acts freely on @ and the quotient is S; thus @ — S is an étale covering.? Then
the open subscheme U of @) obtained by removing one of the singular points is still étale over S. Let us say that
it is copy 0 of A} with its point 1 glued to point 0 of the copy number 1 of A}. Then we can glue the point 0

 2For another proof, see [Tsil4], Lect. 7, §5.3.
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of that copy to the point 0 of a copy number 2 of A}c, and then the point 1 of that copy to the point 0 of copy
number 3, and so on. We can do the same in the negative direction, that is, glue the point 0 of copy 0 to the
point 1 of copy —1, and so on. In this way, we obtain a curve P (not quasi-compact!) which is étale over S, is
endowed with an obvious action of the constant group ZZ, and is in fact a principal Z-bundle over S in the étale
topology; that is, P Xxg P ~ P X Z.

Using the group morphism Z — GL(Z?) given by n , ones obtains an action of I' = Z on the split

1 n
0 1
2-dimensional torus D(Z?)p, extending the action of P. Using that D(Z?)p is affine over P, one can construct
the quotient by I' (more on this in a later lecture) and one obtains a S-group scheme H such that Hp ~ D(Z?)p,
hence H is isotrivial. From the principal Z-bundle P we can construct a (Z/nZ)-bundle P over S, for each integer
n > 1. (Note that P, is the previous auxiliary curve @Q.) Clearly, the pull-back of H to P, is not trivial because
the given action of Z on Z? does not factor trough any quotient Z/nZ.

Finally, one can prove that P is a universal cover of S, in the sense that any finite Galois covering S — S
is dominated by some P,,. (This is implicit in [SGA1], Exp. I, §11 a) together with [SGA3;], Exp. X, 1.6, and
a proof can be found, e.g. in [Tsil4], Lect. 7, §5.3.) It follows that H is not isotrivial on any neighbourhood of
the singular point s. (However one sees that is is trivial on S — {s}.)

5. Notes for this Lecture

The biduality theorem (Th. 3.5) is proved in Exp. VIII, Th. 1.2 in a greater generality.
Groups of multiplicative type over S are defined in Exp. IX, Def. 1.1. Their duals, the twisted constant
groups, are introduced in Exp. X, Def. 5.1.

The example of the previous remark is discussed in Exp. X, 1.6.






LECTURE 3

Duality between twisted constant and MT-groups. Exactness of the
functor D

6. More on the duality functor D: reflexive groups

In this section we fix a base scheme S. As in SGA3 VIII §1, we denote by I the commutative
group scheme G,, s. Let G' be a group scheme over S, and assume that the functor D(G) =
Homg (G, I) is representable.’ For every S-scheme T', one has:

HOHlS_SCh(T, D(G)) = D(G)(T) = HOIHT_Gr(GT, ]T) = HOIl’lS_Gr(G Xg T, ])

This is the subset of morphisms of S-schemes G xg T — [ which are “multiplicative with
respect to the first argument”. If T = G’ is another S-group scheme, we may consider the
subset Homg ¢, (G’, D(G)); it is the subset of morphims of S-schemes G xg G’ — I which are
bimultiplicative, that is, multiplicative with respect to both arguments. As here G and G’ play
symmetric roles, we obtain the first assertion of the following proposition:

PROPOSITION 6.1. Let G, G’ be S-group schemes, and assume that D(G) is representable.
Then one has the first equality below, and also the second if D(G") is representable:

(6.1) Homs. (G, D(G)) = D(G')(G) = Homg (G, D(G")).

This is compatible with any base change T — S, i.e. if f : G' — D(G) is a morphism of S-group
schemes corresponding to g : G — D(G’), then the morphism fr : G — D(G)r = D(Gr)
corresponds to gr : Gy — D(G')r = D(G/).

The second assertion follows since f and g correspond to a given bimultiplicative morphism ¢ : G xg G’ — I;
by base change it defines a bimultiplicative map ¢ : (G xg G')r = Gr X1 G%» — Ip which gives rise to fr on
the one hand and to g on the other hand.

DEFINITION 6.2. Let G be an S-group scheme. We say that G is reflexive if D(G) is
representable and the canonical morphism G' — D(D(G)) is an isomorphism.? Note that this
implies that G is commutative.

In this case, for any S-group scheme G’ such that D(G’) is representable, (6.1) gives:

(62) Homg_Gr(G’, G) == Homg_Gr(D(G), D(G/))

COROLLARY 6.3. The functor D induces an anti-equivalence of categories from the category
of reflexive S-group schemes to itself.

In view of this corollary, we see that Theorem 4.6 follows from Propositions 4.4 and4.5.

We will prove in the next lecture assertion (1) of both propositions. We take this for granted
for the moment and we prove assertions (2) and (3), firstly in the case of 4.4.

Oyersion of August 16, 2023, after the 2nd lecture.

IThis is not really needed, see SGA3 VIII §1.

2This is more restrictive than Exp. VIII, Def. 1.0.1, which does not require that D(G) be representable, but
this suffices for our purposes.

11
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PROOF. Let us prove assertion (2). Since H = D(F), Proposition 6.1 gives us a S-morphism
u: E — D(H). The assertion that u is an S-isomorphism is local on the base so we may assume
that S is affine and that there exists a surjective flat morphism S’ — S, with S’ affine, such that
ES’ ~ MS/- Then HS/ = D(E)S/ = D(ES/) ~ D(MS/)

Further, the morphism ug : Egs — D(H)s = D(Hg ) obtained by base-change corresponds
to the bimultiplicative map

ES’ X g HS’ ~ MS’ X g D(MS/) — Gm,S’;
hence ug is an isomorphism since Mg is reflexive. Then one can invoke again [EGA] IV,
Prop. 2.7.1, which says that u is an isomorphim.? This proves assertion (2).

Now, over any S — S, if Fg is constant then D(F)s = D(FEs/) is diagonalisable, and the
converse is true by the biduality theorem 3.4. This proves assertion (3). The proof is completely
similar in the case of 4.5. 0

7. Exactness of the functor D

In this section, we fix a base scheme S. Before we can speak of kernels and quotients
in Proposition 7.4, we need to introduce some definitions. Consider a morphism of S-group
schemes ¢ : G — Y.

DEFINITION 7.1. Its kernel K = Ker ¢ is the S-group scheme defined as the fiber product:

KoG
.
Y

S—CsY

where e : S — Y denotes the unit section. For any S-scheme 7', one has K(T') = Ker ¢(T),
which is a normal subgroup of G(T'); thus K is a normal subgroup scheme of G.* If ¢ is a closed
immersion®, so is K — G.

DEFINITION 7.2. Note that the morphism G xy G — G x5 G is an immersion®, see [EGA],
I 5.3.10 together with the correction IIly, Errig to I 5.3.9. The multiplication of G induces a
morphism of S-schemes G xg K — G Xg G, given on arbitrary T-points by (g, k) — (g, gk), and
this morphism induces an isomorphism of S-schemes:

(71) GXSK%GXyG.
Set Ry = G Xy G and denote by p;, p2 the two projections from Ry to G.

Given a S-scheme Z, we say that a morphism of S-schemes u : G — Z is K-invariant if
pi(u) = p5(u); this is equivalent to saying that for an arbitrary S-scheme 7" and any z € G(T)
and h € K(T), one has u(T)(zh) = w(T)(z).

Next, we say that the morphism ¢ : G — Y “is the quotient scheme G/K” if the map ¢*
induces, for every S-scheme Z, a bijection:

(7.2) Homg s (Y, Z) LN> {K-invariant S-morphisms X — Z}.

3In loc. cit. this is buried as one among 17 cases of fpqc descent of properties of morphisms, but in fact
this follows from first principles of descent theory for fpqe morphisms ([SGA1], VIII, Cor. 5.3 combined with
[SGA3,], IV, Prop. 2.4 a)), as we shall explain in another lecture.

4This can be expressed in terms of morphisms by saying that the morphism G xg K — G “given on arbitrary
T-points by (g, k) — gkg~'” factors through K.

5This is the case if Y is separated (in particular, affine) over S, because e is the pull-back of the diagonal
map G — G xXg G by the map idg X e.

6That is, a closed immersion followed by an open immersion.
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Using the language of the next lecture, (7.2) means that ¢ : G — Y is an effective epimor-
phism.

REMARK 7.3. In the classical theory, if k is an algebraically closed field and H C G are algebraic groups over
k (that is, reduced k-group schemes of finite type), one shows that the set G(k)/H (k) is the set of k-points of
some algebraic variety W, namely the orbit G(k) - [v] in P(V'), where V is a representation of G and [v] is a line
for which the isotropy group is H(k) and the isotropy Lie algebra inside Lie(G) is Lie(H) (which ensures that
H is actually the schematic stabiliser of [v]), and one defines G/H as W. Then it is proved, somehow as a side
result, that T satisfies the universal property (7.2) above, with K replaced by H.

Over a general base scheme S, the situation is completely different: quotients G/H do not always exist! For
this reason, one has to characterize the quotients G/H (if they exist) by the universal property (7.2) above (with
K replaced by H), and then look for some S-scheme Y satisfying this property. By Yoneda lemma, such a Y is
unique up to unique tsomorphism; due to this strong uniqueness property, Y may be constructed locally, that is,
if we find an open cover (U;) of S and a scheme Y; over U;, then the Y; glue to a scheme Y over S which is the
sought-for quotient G/H. More on this in the next lecture.

In the rest of this section, given an abelian group M we write Dg(M) instead of D(M)g.

PROPOSITION 7.4. Let 0 P~ M-"-N 0 be an exact sequence of abelian
groups. Set G = Dg(M) and Y = Dg(P). Then:

(1

) Dg(v) is an isomorphism from K = Dg(N) to Ker Dg(u) and is a closed immersion.
(2) Ds(u) : G =Y is affine and faithfully flat.
(3) Y 1is the quotient G/ K.
(4)

4) The formation of this quotient commutes with base change, i.e. for any S-scheme T,
Yr is the quotient Gp/Kr.

PROOF. (1) Let us prove that the morphism Dg(v) : Dg(N) — K is an isomorphism. It
suffices to prove that, for any S-scheme T, the map Dg(N)(T) — K(T) is bijective. But K (T')
is the set of group morphisms f : M — Or(T)* such that fow is the trivial morphism, which is
the same as Homy,,(M/P, Op(T)*) = Dg(N)(T'). This proves the first assertion. Further, the
map Og[M] — Og[N] is surjective, hence Dg(v) is a closed immersion.”

(2) Let (U;) be a covering of S by affine open subschemes U; = Spec A;. Then Y = Dg(P)
is covered by the affine open subschemes Yy, = Spec A;[P] and Gy, = Spec A;[M] is affine over
Yy,. Further, denoting by 7 : N — M a set-theoretic section of the projection M — N, one sees
that A;[M] is free over A;[P] with basis (7(n)),en. It follows that G is affine and faithfully flat.

Assertion (3) follows since any faithfully flat quasi-compact morphism is an effective epi-
morphism (see Def. 7.2), as we shall see in the next lecture.

As for (4), we could invoke the general fact that a faithfully flat quasi-compact morphism

remains so after base change. But here (4) follows directly since Gy = Dy (M) and K1 = Dp(N),
hence by (3) applied to T" instead of S one has Gr/Kr = Dr(P) = Dg(P) xgT = Yr. O

PROPOSITION 7.5. Let M, N be abelian groups. Set E = Homg,,(M, N).

(1) There is a natural monomorphism Eg — Homg (Mg, Ng).
(2) If M is finitely generated, this monomorphism is an isomorphism.

PROOF. Set F' = Homg (Mg, Ng). Let T be a S-scheme. Then Eg(T) = Loc(T, E)
identifies with the set of maps f : M x T — N which are additive in the first variable and
“uniformly locally constant” in the second variable, i.e. each ¢t € T admits a neighbourhood U
such that f(m,t) = f(m,u) for all u € U and m € M, whereas F(T) is the larger set of all
maps g : M xT'— N which are additive in the first variable and such that for each m € M and
t € T, there exists a neighbourhood U, of t such that the function g, : u+— f(m,u) is constant
on U,,.

"One could also say that Dg(M) — S is affine, hence separated, and apply a general result.
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Note that, by additivity, g, is constant on U, for all m’ in the subgroup generated by
m. Therefore, if M is generated by elements mq, ..., m,, then all g,, are constant on the open
neighbourhood (;_, Uy, of ¢. This proves that g belongs to the subset Loc(T, F).® O

From now on, we assume again that all abelian groups (resp. S-group schemes of multiplica-
tive type) under consideration are finitely generated. Recall that a S-group scheme G is called
locally diagonalisable if each s € S admits an open neighbourhood U such that Gy ~ D(M)y
for some abelian group M (uniquely defined by s since M = Loc(Spec Og s, Myr)). Thus, one
obtains a partition of S into open and closed subsets over which G is diagonalisable.

PROPOSITION 7.6. Let u : G — G’ be a morphism of locally diagonalisable S-group schemes
and let K = Keru. Then:

(1) K is locally diagonalisable and K — G is a closed immersion.

(2) The quotient Y = G/K exists and is a locally diagonalizable S-group.

(3) One has u = iop, where p : G — Y s affine and faithfully flat, and i is a closed
1MMersion.

(4) Setting H =i(Y'), the quotient G'/H exists, is locally diagonalisable, and is a cokernel
of u.

Therefore, the category of locally diagonalisable S-groups is abelian.

PROOF. Since all assertions are local on S, we may assume that G = Dg(M) and G' =
Dg(M'), for some finitely generated abelian groups M, M’. Then, by the biduality theorem 3.4
and Cor. 6.3, combined with Prop. 7.5, we have

Homg ¢, (G, G") = Homg ¢ (Mg, Mg) = Loc(S, Homg,,(M', M)).
Then, again, S is partitioned into open and closed subsets over which u comes from a morphism
of groups f : M’ — M. Setting P’ = Ker f and N’ = P = f(M’) and N = Coker f, we have
exact sequences
0 P’ M’ N’ 0,

0 P M N 0.

Then the result follows from Prop. 7.4, with K = Dg(N), Y = Dg(P) = Dg(N') = H and
G'/H = Dg(P'). O

REMARK 7.7. The enlargement, when S is not connected, of the category of diagonalisable S-groups to that
of locally diagonalisable S-groups was necessary in order to obtain an abelian category. For example, if k1, ko
are fields, S; = Speck; and S is the sum of S; and S2, one may consider the morphism f : G,, s =+ Gy, s which
is the identity on S; and the trivial morphism on So, then Ker f is the locally diagonalisable group which is the
trivial group over Sy and G,, over Ss. It is not diagonalisable.

Using the same technique of faithfully flat descent as the one needed for the proof of assertion
(1) of propositions 4.4 and 4.5 (see the next lecture), one can extend the previous proposition to
the case of S-groups of multiplicative type. For this, we need to adopt the definition of [SGA3,],
X, Def. 1.1:

DEFINITION 7.8. A group scheme H over S is said to be of multiplicative type if for each
s € S there exists an affine open neighbourhood U of s, a surjective flat morphism U’ — U, with
U’ affine, and a (finitely generated) abelian group M such that H xg U’ ~ D(M)y.. Further,
one says that H is :

e quasi-isotrivial if one may choose the maps U’ — U to be étale;
8This explanation, nicer than the one in N.D.E. (3) of [SGA3,], Exp. VIII, was given orally by Joseph

Oesterlé in his lectures [Oes14].
9This reduction was omitted in [SGA3,], VIII, Cor. 3.4.
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e isotrivial if there exists a surjective finite étale map S’ — S such that H xg S’ ~
D(M)g:.

e locally isotrivial (resp. locally trivial) if each s € S admits an affine open neighbourhood
U such that Hy = H xg U is isotrivial (resp. diagonalisable).

REMARK 7.9. Then there is a partition of S into open and closed subschemes over which the type of H is
constant. So, in most results we can restrict ourselves to groups of multiplicative type of a given type M, and
the more general definition only brings complications in the statements or hypotheses. However when the base
S is not connected this generality is needed to ensure that the category groups of multiplicative type has kernels
(and is in fact abelian).

PROPOSITION 7.10. Let u : G — G’ be a morphism of S-group schemes of multiplicative type
and let K = Keru. Then:
(1) K is of multiplicative type and K — G is a closed immersion.
(2) The quotient Y = G/K ezists and is of multiplicative type.
(3) One has u = i op, where p : G — Y ‘s affine and faithfully flat, and i is a closed
1MMErsion.
(4) Setting H = i(Y'), the quotient G'/H ezists, is of multiplicative type, and is a cokernel
of u.
Therefore, the category of S-groups of multiplicative type is abelian.

Notes for this Lecture

The exactness of the functor D and the fact that the category is abelian are proved in Exp. VIII, Th. 3.1 and

Prop. 3.4 in the (locally) diagonalisable case, and in Exp. IX, Prop. 2.7 in the general case; see also [Oes14], 5.3
and 6.5.






LECTURE 4

Faithfully flat descent

8. Faithfully flat descent

We give an overview of descent theory, trying to emphasize the main ideas and to avoid
unnecessary formalism. The two main notions are that of universal effective epimorphisms
and morphisms of effective descent.' Beware that effective does not have the same meaning
in both expressions: we will see below that a universal effective epimorphism is the same thing
as a morphism of descent, whereas the effectiveness of descent is a further property.

In this section, ¥ denotes a category with fiber products. (In our applications, it will be the
category of schemes.)

DEFINITION 8.1. Consider a morphism p : X — Y in ¥. One says that:

(1) p is an epimorphism if for every morphism Y — Z, the induced map Hom(Y,Z) —
Hom(X, Z) is injective.?

(2) p is a universal epimorphism if for every morphism 7" — Y in % the morphism

pr : X Xy T — T obtained by base change is an epimorphism (in this case each pr is again a
universal epimorphism).

(3) p is an effective epimorphism if, denoting by p;, p2 the two projections from X xy X
to X, the following diagram in %"

p1
(8.1) Xxy X —=X-sY
p2
is exact, which means that for every object Z of € the following diagram of sets:
* p*
(8.2) Hom(Y, Z) ——~ Hom(X, Z) —= Hom(X xy X, Z)
2

is exact, which in turn means that the map f +— f op is a bijection from Hom(Y, Z) onto the
set {g € Hom(X,Z) | gopi =gops}.

(4) p is a universal effective epimorphism if for every morphism 77 — Y in % the
morphism pr : X Xy T — T obtained by base change is an effective epimorphism (in this case
each pr is a universal effective epimorphism).

Firstly, let us record here the following easy remark and lemma.

REMARK 8.2. Tt is clear that if p: X — Y and ¢ : Y — Z are epimorphisms (resp. universal
epimorphisms), so is g o p. Further, if p and p’ : X’ — Y’ are universal epimorphisms, so is
pxp X xX —Y xY/ since it is the composition of the two morphisms obtained by base
change: X x X' X xY' Y xY'.

idx xp’ pxidys

LEMMA 8.3. If p: X — Y admits a section o, then p is a universal effective epimorphism.

Yversion of August 20, 2023
'And the companion notions of equivalence relations and descent data.
2For example, an epimorphism in the category of sets is just a surjective map.

17
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PROOF. Since having a section is preserved by base change, it suffices to prove that p is an effective epimor-
phism. It is clear that p* is injective, since o* o p* = id. Let 7 be the morphism X — X xy X, z — (z,0p(x)).
Let g : X — Z such that gop; = gops, then g = gopyoT = gopsor = gooop, ie. g =p*(f) with f =goo. O

To be concrete, let us enunciate immediately the following fundamental result (see [SGA1],
VIII, Th. 5.2 or [BLR/], §6.1, Th. 6).

THEOREM 8.4. In the category of schemes, every faithfully flat, quasi-compact morphism is
a universal effective epimorphism.

Now, let us fix a morphism p : S — S in our category . We want to study the base-change
functor 6,5 — €5 which sends every object X over S to the object X xgS" over S’. The goal
of descent theory is to give conditions on an arbitrary S’-object X’ which would ensure that
X'~ X xg 8 for some S-object X.

NOTATION 8.5. Denote by S7 (resp. S5) the scheme S” = 5" xg S’ regarded as a S’-scheme
via the first projection p; (resp. second projection ps).

Further,® for i = 1,2,3, denote by S/ the scheme S” = S’ x5 5" xg S regarded as a S'-
scheme via the projection to the i-th factor. For i < j in {1,2,3}, denote by pr;; : S — S” the
projection to the factors i and j. Further, for every S’-object X', set X' = X' x¢ S fori = 1,2
and X" = X' xg S/ for i =1,2,3.

DEFINITION 8.6. One says that p is a morphism of descent if the following property is
satisfied: for all objects X,Y over S, if we set X' = X xg 5" and X"’ = X xg 5" and define
Y’ Y" similarly, then the following diagram of sets is exact:

* pjf
(8.3) Homg(X,Y) —— Homg (X', Y’) —= Homgn(X",Y").
2

PropPOSITION 8.7. p : S — S is a morphism of descent if and only if it is a universal
effective epimorphism.*

PROOF. Let X, Y be arbitrary S-objects. The diagram (8.3) identifies with the diagram:

* p*
(8.4) Homg(X,Y) —~ Homg(X',Y) == Homg(X",Y).
2

Since X" = X x4 5" identifies with the fiber product X’ x x X’ where px : X’ — X is obtained
from p by the base change X — S, we see that the exactness of the second diagram, for all Y
and each given X, means that py is an effective epimorphism. Thus we see that p is a morphism
of descent if and only if p is a universal effective epimorphism. ([l

Before we introduce the notion of descent datum, we need to introduce that of equivalence
relation.

DEFINITION 8.8. An equivalence relation® on an object X is a subfunctor of X x X,
which is represented by an object R (equivalently, one is given a monomorphism R — X x X)
such that, for every object T" of €, the set R(T) is the graph of an equivalence relation on
X(T) x X(T).

In this case, one denotes by pi, p2 the restrictions to R of the two projections from X x X to X.

Here are two important examples.

3This is not used in the definition of morphism of descent, but this will be used later.

40ne may wonder why introducing a new name for an already existing notion. The reason will appear later.

"By hypothesis, € has a final object e and the unadorned fiber product x is taken over e. When € = (Schygs)
we will write explicitly xg and we say that R is an equivalence relation on X “over S”.
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EXAMPLE 8.9. To every morphism f : X — Y in % is associated the equivalence relation
R; = X xy X on X. In this case, Ry — X x X is an immersion.® For every object T', one has

By(T) = {(2,2") € X(T) x X(T) | f(T)(x) = f(T)(«")}.

DEFINITION 8.10 (Free actions). Let X be an object of ¥ and H a group-object in ¢
acting on X, say on the right. One says that H acts freely if for every object T', the group H(T')
acts freely on X (7'). In this case, the morphism X x H — X x X defined on arbitrary 7T-points
by (z,h) — (x,zh) is a monomorphism and is an equivalence relation Ry on X.”

Now, let us study more closely the base change functor €5 — 6)s/. Observe that for each
S-object X the S’-object X’ = X x g .5 has the following three properties:

(1) There is a canonical isomorphism of S”-schemes ¢ : X{ ~ X x¢ 58" ~ X/.

(2) The pull-back of ¢ via the diagonal map § : S" — S” is idx.

(3) The pull-backs pr7;(¢) all identify with the canonical isomorphisms X;” >~ X xg5" >~ X7";
in particular they satisfy the cocyle condition:

(8.5) pr3;(p) = pras(p) o pra; ().
Thus, we see that these conditions are necessary for X’ to come from a S-object. This motivates
the following definition.

DEFINITION 8.11. (1) A descent datum on a S’-object X' relative to S — S is an S”-
isomorphism ¢ : X7 — X! which satisfies the cocycle condition (8.5). (This implies that
0*(¢) = idy/, see below.)

A more intuitive way to formulate this is as follows (see [TDTE1], §A.1 (c), p. 190-05 or
[BLR], §6.1, p. 133). For any S-object T" and any S-morphism (¢;,t5) : T — S”, we have a
T-isomorphism

(86) Ptoty - X£1 % Xl‘fz

where X| = X' xg,, T (ie. T is over S’ via ¢;), and these isomorphisms are subject to the
transitivity condition below, when ¢y, ¢, t3 are S-morphisms T — S’:

(87) Ptatr = Pta,ta © Ptoty-

In particular, for ¢; = t, = t3 = ¢ one obtains ¢, = @1, 0¢;, hence (since ¢y ¢ is an isomorphism)
o1y = idx,. This implies that ¢, ¢, = 90;151- Further, applying this to the identity morphism
S" — S', one obtains that 0*(¢) = idx-.

(2) Moreover, let ¢; be the first projection from X| = X’ xS} to X’ and ¢ the composition
of ¢ and the first projection of X/. Then the morphism

(Q17(12)
B ——

X X' xg X'

is a monomorphism, since its composition with X’ — 5" is the isomorphism X} ~ X’ xg.S’, and
the above interpretation of the cocycle condition shows that (¢1, g2) is an equivalence relation
on X’ over S.® Namely, for any S-scheme T and pair of points (z1,72) € Homg(T, X’ x5 X’)
mapping to the pair (¢1,t2) € Homg(T, 5" x5 S’), one has x1 ~ x9 if and only if zo = ¢4, 1, (21).
This is reflexive since ¢;; = id, symmetric since ¢y, 4, = gpt_;tl, and transitive since ¢y, =
Pts,ta © Ptaty-

6That is, a closed immersion followed by an open immersion, see [EGA], I 5.3.10 and the correction III,
EI‘I‘10 to I 5.3.9.

"If there exists a quotient p: X — Y = G/H then Ry = R, = X Xy X, as we shall see later.

8See [StaPr|, Tag 024E (Lemma 30.1 in Chapter Simplicial Spaces) for a proof using only the cocycle
condition and cartesian diagrams.
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(3) There is an obvious notion of morphism of S’-objects with descent data relative to
S" — S. So we may introduce the category Desc(S’/S) of S’-objects with descent data.

Then, comparing with Def. 8.6 we obtain the following:

COROLLARY 8.12. The morphism p : 8" — S is a morphism of descent if and only if the
base change functor p* : €;s — Desc(S'/S) is fully faithful, i.e. induces bijections between the
Hom-sets.

To illustrate the concept of descent data, consider the following example in the category of
schemes.

EXAMPLE 8.13. Let S’ — S be a Galois covering, with group I'. This means, assuming for
convenience that I acts on the right, that the morphism p : S’ xI' = §” = S x5 .5’ given
by u(s',vy) = (¢,57), for every T — S and s’ € S'(T), is an isomorphism. Then we have
isomorphisms:

S xTxD 5 9 xg8xT = 9 xg8 xg8
(8" v72) = (88,00) = (88", 87)-
Thus, any T-point of S can be written uniquely as (', sy, s'y172).

Now, let f : X’ — S’ and assume given a right action of I' on X’ compatible with its action on
S’: this means that the obvious diagram is commutative, and at the level of arbitrary T-points
this is expressed by f(z'v) = f(2’)y. Then we have the S”-isomorphism:
o: X xgS8 — X' xg S5y, (2,8, 8y) = ('y,5,8'7)

and its pull-back pri, () : X' xg S7 — X’ xg S}, as well as the two other pull-backs, are
given in terms of arbitrary T-points by the diagram below:

(xla s, 3'717 5/7172) 'LM) (xl’h, s, Sl’Yh 3/7172)

(27172, 8", 811, S 1172).

So we see that the cocycle condition follows from (and is in fact equivalent to) the associativity
condition (s'v1)y2 = §'(7172)-

DEFINITION 8.14. Let p: S’ — S be a morphism of descent.

(1) On a S’-object X', a descent datum relative to p is said to be effective if X’ (together
with its descent datum) comes from a S-object X. (Necessarily unique, since the functor p* is
fully faithful.)

(2) One says that p is a morphism of effective descent if every descent datum relative to
p on a S’-object X' is effective.

(3) Given a full subcategory of D of Desc(S’/S), for example the subcategory QAff(S’/S) of
Desc(S5’/S) consisting of schemes quasi-affine over S’, one says that:

p is an morphism of effective descent for the category D

if every descent datum relative to p on an object X’ of D is effective. For example, we will see
later that “A faithfully flat quasi-compact morphism S” — S is a morphism of effective descent

for QAfE(S’/S)”.
One has the following important lemma.

LEMMA 8.15. Consider morphisms U ——=T —= S .
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(1) If uow is a universal effective epimorphism, so is u.

(2) If wow is a morphism of effective descent, so is u.

B) Ifu:U—T and v : T — S are universal effective epimorphisms, resp. morphisms of
effective descent, so is v o u.

PROOF. (1) Suppose that u o v is a universal effective epimorphism and consider the diagram

S " 7 TxsT

U<—UxgT UxgT xgT

I I

UXSU'%UXSUXST(_EUXSUXSTXST

Columns 1,2,3 are exact since u o v is an universal effective epimorphism. Row 2 is exact, since U xgT — U is
an effective epimorphism (as it has a section over U, see Lemma 8.3) and so is row 3. Then a diagram-chasing
shows that row 1 is exact, hence wu is an effective epimorphism. As the hypotheses are stable under any base
change S’ — S, it follows that u is a universal effective epimorphism.

(2) Now, suppose that uwov is a morphism of effective descent. Since a morphism of descent is the same thing
as a universal effective epimorphism (by Prop.8.7), (1) gives already that w is a morphism of descent. Hence,
given a T-object Y, we only have to show that any descent datum on Y relative to u : T — S is effective.

Since f = w o v is a morphism of effective descent, there exists a S-object X such that v*(Y) ~ (u o v)*(X)
as objects of Desc(U/S). It remains to show that Y ~ u*(X) as objects of Desc(T'/S). Since f is a universal
effective epimorphism, so is the morphism fr : U x¢T — T obtained by base change. Further, f7.(Y) ~ fx(Xr)
as objects of Desc(Ur/T) (since f7 factors through v*) and it follows that there exists a unique T-isomorphism
Y ~ u*(X), which respects the descent data. This proves (2).

(3) Suppose that u and v are universal effective epimorphisms and consider the diagram

S~ T ——TxgT

UZ——UxgU

1~

UXTU

By hypothesis, the first line and column are exact, and v X g v is an epimorphism by Remark 8.2. The conclusion
follows by diagram-chasing: for every object X of %, if an element z; of X (U) has the same images in X (U xg U),
it has also the same images in X (U xp U), hence it comes from an element zp of X (7") since the first column is
exact. We want to prove that zp comes from an element of X (S). As the first row is exact, it suffices to see that
27 has the same images in X(T xgsT) and as v X g v is an epimorphism, it suffices to see that xr has the same
images in X (U xg U), which is true because these are the images of z;. This proves the first assertion of (3).
Then one sees easily that if u,v are morphisms of effective descent, so is v o v. O

From now on, we take 4" = (Sch). Let us then give another example of morphism of effective
descent.

LEMMA 8.16. Let (U;) be an open cover of a scheme S and let T = [[,U;. Thenm:T — S
is a morphism of effective descent.’

PROOF. Note that T xg T = ]_L] Ui xg U; =~ ]_[” U; N U;, and the first (resp. second)
projection T x g T' correspond to the inclusion of each U; N U; into U; (resp. U;).

Let Y be a T-scheme endowed with a descent datum relative to 7' — U. Then the Y; =
Y xp U; are open subschemes of Y, and the descent datum consists of isomorphisms on the

9t is even a universal morphism of effective descent, since for any S’ — S, the Ul =U; xg S form an open
cover of S’.
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intersections, which satisfy the cocyle condition. Hence the Y; glue together to give a scheme X
over S, whose pullback to T"is Y. O

REMARK 8.17. 7 is not quasi-compact if there exists a point of S contained in infinitely many U;’s. For
example, if k is an algebraically closed field, S = A} and we take the covering by the S — {\}, for A running
through the set of closed points of S.

Now, to illustrate the previous basic results, let us sketch the proof of the following theorem,
which complements theorem 8.4 (and is in fact used in the proof of the latter).

THEOREM 8.18. Let p : 8" — S be a faithfully flat, quasi-compact morphism. Let X' — S’
be quasi-affine. Then every descent datum on X' relative to S" — S is effective.

PROOF. Firstly, assume the theorem proved when S is affine. For arbitrary S, let (U;) be a
covering of S by affine open subschemes. Consider the following cartesian diagram:

T =]U —"—5

.| !

T=1,U0,———5.

We have seen (Lemma 8.16) that 7 is a morphism of effective descent, and by assumption pr is
a morphism of descent, the descent being effective in QAff(S’/S). Hence, using point (3) and
then points (1,2) of Lemma 8.15, we obtain that the same is true for 7 o py and then for p.

So, it suffices to prove the theorem when S is affine. Then, since p is quasi-compact, S’
is covered by a finite number of affine open subsets, their sum is an affine scheme S; and the
induced morphism S; — S is flat and surjective, hence faithfully flat. As .S; — S factors through
p, it follows from points (1,2) of Lemma 8.15 that it suffices to prove the theorem when both S
and S’ are affine.

So, consider a faithfully flat map of rings A — A’ and set A” = A’ ®4 A’. For any A’-
module M’, denote by pi(M') the A”-module A” ® 4+ M', where A” is regarded as A’-algebra via
a — a ® 1, and define pi(M’) similarly. Then, when X’ = Spec R’ for some A’-algebra R’, the
theorem follows from the following proposition, applied to M’ = R'.

PROPOSITION 8.19. In the category of A’-modules, every descent datum relative to A — A’
is effective. That is, if M' is a A’-module endowed with an isomorphism of A”-modules ¢ :
pi(M") — p5(M') satisfying the cocycle condition, then M = {x € M' | p(1®@z) =1®x} is a
A-submodule of M’ such that A’ @4 M = M'.

For the proof, we refer to [SGA1], VIII, 1.4-1.6. For the extension to the case where X’ is
only quasi-affine over S, we refer to [SGA1], VIII, Cor.7.9 or [BLR], §6, Th. 6.1. O

Let us give more criteria for effective descent, that will be used in the sequel. We start with
the following:

q1
DEFINITION 8.20. Let R _—Z X be an equivalence relation on X over S. It induces an
q2

equivalence relation on the topological space X: two points x1, x5 of X are equivalent if there
exists a point z of R such that ¢;(z) = g2(2). One says that a subset V' of X is saturated if it
is stable by this equivalence relation. This amounts to saying that ¢, (V) = ¢, (V).

For any subset U of X, one sees that V = ¢o(q; '(U)) is the smallest saturated set containing
U (hence V = qi(g; *(U)) also); one calls it the saturation of U.

LEMMA 8.21. Let p : S — S be faithfully flat and quasi-compact. Let X' be an object of
Desc(5'/S). Assume that X' is covered by saturated open subsets (V) such that the descent

3
datum on each V! is effective. Then so is the descent datum on X'.
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PROOF. Recall first that if g : Y’ — Y is a faithfully flat quasi-compact morphism, the
topology of Y is the quotient of the one of Y’ that is, g(V') is open in Y for every saturated
open subset V of Y.

Now, by hypothesis, there exist S-schemes (V;) such that V/ ~ V; xg S” in Desc(S’/S). For
all 7, the projection V; — V; is faithfully flat and quasi-compact (being a pull-back of S — 5)
hence has the property recalled above. For all ¢, j, V' NV} is a saturated open subset of V;" and
V7, hence its images V;;(i) in V; and Vj;(j) in V; are open.

Since p* is full and faithful, the glueing data on the V descend and allow us to glue the V; by
identifying the open subsets V;;(i) and V;;(j). This gives a S-scheme X such that X xg5" ~ X’
in Desc(5'/S) (because the descent data relative to S’ — S coincide on each V). O

The next lemma and proposition are used, in later lectures, in the proofs of Prop. 4.5 and of
Th. 11.5.

LEMMA 8.22. Let S be affine and f : S" — S be faithfully flat and locally of finite presentation,
but not necessarily quasi-compact. Then there exist an affine scheme S” and a faithfully flat
morphism of finite presentation S” — S which factors through f.

PROOF. Let (S!);cr be a covering of S’ by affine open subsets; each is of finite presentation
over S. The hypothesis imply that f is open, hence the f(S}) form an open covering of S. As S
is affine, hence quasi-compact, there exists a finite subset J of I such that S is covered by the
f(S}), for j € J. Then S” =[], 5} is affine, of finite presentation over S, and the morphism
S"” — S is flat and surjective, hence faithfully flat. O

PROPOSITION 8.23. Let S — S be faithfully flat and locally of finite presentation and let X'
be a S’-scheme such that the morphism X' — S’ is separated, locally of finite presentation and
locally quasi-finite. Then every descent datum on X' relative to S" — S is effective.

PROOF. As in the proof of Th. 8.18 we may reduce to the case where S is affine. Then, by
the previous lemma we may assume that S’ is affine, too.

Assume first that X’ is quasi-compact. Then the morphism X’ — S’ is separated, of finite
presentation and quasi-finite hence, by [EGA], IV3, Th.8.11.2 (or [SGA1], VIII, Th. 6.2 when
S’ is notherian), X’ — S’ is quasi-affine, and hence the descent datum is effective by Th. 8.18.

Now, in general, let U’ be an affine open subset of X’ and let V' = ¢(g; *(U)) be its
saturation. Recall that ¢; : X’ x g ST — X’ is obtained by base change from the first projection
p1: S” — 5. As p is faithfully flat of finite presentation and affine, so is ¢; in particular ¢;
is open and affine, and the same is true for g;. Therefore, the open subscheme g, '(U’) of X"
is affine, hence quasi-compact, and therefore V' is open and quasi-compact. By the previous
argument, it is quasi-affine over S’ hence the descent datum on V' is effective. Finally, as X’
is covered by the various saturated open subsets V', the descent datum on X' is effective by
Lemma 8.21. U

9. Notes for this Lecture

Lemma 8.3 is proved in Exp. IV, Prop. 1.12. Then Proposition 8.7 is Exp. IV, Prop. 2.3, while Corollary
8.12 is taken in Exp. IV, Def. 2.2 as the definition of “morphism of descent”, while it is observed there that
this depends only on the isomorphism ¢ in the descent datum, and not on the cocycle condition. (This same
definition is given in many places.)

Assertion (1) and the first part of assertion (3) of Lemma 8.15 are proved in Exp. IV, Prop. 1.8 and Lemma
1.7 respectively. Part (2) is mentioned in [SGA1], Exp. VIII, proof of Th. 1.1 (top of p. 155), refering to [Gir64],
but the lecturer has been unable to locate this statement in loc. cit.

Lemma 8.16 occurs, for example, in [SGA1], VIII, first paragraph of the proof of Th. 1.1, while Lemma 8.21
is [SGA1], VIII, Prop. 7.2. Then Lemma 8.22 is contained in [SGA3,], IV, Prop.6.3.1 (iv), and Prop. 8.23 is
[SGA3,], X, Lemme 5.4.






LECTURE 5

Results on MT-groups obtained by descent

10. Representability of D(G) when G is a twisted constant or MT-group

Firstly, we want to complete the proof of Propositions 4.4 and 4.5. In both cases, we have
a contravariant functor F' : (Schemes/S) — (Groups) given by T — Homr.g.(Gr, I7), where
I = G, s and G is the given S-group scheme (either twisted constant or of multiplicative type).
More generally, let be given S-schemes X, Y and consider the functor

F =Homg(X,Y): (Schemes/S) — (Sets), T — Homp.sen (X7, Y7).
We want to give conditions ensuring that F is representable by a S-scheme.

Firstly, this F" has the following property. Let T be a S-scheme and (U;) a covering of T' by
open subsets; one has U; N U; = U; x¢ Uj;, denote it by U;;. To give a morphism of T-schemes
X7 — Yp is the same thing as giving morphisms f; : Xy, — Yy, which agree on the intersections
Xy, N Xy, = X xr Uy, ie. such that pri(f;) = pr3(f;) for all 4,5, where pry,pr, denote the
projections from U; xp U; to the first and second factor respectively. Thus we have an exact
diagram of sets:

(101> HomT—SCh(XT7 YT) - H,L HOmUi—SCh(XUm YUZ) : Hl,j HomUij—SCh(XUijJ YUl)

pry ‘

F<T) H2F<Uz) Hzg F<Ui X Uj)-

pry

DEFINITION 10.1. Let % denote the category of S-schemes and % that of contravariant
functors ¥ — (Sets). One says that a functor F' € € having the previous property is a local
functor, or a sheaf for the Zariski topology.

pry
REMARK. Setting 7" = [, U;, the second line of (10.1) can be written as F/(T) —— F(T") —= F(T' xr T") .
pr3
To illustrate, let us give here the following lemma (a more general result will be proved later).

LEMMA 10.2. Let F be a local functor (Schemes/S) — (Sets). Suppose there exists an
open covering (S;) of S such that F; = F Xg S; be representable by a S;-scheme X;. Then F is
representable by a S-scheme X.

ProOOF. Both X; xg.S; and X; xg S; represent the restriction of F' to S;; = S; X g S; hence,
by Yoneda lemma, there exists a unique isomorphism of S;;-schemes

Pii XiXSSj—>Xj szi.
Then one has isomorphisms of schemes over S;j; = S; xg.S; X Sj :

pjixidg,

XZ' XsstSk Xj Xssi X55k=Xj Xssk XSSi
Prixids;
XZ‘XSS]CXSSJ‘ XkXSSiXSszXkXSSjXSSZ'

Yversion of August 21, 2023
25
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and as all these objects represent the restriction of F' to S;jx, this diagram commutes, i.e. the ¢;;
satisfy the cocyle condition ¢y; o ¢j; = @i Therefore the X; glue together to give a S-scheme
X such that X xgS; = X; for each 7. It remains to prove that X represents F'.

For every scheme Y over S;, one has
(%) F(Y)=F,(Y) =Homg, (Y, X x5 .5;) = Homg(Y, X) = hx(Y).

Next, for every scheme Y over S, the Y; = Y x4 S5; form an open covering of Y; set Yj; =
YixyY; =Y xg8;;. As F (resp. hx) is a local functor then, taking (*) into account, both F'(Y")
and hy(Y) identify with the equalizer of the double-arrow:

Hi hX(YZ) — Hzg hX(Y;j) :
This proves that X represents F'. O
Moreover, our functor F' = Homg(X,Y') has the following additional property.

PROPOSITION 10.3. Let p: T" — T be faithfully flat and quasi-compact. Denoting by pry, pry
the two projections from T" =T xpT" to T', the following diagram is exact:

(10.2) Homq-sen (X7, Yr) —— Homypr_go (X7, Yrv) ——Z Homyprr_gen (X, Your)
‘ pri H
F(T) F(T) F(T' xo T').
pr

PROOF. As we saw in the proof of Prop. 8.7, the first line of (10.2) identifies with the diagram:

* pr;
Homg(Xr, V) —2~ Homg(X, Y) —= Homg( Xz, Y)

prs

which is exact since p is a universal effective epimorphism. 0

DEFINITION 10.4. A functor F € % is called a sheaf for the fpqc topology if it is local
and satisfies the conclusion of Proposition 10.3. For the sake of brevity; we will simply say
fpqc-sheaf.

REMARK 10.5. If XY are S-group schemes, one obtains similarly that Homg ., (X,Y) is a
sheaf for the fpqc topology.

REMARKS 10.6. (1) For cach X € ¢ one has the functor hy € € defined by hx(Y) = Hom¢ (Y, X). By
Yoneda lemma, for cach F € € and X € % there is a natural isomorphism Hom #(hx, F') = F(X). In particular,
for X,Y € ¢ one has Hom(hx,hy) = hy(X) = Hom¢(X,Y). This shows that ¢ identifies with a full

subcategory of 2

(2) Noting that Homg(S, X) = hx one obtains that each X € ¥ (identified with hx) is a sheaf for the
fpqc topology.

(3) The larger categories of sheaves for the fppf, étale, finite étale topologies consist of all local functors which
satisfy the condition of Def. 10.4 only for faithfully flat morphisms f which are of finite presentation, resp. étale,
resp. finite étale. Note that the finer the topology is (i.e. the less restrictions on f there are), the closer the
resulting sheaves get to actual schemes.

Then, one has the following important result, which is “well-known to the experts” but not
easy to find in the literature in this explicit form (see however [SGA3,], IV, Prop. 3.5.2). We
have included it as Lemma 1.7.2 in Exp. VIII of the new edition of [SGA3,).
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PROPOSITION 10.7. Let F : (Sch/g) — (Sets) be a fpqc sheaf. Assume there exists S — S
faithfully flat and quasi-compact such that F' = F xg S’ is representable by a S’'-scheme X'.

(1) Then X' is endowed with a descent datum with respect to 8" — S.

(2) If this descent datum is effective, that is, if X' comes by base change from a S-scheme
X, then X represents F'.

(3) The descent datum is always effective is X' is quasi-affine over S'; more generally if X’
is covered by saturated open subsets which are quasi-affine over S'.

PROOF. (1) We use the notation S and S}” introduced in 8.5. The hypotheses imply that
F!' = F" xg S! is represented by X! = X' x¢ S/. But F/ = F xg 5" = Fj. Hence, by
uniqueness of the representing scheme (Yoneda lemma), there exists a unique S”-isomorphism
o X7 — XY

For i < j in {1,2,3}, denote by pr;; : S — S” the projection to the factors i and j. Then,
set X" = X' xg S/ and denote by pri;(¢) : X" — X" the isomorphism of S”-schemes
obtained from ¢ by base change. Then, one obtains a diagram of isomorphisms of S”’-schemes:
pr3; ()

X/// X///

"
X 3

and as these schemes represent the restriction of F' to S” they are uniquely isomorphic, hence
one has the cocyle relation pri;(¢) = pri,(p) o pri,(v), that is, ¢ is a descent datum on X’
relative to S" — S.

(2) Assume further that this descent datum is effective, i.e. that there exists a S-scheme X
such that X’ ~ X x¢5’. We prove that X represents F, as in Lemma 10.2: for every Y — 5’,
one has

(xx) F(Y)=F(Y)=Homg (Y, X x5 5) =Homg (Y, X) = hx(Y).

Next, for every Y — Sset Y =Y xg S and Y =Y’ Xy Y/ ~ Y xg S”. Then Y — Y is
faithfully flat and quasi-compact, since S — S is so. As F' and hx are sheaves for the fpqc
topology, one deduces from (xx) that F(Y) and hx(Y) both identify to the equalizer of the
double arrow:

Y/ —_— F Y//
H l//
This proves that X represents F'.
(3) This follows from Th. 8.18 and Lemma 8.21. O

We can now complete the proof of propositions 4.4 and 4.5. Recall the hypotheses: M is a
finitely generated abelian group and FE, resp. H is a twisted constant group, resp. MT-group,
of type M over S. Further, one assumes that H is quasi-isotrivial. We have to prove that the
functors D(E) and D(H) are representable, respectively, by a MT-group and a twisted constant
group of type M.

Proor. By Lemma 10.2 and the previous proposition, we only have to prove that if S is
affine and if p : §" — S is a flat surjective morphism, with S’ affine, such that the functor D(F)g
(resp. D(H)g/) is represented by X' = D(M)g (resp. X' = Mg/), then the descent datum on
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X' is effective. In the first case, this follows immediately from the previous proposition, since
D(M)g is affine.

In the second case, using the hypothesis that H is quasi-isotrivial, we may assume that the
above morphism p : " — S is étale, hence locally of finite presentation. Further, in this case,
X' = Mg is étale over S’ hence separated, locally of finite presentation and locally quasi-finite
over S’. So we conclude by Prop. 8.23 that the descent datum on X’ is effective. O

ExaMPLE 10.8. Illustrate this when S is the nodal cubic curve of Remark 4.10 by construct-
ing H and F over S which become trivial over the principal Z-bundle P — S, but are not
isotrivial over S. (To be done during the lecture).

11. Isotriviality over a locally noetherian normal base

We fix a base scheme S and an abelian group M. For the sake of completeness, let us record
here the following theorem ([SGA3,)], X, Cor. 4.5).!

THEOREM 11.1. Let H be a MT-group over S of type M. If M is finitely generated, then H
1S quasi-isotrivial.

From now on, we assume that M is finitely generated and that S is locally noetherian.

LEMMA 11.2. Let P be a quasi-isotrivial twisted constant scheme over S. Let Z be an open
and closed subset of P.

(1) Let U be the set of those s € S such that the fiber Zs is finite. Then U is open and
closed in S and the map Zy — U 1is finite.
(2) In particular, if S is connected and U non-empty, then Z — S is finite.

PROOF. By assumption, there exists a surjective étale map f : S” — S such that Py = I
for some set I. We have a cartesian diagram:

7 ——= 7

I¢g —= P

L,

S —— 95

and, since f is étale, the inverse image f~!(U) equals the set U’ of s’ € S’ such that the fiber Z/,
is finite.? Further, since f is étale, S’ is still locally noetherian, hence its connected components
are open and closed. If C' is such a component, the C; are the connected components of I,
hence Z;, equals Jo for some subset J = J(C) of I, and one sees that the points of C' belong to
U’ if and only if J(C) is finite, in which case the map Z;, — C' is finite.

Thus, U’ is the union of those connected components C' of S’ such that J(C') is finite, hence
is open and closed in S’, and the map Z},, — U’ is finite. Since the topology of S is the quotient
of that of S, one obtains that U is open and closed in S. Further, the map Z;, — U’ is the
pull-back via f of Zyy — U and, since the former is finite, so is the later (use e.g. Lemma 8.22 and
[EGA], IV, Prop. 2.7.1). This proves assertion (1), and assertion (2) follows immediately. [

DEFINITION 11.3. Recall that S is supposed locally noetherian. Then one says that S

is geometrically unibranch (sece [EGA] IV,, 6.15.1 and paragraph before 6.15.14) if the
o 3

normalization map S — Syeq is radicial (hence a universal homeomorphism).
IThis theorem is one of the reasons why we restricted to finitely generated abelian groups M.
2Setting s = f(s'), one has Z/, ~ Z, ®p(s) k(s"), where x(s) denotes the residue field of s.
3For example, this is the case if S is normal or if S is a cuspidal curve.
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The important fact is that, in this case, the connected components of S are irreducible.?
Further, if a morphism P — S is étale, then P is also locally noetherian and geometrically

unibranch (see [EGA], IV, Prop. 17.7.5).

PROPOSITION 11.4. Suppose that S is locally noetherian and geometrically unibranch. Let
p: P — S be a quasi-isotrivial twisted constant scheme over S. Then the connected components
of P are finite over S.°

PROOF. Since S and P are locally noetherian and geometrically unibranch, their connected
components are open and closed, and are irreducible. In particular, replacing S by one of its
connected components, we may assume S irreducible; let 1 be its generic point. Let C be a
connected component of P; it is irreducible, denote by £ its generic point. As p is flat, one has
p(&) =n. As C is the closure of ¢ in P, it follows that C' N p~*(n) is the closure of ¢ in p~*(n).
But since p is étale, hence locally quasi-finite, the fiber p~*(n) is discrete. Thus, for the open
and closed subset C' of P one has C, = {¢£}, which is finite. Hence, by the previous lemma, C
is finite over S. OJ

THEOREM 11.5. Suppose that S is locally noetherian and geometrically unibranch. Let H be
a MT-group of type M, which is quasi-isotrivial.® Then H is in fact isotrivial.

PROOF. Set G = D(M)gs and denote the functors Homg ¢, (G, H) and Isomg ¢, (G, H) by E
and I respectively.

Let S — S be an étale map such that Hg ~ D(M)s. Since M is finitely generated we
obtain, by Prop. 7.5, that

ES’ = HomS/_Gr(D(M)S/, D(M)S/) = HomS/_Gr<MS’7MS’)

is represented by the constant scheme End(M)g/, and then that I is represented by the constant
scheme Aut(M)g . By the effectiveness result of Prop. 8.23, I is represented by a twisted constant
scheme P over S.

Let C' be a connected component of P. It is étale over S and, by the previous proposition,
finite. Hence p(C') is open and closed in S, hence p(C') = S since S is connected. Thusp : C' — S
is étale, surjective and finite. Further, the diagonal map C' — C' x ¢ C' produces a section over
C of Po = Isome.a(Ge, He), hence He is isomorphic with D(M)e. This proves that H is
isotrivial. 0

12. Classification of isotrivial groups of multiplicative type
In this section, we assume that the base scheme S is connected.

DEFINITION 12.1. (1) An étale covering of S is a morphism 7 : S” — S which is étale,
surjective and finite (in particular, affine). Then 7,Og is a locally free Og-algebra of rank n,
and n is called the degree of the covering.

(2) The group I' of S-automorphisms of S’ is finite, of cardinality < n. If S” is connected
and |I'| = n, one says that S — S is a Galois covering with group I'.

REMARK 12.2. Let 7 : E — S be an étale covering. One knows that: 7
(1) E has finitely many connected components C1, ..., C,, each open and closed.

4Beware that without the locally noetherian hypothesis, there exists connected normal schemes which are
not irreducible, see [StaPr], Tag 0330 or Exercise 2.4.12 in [Co14].

SContrast this with the connected principal Z-bundle over a nodal curve of Remark 4.10.

6As we suppose that M is finitely generated, H is automatically quasi-isotrivial, by Th. 11.1.

"See e.g. [Sza09], Prop. 5.3.9.
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Then each morphism 7; : C; — S is still finite and étale; further, since S is connected and 7 is
open and closed (being étale and finite), each m; is surjective. So each m; : C; — S is a connected
étale covering.

(2) Every connected étale covering p : C' — S is dominated by a Galois covering, that is,
there exists a Galois covering 7 : S’ — S, with Galois group I', and a S-morphism
q:S" — C such that m =pog.

Now, if H is an isotrivial S-group scheme of multiplicative type, there exists an étale covering
E — S such that Hg ~ D(M)g for some (finitely generated) abelian group M. By the previous
remark, we may replace F by a Galois covering S’ — S with Galois group I'. For the sake of
simplicity, let us further assume that S = Spec R is affine. Then S” = Spec R’ for some Galois
covering R — R’ with group I'.

Consider now the category MT(S’/S) of all S-groups H of multiplicative type which become
diagonalisable over S’. It is anti-equivalent to the category of R-Hopf algebras A such that
A ®g R is isomorphic with R'[M], for some finitely generated abelian group M. In this case,
we have an action of I" on B = R'[M] by semi-linear automorphisms of R-Hopf algebra. This
induces an action of I' on M by group automorphisms because, by the proof of the biduality
theorem 3.4 and the fact that S’ is connected, we have: ®

D(Mg)(S") = Homp topi(R'[X, X Y], R[M]) = Loc(S', M) = M.

Thus, base change from S to S’ is a contravariant functor from MT(S’/S) to the category of
finitely generated I'-modules. Now, the gist of Galois descent theory is contained in Example
1.5 above, namely that a quasi-inverse is given by the functor taking such a I'-module M to
H = Spec R'[M]".

So far, we have assumed S = Spec R for simplicity, so that Hg = Spec B, where B = R'[M],
in which case we know that the quotient of Hg¢ by I' exists and is Spec BY. But it is known
in general (see [SGA1], V, Cor.1.8) that if 7 : X — S is affine and I' is a finite group of
S-automorphisms of X, then the quotient Y = X/T" exists, and over any open affine subset
U = Spec R of S one has Yy = Spec BT, if one denotes by Spec B the affine scheme 7=(U). So
we have obtained the:

THEOREM 12.3. Let S be a connected base scheme and S" — S a Galois covering with group
I'. The category MT(S’/S) of S-groups of multiplicative type which split over S’ is anti-equivalent
to the category of finitely generated I'-modules.

REMARKS 12.4. Let H € MT(S’/S) correspond to a I-module M. Denote by M" and Mr
the sets of invariants and coinvariants, that is, the largest submodule (resp. quotient module)

on which the action of I' is trivial; one has Mr = M/N, where N is the submodule generated
by the elements m — (m), for m € M and v € I'. Then:

(1) H is diagonalisable if and only if the action of I" on M is trivial.
(2) Regarding by Z as a I'-module with trivial [*-action, one has:

(12.1) Homg ., (H, G, s) = Homp(Z, M) = M",
(12.2) Homg (G5, H) = Homp (M, Z) = Hom(Mr, Z).

(3) The natural pairing M x Homr(M, Z) — 7Z is not necessarily perfect, even if M is a free Z-module: if
M is the permutation representation Z[I'] one has M = Zv, where v = > er €y, Whilst M — My =Z
is given by Z%P Nyey — nyer n. Thus the image of the pairing is dZ, where d = |G]|.

REMARK 12.5. To illustrate Remark (3) above, consider the Deligne torus H = Res% Gy, c, which corresponds
to the permutation module M = Zey @ Ze;, where 7 swaps g and e;. One has M' = Z(ey + e1), whereas the

8A purely algebraic formulation is that the set of group-like elements in R'[M] is exactly M.
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kernel of M — Mr is Z(ep — e1). The exact sequence 0 M M M/M"Y —— 0 corresponds
to the exact sequence

N

(12.3) 1 St H Gmr 1

where N is the norm homorphism. It has no section; indeed D(Mr) is the largest split subtorus of H and the
cokernel of M" — My is Z/27Z. However, the group of R-points H(R) splits as S*(R) x R7.

PROPOSITION 12.6. Let k be a field and M a finitely generated abelian group. Then any k-
group H of multiplicative type of type M 1is isotrivial, i.e. there exists a finite separable extension

k" of k such that Hy ~ D(M ).

PROOF. Set H = Spec A. By hypothesis, there exists a k-algebra A and an isomorphism of
Hopf algebras ¢ : A[M] — A ®;, A. We reduce first to the case where A is a finitely generated
k-algebra.

Let my,...,ms be a set of generators of M, write firstly ¢(m;) = Zj a;; ® r;; and then
¢~ Hri) = D en @ijmm (all sums being finite), and let Ay (resp. B) be the k-subalgebra of A
(resp. of A) generated by the 7;;’s (resp. the a;; and «;;,,,’s). Using that k is a field, one obtains
firstly that Ay = A (because A ®; (A/A;) = 0) and secondly that B ®; A is a subalgebra of
A @y, A. Clearly, ¢ maps B[M] into B ®; A and ¢! maps B ®; A = B ®; A, into B[M]. Tt
follows that ¢ induces an isomorphism B[M] — B ®}, A.

Next, let m be a maximal ideal of B and K = B/m. On the one hand, K[M] — K ®; A.
On the other hand, by the Nullstellensatz, K is a finite extension of k. Let &’ be the separable
closure of k in K and set S = Speck and S” = Speck’. Set also R = Spec K.

Now, consider the twisted constant group E = D(H)g, it is étale over S. Denote by E’ and
ER its pull-backs over S” and R. To emphasize the idea, we can now invoke the general result
that since R — S’ is radicial, the base change from étale S’-schemes to étale R-schemes is fully
faithful (and even an equivalence of categories), see e.g. [SGA1], IX, Cor. 3.4 (and Th.4.10).
Since Er ~ Mg, one has E' ~ Mg and hence, by Proposition 4.4, Hgs ~ Dg/(E’") = D(M)g.

In our simple case we can give a direct proof of the key step. Let C' be a connected component of E’. Then
C = Spec L for a field L finite and separable over k', hence Cr = Spec(L®j K) is a sum of finitely many Spec(K;),
where each Kj; is a field separable over K. Further, each K; equals K, since each connected components of Fg is
equal to R = Spec K. On the other hand, as K/k is purely inseparable, Cg is irreducible (see e.g. [EGA] IVq,
Prop. 4.3.2). Tt follows that L ®; K = K and hence L = k. This proves that E’ is trivial over 5. 0

Notes for this Lecture

The representability of D(R) (resp. D(H)) is proved in Exp. X, Prop. 5.3 (resp. Cor. 5.7).

Theorem 11.5 is proved in Exp. X, Th. 5.16.

The classification of isotrivial groups of multiplicative type is given in Exp. X, Prop. 1.1.

The fact that a group of multiplicative type over a field is isotrivial is proved in Exp. X, Prop. 1.4, but the
proof there uses radicial descent for groups of multiplicative type, proved using cohomology in a much more
general setting in Exp. IX, Cor. 5.4. That proof has been much simplified by Oesterlé ([Oes14], §§12-13).

Theorem 11.1, that we gave without proof, is proved in Exp. X, Cor.4.5 as a corollary of the spreading
theorem Th. 4.4. It also uses in an essential manner the algebrisation theorem IX, Th. 7.1.






LECTURE 6

A first look at maximal tori and Lie algebras

13. Motivation: tori in reductive group schemes

DEFINITION 13.1. Let k be an algebraically closed field an G a connected affine algebraic
group over k, that is, a connected affine smooth group scheme over k.

One knows that all maximal tori T" of G have the same dimension; in fact they are all
conjugate under G(k). Their common dimension is called the reductive rank of G and denoted
by 1kyed(G).

One also knows that there exists a largest normal smooth connected solvable (resp. unipotent)
subgroup of G, it is called the radical (resp. unipotent radical) of G and is denoted by rad(G)
(resp. rad“(QG)).

One says that G is reductive (resp. semi-simple) if rad"(G) = {e} (resp. rad(G) = {e}). In
this case, if K is a larger algebraically closed field, G is reductive (resp. semi-simple).

DEFINITION 13.2. Let S be a base scheme. One says that a S-group scheme G is reductive
(resp. semi-simple) if:
(1) G is affine and smooth, with connected fibers.

(2) Its geometric fibers are reductive (resp. semi-simple), that is, for every s € S, denoting
by 3§ the spectrum of an algebraic closure %(s) of the residue field x(s), the &(s)-group
G is reductive (resp. semi-simple).

DEFINITION 13.3. Let G be a smooth affine S-group scheme. A maximal torus of G is a
closed subgroup scheme! 7" such that:

(1) T is a torus (in the sense of Def. 1.3).
(2) For every geometric point s of S, the subgroup 7% is a maximal torus of G

REMARK 13.4. (1) In particular, one will obtain that a smooth affine S-group scheme H
such that all its fibers are tori, is itself a torus. This is far from obvious!

(2) Let k be an algebraically closed field of characteristic # 2 and let S = A}. The constant
S-group {£1}g is smooth and isomorphic with ps g. Let H be the open subgroup obtained by
removing the non-neutral point over s = 0. Then H is a smooth affine S-group scheme and
all its fibers are MT-groups, but H is not a MT-group. This shows that the assumption that
the fibers are connected is important. (However, Cor. 4.8 of Exp. X proves that if H is a flat
S-group scheme of finite presentation, such that all fibers H, are MT-groups and their type
(i.e. the corresponding abelian group) is locally constant function of s, then H is a MT-group
over S.)

A fundamental point in the study of reductive group schemes is to prove that maximal tori
exist locally in the étale topology. The proof consists in showing that certain functors F' are
representable and formally smooth, so that for every s € S there exists some étale neighbourhood
S" of s such that F/(S’) # 0 (Hensel Lemma).

Ocorrected version of Nov. 4, 2023

f H is a MT-group over S, every monomorphism of S-groups H — G is closed immersion, see Cor. 21.2 in
Lect. 9.
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DEFINITION 13.5. One says that a contravariant functor F' : (Sch) — (Sets) is formally
smooth if for every nilpotent ideal [ in a ring A, the map F(Spec A) — F(Spec(A/I)) is
surjective.

14. A first glimpse of Lie algebras

In this section and later ones, we consider a square-zero ideal I in a ring A and denote by
S D Sp the spectra of A and A/I; they have the same underlying topological space. For every
S-scheme X we denote by X its pullback over Sj.

DEFINITION 14.1. (1) Let S’ — S be a morphism of schemes and let X’ be a S’-scheme.
One denotes by [ ,5 X" the functor sending each S-scheme 1" to X'(T" x5 5"). 1t is called the
Weil restriction of X’ from S’ to S.

When X’ = X x4 .5 for some S-scheme X, one has for every S-scheme 7"

(HS’/S XS') (T') = Homg (T, Xsr) = Homs (T, X) = X(T x5 5).

(2) Now, let G be a smooth affine S-group scheme. We denote by G* the functor HSO/S Go;
that is, for any 7" — S a T-point of GT is a morphism of S-schemes ¢ : Ty — G. Clearly, Gt
is a group functor and there is a canonical morphism of group functors G — G, which sends
an arbitrary point T — G to the point Ty — G of G*. Denote by* L, its kernel. Note that
since (G is smooth and [ nilpotent, any morphism of schemes fy : Ty — G lifts to a morphism of
S-schemes f: T — G, so we have an exact sequence of group functors:

(14.1) 1 L, G "> Gt 1.

If Y is a MT-group over S and ug : Yy — G is a morphism of Sy-group schemes, an important
result in the sequel is that ug can be lifted to a morphism of S-group schemes u : Y — G. We
are going to describe the functor Lg, in order to prove this result.

Before going into this, let us illustrate some results with the following example.

EXAMPLE 14.2. Let k be a ring (if one wants, an algebraically closed fied) and consider the
group scheme G = GL, over Speck. Its Lie algebra Lie(G) is the free k-module M, (k); we
define the functor W (Lie(G)) on the category of k-algebras by W (Lie(G))(R) = Lie(G) ®y R.
Denoting the dual k-module Lie(G)* by wg/s, one can also say that 1 (Lie(G)) is represented
by the spectrum V(wg /s) of the symmetric algebra over k of wg/s.

Now, let £ be a square-zero variable and set TG =[],/ Gkg. The projection k[e] — k
sending ¢ to 0 induces a short exact sequence of group functors:

(14.2) 1 —— W (Lie(Q@)) TG——=G 1

that is, for every k-algebra R, one has an exact sequence of groups:

1 — Lie(G) ®y R — G(R[e]) /= G(R) 1.

Here, the inclusion k < k[e] is a section of k[e] — k hence induces a morphism of group functors
G — TG which is a section of 7. Hence T'G (which is the tangent bundle to G) is the semi-direct
product of V(wg/s) by G, where G acts on wg/g via the so-called coadjoint action; in particular,
TG is representable.

The point of this example is two-fold:

(1) The additive group law on Lie(G) coming from its structure of k-module coincides with
the group law on the kernel H of the morphism TG — G.

2We use the notation Ly, as in Exp. III, where L denotes another functor.
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(2) The action of G on H by conjugation coincides, under the previous identification, with
the adjoint action of G on Lie(G).

Indeed, these assertions are easily verified in this case: a R-point of H is a matrix of the form
I, + €A, for some A € M,(R). The product of two such elements is:

(In + €A1)(]n + 8142) = In + 5(141 + Ag)

Further, for any B € G(R) = GL,(R), one has B(I,, + ¢A)B~! = I, + eBAB™'. These facts
will remain true in the more general case consider below.

Notes for this Lecture

Reductive (or semi-simple) groups over an algebraically closed field and reductive (or semi-simple) group
schemes are defined in Exp. XIX, 1.6.1 and 2.7.

Maximal tori are defined in Exp. XII, Def. 1.3 and studied in Exp. XII-XIV.

WEeil restriction of scalars is defined in Exp. II, §1.

The functors Gt and L, are defined in Exp. III, under more general hypotheses in Def. 0.1.1 and remarks
0.4-0.5, and then put together, in the simpler case where G is a S-group scheme, in Cor. 0.9






LECTURE 7

Infinitesimal liftings and Hochschild cohomology: the beauty of
SGA3, Exp. III

15. Group cohomology and extensions

REMARK 15.1. For simplicity, we have written this section in the category ¢ = (Sets), so
that a ¢-group G is just a usual group. However, the results remain valid if we replace (Sets) by
an arbitrary category ¥ with fiber products, G by a group-object in %, and the abelian group
V' by a contravariant functor F' : € — (Abelian groups) on which G acts linearly, provided
that the set-theoretic sections considered in the proof of Lemma 15.4 exist as morphisms in %;
see [SGA3,], Exp. III, Section 1.

DEFINITION 15.2. Firstly, let G be an abstract group and V' a G-module. The cohomology

groups H'(G, V) are the cohomology groups of the following complex, where Hom denotes maps
of sets:

(15.1) 0——V -2~ Hom(G, V) 2~ Hom(G2, V) —L~ Hom(G3, V) — £~ ..
where d°(v) is the map g + gv — v, then, given f : G — V., d'(f) is the map (g1, ¢2) —
91f(g2) — f(g192) + f(g1), then, given f: G* — V, d*f is the map

(91,92, 93) = 91/ (92, 93) — [(9192, 93) + [ (91, 9293) — [ (91, 92).
More generally, for n > 2 and f: G" 1 — V, d"(f) is the map

n—1
(152) dn_lf(gla s 7gn> = glf(QQ? s 7gn) + Z(_l)zf(gla ey GiGig1, - - 7gn>
=1

+ (_1)nf<gla ce 7gn71)~

Clearly, H°(G,V) = V¢ is the submodule of invariants. Then H'(G,V) is the quotient
of the Z-module ZY(G,M) = {f : G = V | f(q192) = g1f(g2) + f(g1)} of 1-cocycles by the
submodule B'(G,V) = {d°(v) | v € V} of 1-coboundaries. Consider the semi-direct product
Ey = V x G and, for each f € Z'(G,V), denote by o the automorphism of Ej defined by

or(u,g) = (u— f(9),9)-

LEMMA 15.3. Then f + oy is a group isomorphism between Z*(G,V) and the group of
automorphisms of Eo which restrict to the identity on V and on the quotient E/V ; and for each
v € V the coboundary d°(v) corresponds under this isomorphism to the inner automorphism
(u, ) = v(u, g)v™" = (u+v—gv,g).

PROOF. The proof is easy and left to the reader. O
In the next lemma, V is just an abelian group, without a given structure of G-module.
LEMMA 15.4. Each exact sequence of groups:

(15.3) 1 1% E-—">@ 1

Oversion of August 30: four typos corrected.
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makes V into a G-module and defines a class ¢(E) € H*(G,V).

This class is zero if and only if there exists a morphism of groups 7 : G — E such that
morT =idg, that is, if and only if E is a semi-direct product of G and V.

In this case, the set of all such 7' is T+ Z' (G, V), and the set of all such 7' up to conjugacy
by the elements of V is 7+ HY(G, V).

PRrROOF. Let s be a set-theoretic section of m. For each g € G, consider the automorphism
c(g) of V defined c(g)(v) = s(g)vs(g)~'. Since V is abelian, one sees that:

(1) Any other section s’ of 7 defines, for each g € G, the same automorphism ¢(g) of V.

(2) The resulting map ¢ : G — Aut(V') is a morphism of group. Indeed, for g, g2 € G, one
has 7(s(g192)) = g192 = m(s(g1)s(g2)) hence the element

(15.4) 5(g1. 92) = s(g192)s(g2) "s(g1) ™

is in V and hence for any v € V one has ¢(g192)(v) = ¢(g1)(c(g2)(v)). Thus, setting gv = c(g)(v),
one obtains that V' is a G-module.

Now, to any set-theoretic section s of 7 one associates the function 5 : G2 — V defined in
(15.4) above. One checks easily that s is a 2-cocycle, i.e. it belongs to the Z-module:

ZXG,M) = {f:G* =V | g1f(g2.93) + f(91,9293) — f(g1, 92) = 0}.
Indeed, in E one has the equality:

d*3(w,y, 2) = (- 3(y, 2)) 3(2,9) " $(ay, 2) 7 32, y2)

= s(2)s(yz)s(z7")s(y™")s(z™")s(x)s(y)s(wy) " s(zy)s(2)s(wyz) " s(zyz)s(yz)'s(@™") =e.
Next, denote by B*(G,V) = Im(d') the submodule of 2-coboundaries. If s,s" are two set-

theoretic sections of 7, there exists f : G — V such that s'(g) = f(g) 's(g) for all g, and one
has in E the equalities:

S(a,y) = s'(2y)s'(y™)s' (@) = flay) s(ay)s(y™) f()sz) f(x)
= flay) '3, y)s(@) f(y)s(z™ ") f(z) = 3z, ) f(zy) " (@ f(y) f(2),
where in the last equality we used that V' is a normal abelian subgroup of E. Writing additively

the group law of V, one has f(zy)™*(z - f(y))f(z) = zf(y) — f(y) + f(z) = d' f(x,y). This
shows that s/ = 5+ d' f. This proves two things:

(1) The image of 5in H*(G,V) = Z*(G,V)/B*(G, V) does not depend on the choice of the
set-theoretic section s; it it the class ¢(E) of the extension.

(2) A section s’ is a group homomorphism if and only if s = 0. Since, with the notation
above, s’ = 5+ d' f for some f, this is the case if and only if ¢(E) = 0.

Now, assume ¢(FE) = 0 and let 7 be a section of 7 which is a group homomorphism. By the
above, any other such 7/ has the form f7, with f € Z1(G, V). Further, for any v € V one has:

v (9o = o7 (7 (9T (9) ) T (9) = (d0)(9)7'(9).
Thus the set of 7/ up to conjugacy by the elements of V' identifies with 7 + H'(G, V). O

Now, let ¢ : Y — G be a morphism of groups. Using ¢ we can form the group Ey = F xg Y
and pull-back the exact sequence (15.3) to obtain the following exact sequence of groups:

(15.5) 1 1% E, Y 1

where V' is sent into Ey4 via the inclusion into £ and via the unit morphism to Y. Note that
the resulting action of Y on V' is the same as the one derived from the G-action through the
morphism ¢ : Y — G.
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Further, any map of sets ¢ : Y — FE lifting ¢ defines a set-theoretic section of 74. Denoting
by pr; the first projection E, — E, one sees easily that the map 7+ pr; o 7 is a bijection from
the set of sections of 7y to the set of liftings of ¢; further, under this bijection the sections and
liftings which are group homomorphisms correspond to each other.

Therefore, the question of lifting ¢ to a group homomorphism ¢ : Y — FE is reduced to the
question of finding a splitting of (15.5). By the previous discussion with G replaced by Y, we
obtain the:

COROLLARY 15.5. Consider the exact sequence (15.3) and let ¢ : Y — G be a morphism of
groups.
(1) Suppose that H*(Y,V) = 0. Then ¢ lifts to a morphism of groups ¢ : Y — E.
(2) Suppose further that H'(Y,V) = 0. Then any two such lifting are conjugate by an
element of V', that is, by an element of E whose image in G is the identity.

The following lemma will be useful in the next section.

LEMMA 15.6. Let N be an abelian group. Let Ind(N) = Hom(G, N) be the induced G-
module, where G acts on a function ¢ : G — N by (9¢)(¢') = ¢(g'g) for all g,g € G. Then
Ind(N) is acyclic, i.e. H(G,Ind(N)) =0 for all i > 0.

PROOF. Set P = Ind(N). For n > 0 let s” : Hom(G™"", P) — Hom(G", P) be given by

8n(f)<gl7 s ;gn)(g) = f<97917 cee 7gn)(e>
Then, for f € Hom(G", P) one has

s"d" fgi, - 90)(9) =d" (9,91, 90)(€) = f(91,- -+, 9n)(9) — f(991, 92, - -, gn)(e€)

n

-1
+ (_1)l+1f(ga <o ik, - - 7gn)(e) + (_1)n+1f(gagla s agn71)<€)7
i=1

—_

n—

A" T (g, 90)(9) = f(991, 92, 90)(€) + ) (=1)'f(g, - gigivrs- -, gn)(e)
1

1

+ (=1)"f(g:91,-- -, gn—1)(e)

and hence f = s"d"f + d"'s"'f. Thus, if d"f = 0 then f = d"'s""'f, hence H"(G,P) =0
for n > 0. 0J

REMARK 15.7. For simplicity, we have worked with G-modules, i.e. modules over the group
ring Z[G]. If A is any commutative ring, the same discussion applies to A[G]-modules V', and
then the cohomology groups H'(G, V) are A-modules.

16. Hochschild cohomology

In this section, A is a ring and G is a flat! affine group scheme over S = Spec A, given by the
A-Hopf algebra A. Denote by ¢: A — A ® A its comultiplication (we write ® instead of ®,)
and by ¢ it counit. Let L be a A-module endowed with a structure of G-module, that is, we are
given a A-linear coaction uy : L — L ® A satisfying the conditions seen in Def. 2.1.

DEFINITION 16.1. The Hochschild complex of L is

d° dt d? d3
(16.1) 0— L LA~ LoA0 A~ LA A0 A4 ..

IFlatness ensures that the category of A-comodules is abelian, see e.g. [SGA3,], Exp. I, Cor.4.7.2.1.
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where d°(v) = pur(v) —v®1 and, for n > 1:

(16.2) d”(v®a1®---®an):ML(U)®a1®---®n~|—2(—1)iv®a1®---c(ai)®---®an
=1

+ (D" @a ® - ®a, @ 1.
Its cohomology groups are denoted by H*(G, L).

REMARK 16.2. Let & denote the category of affine schemes over S and let W(L) be the
functor such that W(L)(T) = L ® O(T) for any object T' of €. Then G(T) acts linearly on
W(L)(T): for any g € G(T), i.e. any A-algebra morphism g: A — O(T) and 2 ®1 € L® O(T),
one has g(z ® 1) = (id;, ® g)pr(x).

Further, one has Homg(G",W (L)) = L ® A®". Thus we see that Hochschild cohomology
can be viewed as the cohomology of groups in 4. The results of Section 15 about lifting of
homomorphims remain valid, provided that there exist morphisms of schemes that replace the
set-theoretic sections used in Section 15. This will be ensured by the hypothesis that the group-
scheme G is smooth and that we are concerned with infinitesimal liftings.

Analogously to Lemma 15.6, one has:

LEMMA 16.3. For a A-module N, let Ind(N) = N ® A regarded as A-comodule via idy ® ¢ :
N®A - N@A®A. Then H(G,Ind(N)) =0 for all i > 0.

PROPOSITION 16.4. Suppose that G = D(M)s is a diagonalisable group. Then H'(G, L) = 0
fori >0 and any G-A-module L.

PROOF. ? Let L a G-module. Recall that L = @,,.,; Lm, where L, = {z € L | pr(z) =
r ®@m}. Let (pm)menm denote the corresponding family of projectors. Note first that the map
pr o L — Ind(L) is a morphism of A-comodules: indeed, by one of the defining properties of
comodules, the diagram below is commutative:

L L Ind(L)
HrL lidL@)c

L®A Ind(L) ® A.

1 ®id 4
_—

Now the map 7 : Ind(L) — L sending each finite sum ) x,, ® m to > pm(z,) is a retraction
of pr, because writing x = Y pp,(z) we have pr(z) = > pm(r) ® m and hence r(uL(z)) = .
Further, r is a morphism of A-comodules, that is the diagram below is commutative:

Ind(L) 4 L
idv®ct KL
r®id g
Ind(L) ® A L®A.

Indeed, an element y = Yz, ® m of Ind(L) is sent by idy ® ¢ to >, x,, ® m ® m which goes
by r®1ida to >, pm(xm) ® m, which is also pr(r(y)). Thus L is a G-module direct summand
of Ind(L) and since the latter is acyclic, so is L. O

REMARK 16.5. Let A — A’ be a flat map, set L' = L® A’ and let 8" = Spec A’ and G’ = Gg'.
Let C*(G, L) denote the Hochschild complex of L. Then C*(G,L) ® A’ identifies with the
Hochschild complex C*(G’, L) hence, since A — A’ is flat, one has H (G, L) ® ' ~ H'(G', L)
for all 7 > 0.

2This neat proof is taken from [DG70], §IL.3, Prop. 4.2.
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COROLLARY 16.6. Let G be a MT-group of type M over S and L a G-A-module. Then
H'(G,L) =0 fori>0.

PROOF. By hypothesis, there exist faithfully flat morphisms U/ — U;, where the U; and U/
are affine and the U; form an open covering of S = Spec A, such that Gy, ~ D(M)y,. Since S is
affine, hence quasi-compact, it is covered by finitely many of the U;. Then the disjoint sum S’ of
the corresponding U/ is affine and faithfully flat over S, and Gg >~ D(M)g/. Set A" = O(S’) and
L' = L®N. By the previous remark and proposition, one has 0 = H (Gg, L') ~ H(G,L)®@ N\’
Since A’ is faithfully flat over A, it follows that H*(G, L) = 0 for i > 0. O

17. Infinitesimal liftings and Hochschild cohomology

In this section, we fix a nilpotent ideal I in a ring A and denote by S D Sy the spectra of A
and A/I; they have the same underlying topological space. For every S-scheme X we denote by
Xy its pullback over Sp.

Further, we fix affine S-group schemes G and Y, with G smooth and Y flat and such
that Yj is of multiplicative type. The goal of this section is to prove the following theorem,
where int(g) denote the automorphism of conjugation by g.

THEOREM 17.1. Let uqg : Yo — Gqo be a morphism of Sy-group schemes. Then:
(1) There exists a morphism of S-group schemes u :Y — G that lifts uy.

(2) If v is another such morphism, there exists g € Ker(G(S) — G(Sp)) such that v =
int(g) o u.

(3) More generally, ifv:Y — G is a morphism of S-group schemes and gy € G(Sp) is such
that vy = int(go) o ug, there exists a lifting g of go such that v = int(g) o u.

Let n be the smallest positive integer such that I™ = 0. Assume first that n = 2 and that
assertions (1) and (2) are proved for n = 2. Let v : Y — G be a morphism of S-group schemes
and gg € G(Sp) such that vy = int(gg) o up. Since G is smooth, gq lifts to an element ¢’ € G(S);
set v/ = int(¢') o u. Then vy = ) hence, by (2), there exists ¢” € Ker(G(S) — G(Sp)) such that
v =1nt(g") ow’. Then v = int(g”¢’) o u, and ¢"¢ is a lifting of go. This proves (3) for n = 2.

Now, let n > 2, assume the theorem proved for all ideals J such that J" = 0 and let I be
such that "' = 0. Set J = I? and S; = Spec(A/J), then J® = 0 and the image I of I in
A/ J satisfies =0 By the case n = 2 and the induction hypothesis, uq lifts to a morphism
of Sj-group schemes u; : Y; — G; and uy lifts to a morphism of S-group schemes u : Y — G.
This proves (1).

Further, let v : Y — G be a morphism of S-group schemes and gy € G(Sp) such that
vo = int(go) o ug. By the case n = 2 and the induction hypothesis, gy lifts to an element
gy € G(S;) such that v; = int(g)ouy and g, lifts to an element g € G(S) such that v = int(g)ow.
This proves (3), and of course (2) is the special case gy = e. Thus, it suffices to prove the following
proposition. From now on we assume that I? = 0.

PROPOSITION 17.2. Suppose that I* = 0 and let ug : Yy — Go be a morphism of So-group
schemes. Then:
(1) There exists a morphism of S-group schemes u :Y — G that lifts .
(2) If v is another such morphism, there exists g € Ker(G(S) — G(Sp)) such that v =
int(g) o u.

Recall now the notation introduced in Definition 14.1. In particular, we have an exact
sequence of group functors:

(17.1) 1 L, G—"> Gt 1.
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We are going to describe the functor L, in order to prove Proposition 17.2.

We have the smooth affine group-scheme G = Spec(A), where A is a A-Hopf algebra. Let
c:A— A®Aande: A — A be the comultiplication and augmentation (or counit) maps, which
correspond to the multiplication of G' and to the unit section S — G. Recall that Ag = A/I and
that the pull-back of a S-scheme X to Sy = Spec Ay is denoted by Xj.

DEFINITION 17.3. Let m = Ker ¢; since G is smooth over S, m/m? is a locally free A-module of
finite rank (equal to the relative dimension d of G over S). Further, one has (m/m?)®@Ag ~ mg/m3
with obvious notation.

By definition, Lie(G/S) is the Zariski tangent space to G along the unit section, i.e. it is the
A-module Lie(G/S) = Homy(m/m? A). It is locally free of rank d. Similarly for Lie(Go/So)
over Ag.

DEFINITION 17.4. The left action of G on itself by inner automorphisms, that is, int(g)(¢') =
gg'g™!, induces a structure of left A-comodule p:V — A®V on V = A, which corresponds to
the linear right action of G on A given (¢ - g)(¢') = ¢(gg’g™") for ¢ € A and arbitrary R-points
9,9 € G(R). Clearly, m = Kere is stable by this G-action, as well as m?  hence there is a
natural right action of G on the cotangent space m/m? which is called the coadjoint action. The
induced action on the dual space Lie(G/S) is called the adjoint action.?

LEMMA 17.5. Let T = Spec B for some A-algebra B. Consider the By-module F(T) =
Homy, (my/mZ, IB).
(1) Ly, (T) is the set of A-algebras morphisms of the form ¢ = + D, with D € F(T).
(2) The resulting identification L, (T) = F(T) respects the group laws and the conjugation

action of G- on L (T) corresponds to the action on F(T) induced by the coadjoint action
on m/m?,

(3) If T is flat over S, setting | Ly = Homy,(mg/m2, I)| one has|F(T) = Lo ®4, Bo.

PRrROOF. (1) By definition, L, (7) is the set of algebra morphisms ¢ : A — B which reduce
to € modulo I. Thus, for any a € A, we can write ¢(a) = £(a) + D(a), with D(a) € IB. One
has A=Al @ m and ¢(1) =1 =¢(1), so we may consider D as a A-linear map m — I B. Since
(IB)* = 0, the condition that ¢ be a morphim of algebras becomes:

g(araz) + D(araz) = ¢p(ara2) = ¢(a1)P(az) = e(araz) + €(a1)D(az) + £(az) D(a1),

which is equivalent to
(17.2) D(ajaz) = e(ay)D(ay) + e(az)D(ay).

One expresses this equality by saying that D is an e-derivation A — IB. This implies that D
vanishes on m?. Conversely, one sees that any A-linear map m/m? — I B defines a map D as
above. This proves the first equality below, and the second follows since I B is annihilated by I:

L(T) = Homy (m/m?, 1 B) = Homy, ((m/m*) @ Ao, I B).
Finally, since (m/m?) ® Ay >~ mg/m3, one obtains assertion (1).

(2) Let ¢ € m. Since A = A1 @ m one can write uniquely:
(17.3) C(¢):)\1®1+¢1®1+1®¢2+Z%®91

with ¢1, @2 and the ¢, 6; in m. Since ¢ = (Id ® €)c(¢) = (e ® id)c(¢), and £(¢) = 0, one obtains
successively that A = 0 and ¢; = ¢ = ¢,.

30ver a base field, the adjoint action is considered as the primary object and the coadjoint action is its dual,
but over an arbitrary base one has to note that the action on m/m? (which is €*(Qg,5)) comes first.
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Now, let g1,92 € Li;(T) and write g; = ¢ + D; for i = 1,2. Recall that the product ¢;¢9s is
mpo (g1 ®gs) ®c, where mp is the multiplication of B. It follows from (17.3) that for any ¢ € m
one has

(9192)(¢) = D1(9) + D2(9) + Z D1 () Do(0;) = (D1 + D2)(9)

where in the second equality we have used that (IB)? = 0. This proves the first part of (2),
i.e. that under the identification g; <> D; the group law of L, (7T) transforms into the addition
law of the By-module F(T)).

Next, let g € G(T) and g; = € + Dy € Liy(T). For any ¢ € m, let ¢ denote its image in
m/m?. Then int(g)(g;) sends ¢ to

d(c(9)(91)) = (¢ 9)(91) = g1(¢ - g) = (e + D1)(¢ - g) = Di(¢ - 9)

and on the right-hand side this is the action of G on F(T') induced by the coadjoint action on
m/m?. This completes the proof of (2).

(3) Suppose that B is flat over A. Then we have isomorphims / ® By = I ® B — IB and
hence, since By is flat over Ay and mg/m3 is locally free of finite rank, one obtains
F(T) =~ Homy, (mg/m, I) @4, Bo = Lie(Go/So) ®a, I @4, Bo.
Thus, setting Ly = Homy,(mg/m3, I) ~ Lie(Goy/So) ®a, I, one has F(T) = Ly ®4, By. O
We can now prove Proposition 17.2

PROOF OF PROPOSITION 17.2. Let Y = Spec B be a flat affine group scheme over S, with
Y, of multiplicative type and suppose given a morphism of S-group functors ¢ : ¥ — G,
i.e. a morphism of Syp-groups ug : Yy — Gp. Since G is smooth and [ nilpotent, there exists a
morphism of S-schemes s : Y — G lifting uy.

As in Section 15, we can use ¢ to form the S-group functor £ = G Xg+ Y and pull-back the
short exact sequence (17.1) to obtain the following short exact sequence of S-group functors:

(17.4) 1 L., E-Z-Y 1.

The morphism of S-schemes s : Y — G is a section of . Proceeding as in Section 15, we obtain
a morphism 5: Y2 — L/, defined for arbitrary points y;,y, € Y(T') by

3(T)(y1,y2) = s(y1y2)s(yr) "s(ya) "
This is an element of L, (Y?), which equals Ly ® By ® By since B is flat over A. By Yoneda
lemma, the fact that $(7) is a cocycle for group cohomology, for any T, translates into the fact
that § defines a class in the Hochschild cohomology group H?(Yj, Lo). But the latter is 0 by
Cor. 16.6 since Y} is of multiplicative type. Therefore, ug can be lifted to a morphism of S-group
schemes u : Y — G.

Then, as in Section 15, any other such morphism v has the form v = fu, where f is a
morphism Y — L, i.e. an element of L,(Y) = Lo ® By, which is a 1-cocyle. Since H*(Yp, Lg) =
0, one obtains by Corollary 15.5 that v = int(g) o u for some g € Ker(G(S) — G(Sp)). This
completes the proof of Proposition 17.2. O

Notes for this Lecture

The cohomology of groups in a category is defined in Exp. I, §5.1. Then Lemma 15.4 and Corollary 15.5 are
proved in Exp. III, Prop. 1.2.4 but are standard results in group cohomology, as well as Lemma 15.6.

Hochschild homology is defined in Exp. I, §5.3, where Prop. 16.4 is proved as Th. 5.3.3 (whereas Lemma 16.3
is contained in the proof of 5.3.1.1). The extension to groups of multiplicative type (Cor. 16.6) is Exp. IX, Th. 3.1.

Theorem 17.1 corresponds to Theorems 3.2 and 3.6 of Exp. IX, whose proofs rely on Exp. III, Th. 2.1 and
Cor. 2.5.
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MT-groups over a complete noetherian ring

18. MT-groups over infinitesimal thickenings

REMARK 18.0. Beware that assertion (1) of the proposition below cannot be derived from Th. 17.1 because
in that theorem there is a smoothness assumption on the target group, whereas a MT-group is not necessarily
smooth: p, is not smooth over S is some residual characteristic of S divides n.

PROPOSITION 18.1. Let S be a scheme and Sy a closed subscheme having the same underlying
topological space. Then:

(1) The functor H — Hy = H x5Sy from the category of MT-groups over S to the
analogous one over Sy is fully faithful.

(2) It induces an equivalence between the subcategory of quasi-isotrivial, resp. isotrivial,
MT-groups over S and the analogous one over Sy

PROOF. (1) Let H,G be MT-groups over S. Let us prove that the map
w : Homg ¢, (H, G) — Homg,_g:(Hop, Go)

is bijective. As this question is local over S, we may assume S affine. Then there exists a faithfully
flat morphism S” — S, with S” affine, such that the pullbacks H' and G’ are diagonalisable. Let
H” and G” denote the pullbacks over S” = S xgS’. Let S| = S xg 5y and define similarly
H{, G}, etc. One has then a commutative diagram with exact rows:

Homg ¢, (H,G) —— Homg ¢, (H',G') ——Z Homgr_q.(H", G")

u u/ u//

Homg, q:(Ho, Go) — Homg;_q.(Hy, Giy) ——= Homgya. (Hy, G),

hence to prove that u is bijective, it suffices to do so for ' and u”. We are therefore reduced to the
case where H and G are diagonalisable, say G = D(M)g and H = D(N)g. Then Gy = D(M)sg,
and Hy = D(M)g,. By Cor. 6.3 and the proof of Prop. 7.5 in Lecture 3, we obtain a commutative
diagram:

507

Locgp(M x S, N) Locgp(M x Sp, N)

where Locgp(M x S, N) is the set of maps M x S — N which are additive in the first variable
and locally constant in the second, and where D(u) is the map induced by the inclusion Sy — S.
Since Sy and S have the same underlying topological space, D(u) is bijective, hence so is u. This
proves (1).

Homs_(;r (M)S) — HOmSg-Gr (M)So)

D(u)

(2) Let Hy be a quasi-isotrivial (resp. isotrivial) MT-group over Sy. We have to prove that
there exists a quasi-isotrivial (resp. isotrivial) MT-group H over S such that H xg Sy ~ Hy.

OVersion of Sep. 1, 2023. This is the original version prepared for the lecture. The shortcuts discussed during
the lecture were not legitimate, see Remark 18.0, so we revert to the original text.

45
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By hypothesis, there exists a surjective étale (resp. finite étale) morphism Sj; — Sy such that
the pullback Hy is a diagonalisable group D(M)g;. Now, recall that the functor X +— X, =
X x5Sy is an equivalence between the category of schemes étale over S and that of schemes
étale over Sp; see [SGA1], Exp. I, 8.3 when S is locally noetherian, and EGA 1V,, 18.1.2 in
general. Thus, there exists a surjective (resp. finite étale) étale morphism S’ — S such that
S[/) =9 Xg So.

Then H' = D(M)g is such that H' x¢ S}, = H|). Define as usual S”, S” and note S” x g Sy ~
Sy X5, Sp and similarly for S{’. As H| = Hy xg, S, it is endowed by with a descent datum
relative to Sj — Sp. Applying the result of (1) to the pairs (S”,S{) and (S, S{’), one obtains
that this descent datum comes from a descent datum on H’ relative to S — S. Since H' is
affine over S’, this descent datum is effective, by Theorem 8.18 of Lecture 4. Thus there exists
a S-group scheme H such that H xg S’ = H' = Dg/(M), and hence H is a quasi-isotrivial
(resp. isotrivial) MT-group over S.

Further, the pullbacks of H xg Sy and Hy by S; — Sy are isomorphic. Since Sj — S
is surjective and étale, it is a morphism of descent (see e.g. Lemme 8.22), hence the previous
isomorphism comes from an isomorphism H xg Sy ~ Hy. This completes the proof of (2). O

REMARK 18.2. Suppose for simplicity that S = Spec A is affine. Then a closed subscheme Sy = Spec(A/T)
has the same underlying space topological space if and only if I is a nilideal, i.e. for every a € I there exists an
integer n such that o™ = 0. If A is not noetherian, I need not be nilpotent: for example, let k be a field, A the

polynomial ring over k in infinitely many variables (X;);en+ and A the quotient of A by the relations Xf“ =0.
Then the maximal ideal of A is a nilideal which is is not nilpotent.

For simplicity, assume now that S = SpecA and Sy = Spec(A/I). Under the additional
assumption that I be nilpotent, one obtains the following stronger result.

THEOREM 18.3. Suppose that S = Spec A and Sy = Spec(A/I), with I nilpotent. Let H be a
flat S-group scheme such that Hy is a quasi-isotrivial, resp. isotrivial, MT-group over Sy. Then
H is a quasi-isotrivial, resp. isotrivial, MT-group over S.

PROOF. Suppose that Hj is a quasi-isotrivial (resp. isotrivial) MT-group over Sy. Proceeding
as in the previous proof, we obtain a surjective étale (resp. finite étale) morphism S’ — S such
that Hj ~ D(M)s;. We want to prove that H ~ D(M)s:. So, replacing S by S’, we are reduced
to the case where Hy = D(M)g,.

Set G = D(M)s. Then we have an isomorphism ug : Hy — Go. Let us show! that uq lifts
uniquely to a morphism of S-group schemes v : H — G. By Cor. 6.3 one has

(18.1) Homg g, (H,G) = Homg (Mg, Homg ¢, (H, Gy, 5)) = Homy,, (M, Homg ¢, (H, Gy.5))

the second equality coming from Homg ¢, (Mg, Y) = Homg,, (M, Y (S)) for any S-group scheme
Y. Then, we have a commutative diagram:

Homg ¢, (H, G) Homyg,, (M, Homg ¢ (H, Gy, 5))

| |

HomSO—Gr<H07 GO) Ea— Homgrp(Ma HomSo—Gr(H(b Gm,So))

where the vertical maps are induced by the base change Sy — S. Since H is flat over S and H of
multiplicative type and G = G, s is smooth and commutative (so that the inner automorphisms
are trivial), Theorem 17.1 ensures that the map

Homg g, (H, G, 5) = Homg, g (Ho, Gy s,)

is bijective. Therefore ug : Hy — Gy lifs to a unique morphism of S-group schemes u : H — G.

TAgain, we cannot invoke directly Th.17.1 because H is not necessarily smooth. This is why the duality
functor D is used, in order to be in a situation where the target group is G,,, which is smooth (and commutative).
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Moreover, u is an isomorphism. Indeed, since wug is an isomorphism, it suffices to see that
for each h € H, the ring homomorphism ¢ : Og un) — Onp is bijective. Let C' and K denote
its cokernel and kernel. By assumption, ¢; = ¢ ® (A/I) is bijective. It follows that C' satisfies
C = IC, hence C = 0 since I is nilpotent. Then, since O, is flat over A, the kernel of ¢; is
K/IK. Tt follows, as above, that K = I K and hence K = 0. This completes the proof. 0

Notes for this Lecture

Prop. 18.1 and Th. 18.3 are respectively Prop. 2.1 and Cor. 2.3 of Exp. X.
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MT-groups over a complete noetherian ring

19. Projective limits of homomorphisms: the algebrisation theorem

DEFINITION 19.1. Let I be an ideal in a ring A. One says that A is separated and complete
for the I-adic topology if the natural ring homomorphism A — l'glA/I " is bijective. In other

words, [,y I" = {0} and every sequence (a,)nen of elements of A such that a,4; — a, € 1"
converges to an element a of A (equivalently, every series ) ., b, with b, € I"™ converges to an
element b of A).

THEOREM 19.2. Let A be a noetherian ring, with an ideal I such that A is separated and
complete for the I-adic topology. Set S = Spec(A) and S,, = Spec(A/I" ™) forn > 0.

Let G be an affine S-group scheme and H an isotrivial MT-group over S. For each n, we
denote by G, H,, their pullbacks to S,,.

(1) The canonical map 6 : Homg ¢, (H, G) — @Homsn_Gr(Hn, G,) is bijective.

(2) Suppose further that G is flat over S at each point of Gy and Gy is an isotrivial MT-group
over Sy. Then the map Homg g, (H,G) — Homg,.q,;(Ho, Go) is bijective.

PROOF. (1) Suppose first the result proved when H is diagonalisable. In the general case,
there exists by hypothesis a surjective finite étale morphism A — A’ such that the pull-back
H' of H to S" = Spec A’ is diagonalisable. Then so are H” and H], H!', with obvious notation.
Moreover, since A" and A” are finite over A, they are separated and complete for the topology
defined by the ideals A" and I A”. Thus, assuming the result proved in the diagonalisable case,
the second and third vertical maps in the commutative diagram below are bijective:

Homg ¢, (H, G) Homg .. (H',G") Homgr o, (H"”, G")

u u w'!

T&n Homg, g, (Hp, G,) — l&n Homgr . (H,,,G,) —= I&n Homgr.c(H,,, G7).

Further, A — A’ is a morphism of descent (being faithfully flat and quasi-compact) hence the
first row is exact, as well as the analogous row for a given n. Since projective limits are left
exact, the bottom row is also exact. It follows that the first vertical map is bijective.

Thus, it suffices to prove the theorem when H is diagonalisable, say H = D(M)g. Set
B = A[M] and let C' be the A-Hopf algebra of the affine group scheme G. Denote by Ag and
A¢ their comultiplication maps. Denoting by (€,,)menr the canonical basis of A[M], recall that
Ap(em) = €m ® ep.

For n € N, set A, = A/I"™ and let B, and C, be obtained by base change. Note that
B, = A,[M]. The morphisms of S-group schemes H — G, resp. H,, — G, correspond to the

morphisms of A-Hopf algebras ¢ : C' — B, resp. ¢, : C,, = B,. Set B= lngn and C' = l'&nCn

and let 73 : B — B and 70 :C — C be the canonical maps.

Oversion of Sept. 2, 2023, after the lecture.
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Note first that one has I"B = @, I"e,, for each n, hence (), ["B = {0}. That is, 7 is
injective.! Since B ®4 B = A[M x M], the same argument shows that 7pg ,p is injective too.
The injectivity of 75 immediately gives that the map 6 is injective. Indeed, for any morphism of
Hopf algebras ¢ : C'— B, the projective system 6(p) = (¢n)n>0 of morphisms of Hopf algebras
induces a morphism of algebras @ : C — B such that the diagram

c-*.B

|
C—2-B
is commutative. Since 75 is injective, this shows that the map 6 : ¢ — (p,)n>0 is injective.

Let us prove that 6 is surjective. Let (¢,)n>0 be a projective system of Hopf algebra mor-

phisms C,, — B,,. It induces a morphism of algebras ¢ : C' — B.
What we want is a morphism of Hopf algebras C' — B, but a difficulty is that taking the
projective limit of the comultiplication maps

Ap,: Bn=A,M] = B, ® B, = A,[M x M]

gives a map &73 B — @ . As noted in footnote (1) the latter algebra is the A-submodule
of the product AM*M consisting of families (a, /) which tend to zero. Further, the projective
system of morphisms B ® B — B, ® B, gives a morphism of algebras n: B® B - B® B
but this morphism is not surjective in general. However, we have the following commutative
diagram:

n °

c, o B,

Ac, Ap,

TCRTC

CoC—"-BwoB

cCxC

/////

Cn®Cy
Set ® = p o 7¢ and let ¥ be the composed map indicated in the diagram:

S@n@ﬂpn

Ac PR

C CwC BoB—>BwB

For cach f € C, ®(f) is a family (a,,) of B whose image by Ap is a family (@) OFf B®B
which satisfies the hypotheses of Lemma 19.3 below. Hence the support of the families (a,,) and
(@m ) are finite. Therefore ®(C') C B and V(C) C B ® B (recall that 7pgp is injective) and

we obtain the commutative diagram below:

C ki B

- |2

Co,C 222, BeB.

! Moreover B identifies with the A-submodule of the product AM consisting of families (@, )meas Which tend
to zero in the sense such that for each n € N, all but a finite number of the a,, belong to I™.
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This proves that ® is a morphism of Hopf algebras C' — B, which reduces modulo I"*! to the
given ¢,,. This completes the proof of assertion (1).

(2) By assertion (1), the map Homg ¢, (H,G) — Jim Homg, cr(Hp, Gr) is bijective. Fur-
ther, by Th.18.3, each G, is an isotrivial MT-group over S,, and hence, by assertion (1) of

Prop. 18.1, each map Homg, ¢, (H,, Gr) — Homg, c:(Ho, Go) is bijective. This proves assertion
(2). O

LEMMA 19.3. Let A be a noetherian ring, M a set, (am ) a family of elements of A indexed
by M x M such that:
(1) @ = 0if m #m’ (i.e. the support of the family is contained in the diagonal of M x M ).

(2) There exist a finite number of elements b',¢" € AM such that =Y, bl ¢, for every
m,m’. (This means that the element (am ) of AM*M is the image of the element >, b ® ¢
under the canonical morphism AM @, AM — AM*M),

Then the support of the family (G ) is finite.

PROOF. By (1), the family (@, ) is determined by the a,, = @y, m. Define a homomorphism
u: AM) — AM a5 follows: for every @ = (T )menr € AN,

W)y = Z A/ o, T
m

Denote by (e,,) the canonical basis of AM). By (1), one has simply u(e,,) = apmenm. On the
other hand, by (2) one has
u(em)m = Zcfnbfn,

hence the u(en,) = amne,, are contained in the finitely generated A-module >, Ab*. Since A is
noetherian, they generate a finitely generated A-module. Since the e, are linearly independent,
it follows that a,, = 0 for all but a finite number of m. O

COROLLARY 19.4. Let A, 1,S,Sy and H be as in Th. 19.2, suppose that G is a smooth affine
S-group scheme and let ug : Hy — G be a morphism of Sy-group schemes. Then:

(1) There exists a morphism of S-group schemes u: H — G that lifts ug.
(2) Ifv is another such lifting, there exists g € Ker (G(S) — G(Sy)) such that v = int(g)owu.

PROOF. (1) Using Theorem 17.1, one can lift uy to a projective system of morphisms (u,,).
Then assertion (1) of theorem 19.2 gives a morphism u : H — G lifting w.

(2) Let u,v be two liftings of ug. By Theorem 17.1, one obtains a projective system of
elements g, € Ker (G(S,) = G(Sp)) such that v, = int(g,) o u, for all n. That is, we have
a projective system of morphisms of algebras g, : C — A/I""1. Since A is separated and
complete the sequence g,(c) converges, for each ¢ € C, to an element g(c). This gives an
element g € Ker (G(S) — G(Sp)) such that v, = (int(g) o u), for all n. Since the morphism 6
of Theorem 19.2 is injective, it follows that v = int(g) o w. O

20. The density theorem

Recall that we have always assumed that MT-groups be of finite type, i.e. that the corre-
sponding abelian group M be finitely generated. As this is important in the next theorem, we
write this hypothesis explicitly.
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REMARK 20.1. Let G be a commutative affine group scheme over S. For each n > 1, let ,GG
be the kernel of the n-th power map r,. As we have a cartesian diagram

G-

|

nG— S

and the unit section € : S — G is a closed immersion (G being affine hence separated over 5),
one obtains that ,G is a closed sugbgroup of GG, hence is defined by a sheaf of ideals that we will
denote by Z,.

THEOREM 20.2. Let G be a MT-group of finite type over S. For each n > 1, let ,G be the
kernel of the n-th power map and Z,, the corresponding sheaf of ideals.

(1) Let Z be a closed subscheme of G containing all ,G in the schematic sense, i.e. if J
is the sheaf of ideals of Og defining Z, the assumption is that J C I, for all n. Then
Z =G, ie J=0.

(2) Let H be a subgroup scheme of G such that each ,G is a closed subscheme of H. Then
H=dG.

PROOF. ? (1) Taking a covering of S by affine subsets, we may suppose that S = Spec A is
affine. Denote then by I, the ideal of O(G) corresponding to ,G. Let A — A’ be a faithfully flat
morphism such that the pullback G’ of G to S’ = Spec(A’) is isomorphic to D(M)g for some
finitely generated abelian group M. Since the formation of kernels commutes with base change,
we have ,G' = (,G) x5 S" and hence, with obvious notation, I/, = I, ®4 A’.

We have to prove that any f € O(G) belonging to all I,, is zero. Since the map O(G) —
O(G) ®4 A" = O(@') is injective, it suffices to prove the corresponding result over S’. Thus,
replacing S by S’ we may assume that G = D(M)g, i.e. O(G) = A[M].

One has M ~ 7Z" x @) for some finite abelian group @ of order ¢q. Denote by B the Laurent
polynomial ring A[T!, ..., TF'], then A[M] ~ B[Q]. Let f = > wcq bz x € A[M] and suppose
that f is zero in each quotient O(,G) = A[M/nM]. Let m be the supremum of the absolute
values of the exponents of the T;’s in the various b,. Let n be a multiple of ¢ which is > 2m.
Then

AM/nM] ~ (A[Ty,...,T,)/ (I = 1,..., T — 1)) [Q]

and hence in A[M/nM)] the elements T - - - T%b,, with —m < d; < m and = € Q are linearly
independent over A. It follows that every coefficient of f is zero, hence f = 0. This proves (1).

(2) When S is the spectrum of a field k, one knows that every subgroup scheme is closed,
hence (2) follows from (1) in that case. In the general case, let H be a subgroup scheme of
G containing all the ,,G. Being a subscheme means that H is a closed subscheme of an open
subscheme U of G.

Then, on each fiber one has H; = G;. Thus H has the same underlying space as GG, hence
U = G and H is a closed subscheme of GG, and we conclude by (1) that H = G. O

REMARK 20.3. (1) Note that the assumptions and conclusions in the previous theorem are
schematic and not purely topological. Let us illustrate this in the case where S = Spec(k) for
an algebraically closed field of characteristic p > 0.

a) Let G = pu,s; then O(G) = k[T|/(TP — 1) ~ k[T]/(T — 1)P. Here the reduced scheme
Grea = S has the same topological space as GG, but is not equal to G.

2This neat proof is due to Joseph Oesterlé, see [Oes14], §8. In [SGAS3,], IX, Th. 4.7, Grothendieck proves
the stronger result that the family of subschemes (,G)p>1 is schematically dense in G.
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b) On the other hand, let G = G, 5 X5 ftps = D(M)g, where M = Z x Z/pZ. The
above proof shows that it suffices to consider the ,,,G for a sequence of integers (n;);en
divisible by the order of the torsion group of M such that lim;_,,, n; = +00. Here we can
take n; = p’; then the subgroup schemes ,iG ~ p,i 5 Xg 1,5 have the same topological
space as S, but any subgroup scheme of GG containing them must equal G.

(2) One could be tempted to call “schematic density” the notion considered in the theorem.
In fact, this terminology is used for a stronger property: one says that a family (Y;);e; of
subschemes of a scheme X is schematically dense if for every open subset U of X, every closed
subscheme Z of U which contains all Z; N U must equal U. In [SGA3,|, Th. 4.5, Grothendieck
proves a stronger version of Th. 20.2: the family (,G)nen+ is schematically dense in G.

REMARK 20.4. The theorem does not hold for the (non-finitely generated) abelian group Q. Indeed, setting
G = D(Q)g, one has ,G = {1} for all n > 1.

21. Free actions of MT-groups on schemes affine over S

This section was meant to be given in Lecture 6, after the results on faithfully flat descent of Section 9 and
their applications in Section 10. In order to go quickly into deformation theory, we postponed it till now and
perhaps, due to lack of time, this material will not be covered in an actual lecture. In a later reorganisation of
this notes, this section will probably be moved to an earlier place.

THEOREM 21.1. Let H be a MT-group scheme over S acting freely, say on the right, on a
scheme X affine over S. Then there exists a scheme Y affine over S, together with a faithfully
flat, H-invariant, morphism p : X — Y, which represents the quotient X/H.

In particular, p makes X into a Hy-torsor over Y, where Hy = H xgY.

PROOF. See [SGA3,|, VIIT Th. 5.1 together with IX, Prop. 2.3, or [Oes14], §10. O

COROLLARY 21.2. Let u: H — G be a monomorphism of S-group schemes, where is H is a
MT-group and G is affine over S. Then:

(1) u is a closed immersion.
(2) There exists a scheme Y affine over S, together with a faithfully flat morphism p : G —
Y, which represents the quotient G/H.

(3) Further, if H is a normal subgroup of G then'Y has a structure of S-group scheme such
that p is a morphism of group schemes.

PROOF. Assertions (1,2) are in Exp. IX, Cor 2.5, whereas assertion (3) follows from Exp. IV,
Prop. 5.2.3. 0

Notes for this Lecture

Lemma 19.3 is Lemma 7.2 of Exp. IX.

Assertion (1) of Th. 19.2 is Th. 7.1 of Exp. IX, while assertion (2) is Lemma 3.1 of Exp. X.

The proof of Th. 20.2 is that given by Oesterlé in [Oes14], §8. In [SGA3.], IX, Th. 4.7, a stronger result is
proved (with a much longer proof).

The references for the results of Section 21 are given in the text.






LECTURE 10
Quasi-isotriviality of MT-groups of finite type

22. The spreading theorem over a complete noetherian local ring

LEMMA 22.1. Let A be a noetherian ring, with an ideal I such that A is separated and
complete for the I-adic topology. Set S = Spec(A) and Sy = Spec(A/I).
(1) Every maximal ideal of A contains I.
(2) Therefore, if U is an open subset of S containing Sy, then U = S.

PROOF. (1) Let # € I. For every a € A the element 1 — ax is invertible, its inverse being
14>, < (ax)™ (this sum converges since (azx)” € I"™ and A is [-adically complete). Now suppose
that there exists a maximal ideal m such that x ¢ m, then there exists y € A and z € m such
that yr = 1 — z, hence 1 — yx = z belongs to m, contradicting the fact that 1 — yx is invertible.
This proves (1).

(2) The complement of U is a closed set V(J) = {P € Spec(A) | P D J}. If it is not empty
(i.e. if J is a proper ideal), it contains a maximal ideal m, which is impossible since all maximal

ideals belong to V(I) = Sp. Thus U = S. O

THEOREM 22.2. Let A be a noetherian ring, with an ideal I such that A is separated and
complete for the I-adic topology. Set S = Spec(A) and Sy = Spec(A/I)
(1) The functor H — Hy = H X g Sy is an equivalence of categories:

1sotrivial M'T-groups ~ wsotrivial M'T-groups
over S over Sy

Now, let G be a finite type affine S-group, flat over S at each point of G, and such that Gg is
an isotrivial M'T-group over Sy.

(2) There exists a finite type isotrivial MT-group H over S and a morphism of S-groups
u: H — G such that ug : Hy — Gy is an isomorphism.

(3) If one assumes further that G is a MT-group over S then u is an isomorphism; hence
the hypothesis that Gy be isotrivial implies that G is so.

(4) In general, u is an open and closed immersion.

PRrROOF. (1)! By assertion (2) of Th. 19.2 we know already that this functor is fully faithful.
Now, let Hy be an isotrivial MT-group over Sy. The proof that there exists an isotrivial MT-
group H over S such that H xg Sy ~ Hj is similar to that of assertion (2) of Prop. 18.1.
Namely, there exists a surjective finite étale morphism S — Sy such that the pullback H| is a
diagonalisable group D(M)g;. By [EGA] IV,, Prop. 18.3.2, the functor X —— Xy = X xS is
an equivalence between the category of schemes finite and étale over S and the corresponding
one over Sy. Thus, there exists a surjective finite étale morphism S” — S such that S = S’ x ¢ 5.
Then H' = D(M)g is such that H" xg S| = H|.

Next, one obtains as in the proof of assertion (2) of Th. 18.1 that the descent datum on
H] relative to S — Sp comes from a descent datum on H’ relative to S" — S. Since H' is

Oversion of Sept. 4, 2023.
LA shorter proof of assertion (1) is given in Lemma 23.10below.
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affine over S’, this descent datum is effective, hence there exists a S-group scheme H such that
H xgS" = H = Dg (M), and hence H is an isotrivial MT-group over S. Further, H xg Sy and
Hy become isomorphic over Sj, hence they are isomorphic because S; — Sy is a morphism of
descent. This completes the proof of assertion (1).

Now, let G be a finite type affine S-group, flat over S at each point of GGy, and such that Gy is
an isotrivial MT-group over Sy. Let M be the abelian group corresponding to Gy; it is finitely
generated since GG, hence Gy, is of finite type.

By assertion (1), there exists an isotrivial MT-group H over S and an isomorphism of Sp-
groups ug : Hy — Gy. By assertion (2) of Th. 19.2 we know that wug lifts uniquely to a morphism
of S-groups u: H — G.

On the other hand, since the type of the fibers H, is a locally constant function of s, there
exists an open subset U of S containing Sy such that Hy is of type M. By Lemma 22.1, the
only open subset of S containing Sy is S itself. Thus, H is of type M over S, in particular it is
of finite type. This proves (2).

(3) Assume further that G is a MT-group over S. The same reasoning as above, applied to
G instead of H, shows that G is of type M over S, in particular it is of finite type. Then, by
Prop. 7.10 of Lecture 3, K = Ker(u) and C' = Coker(u) are MT-groups over S, hence the type
of their fibers is again a locally constant function of s. Since u( is an isomorphism, the type of
K and of C'is the trivial abelian group {0} over Sy and hence over S. Thus K and C are trivial
and hence u is an isomorphism. This proves (3)

Let us prove (4). Let S’ — S be a finite étale map such that H' ~ D(M)g . It suffices to prove
that «’ is an open and closed immersion, because then v will be so ([EGA] IV, Prop. 2.7.1).
So, replacing S by S’ we may assume that H = D(M)g.

Let us denote by u, the pullback over S,, of the morphism v : H — G. By assumption, u,, is
an isomorphism; in particular it is flat. By the local criterion of flatness (see e.g. [EGA], 1V,
Lemma 11.3.10.2 or [Mat86], Th. 22.3) it follows that u is flat at any point of Hy, in particular
at any point of the unit section of Hy. Now, one knows that the locus V' of points of H where u
is flat is open ([EGA] IV3, Th. 11.1.1), hence its inverse image by the unit section ¢ : S — H is
an open subset U of S containing Sy. By Lemma 22.1 one has U = S, hence u : H — S is flat
near every point of the unit section. For every s € S it follows that u, is flat, because over a field
one can show, going to an algebraic closure and using translations, that a morphism between
finite type groups is flat as soon as it is flat near the identity (see [SGA3;], VIg, Prop. 1.3 and
also V14, Lemma 2.5.3 for the stronger result without finiteness hypotheses). Thus, by the fibral
criterion of flatness (see [EGA] IV3, Cor. 11.3.11), u: H — G is flat.

Let K = Ker(u). As we have a cartesian diagram

H—-@G

o

K—S

and the unit section € : S — G is a closed immersion (G being affine hence separated over .5),
one obtains that K is a closed sughgroup of H, flat over S, and such that K is trivial. Let us
prove that K is trivial.

For each n € N* the n-torsion subgroup ,G = D(M/nM)g is finite over S, hence so is its
closed subgroup ,K. Its pullback , K, over Sy is trivial, hence by Nakayama’s lemma ,K is
trivial. In particular, for each s € S we have that ,,(K;) = (,K); is trivial. One knows that
over a field every closed subgroup of a diagonalisable group is diagonalisable (see [SGA3;] IX,
Prop. 8.1 or [Oesl4]|, §5.4). Thus each fiber K is a diagonalisable group over x(s), and since
»(Ky) is trivial for each n it follows from the density theorem 20.2 that K is trivial. Therefore,
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the unit section € : S — K is an isomorphism on each fiber and hence, by Lemma 22.3 below,
K is the trivial group. This proves that v : H — G is a monomorphism.

Since H is diagonalisable, Cor. 21.2 tells us that u is in fact a closed immersion. On the
other hand, as it is flat and of finite presentation (because H and G are of finite type over the
noetherian base S) it is open, and is therefore an isomorphism from H to an open and closed
subgroup of G. This completes the proof of assertion (4). O

In the proof of assertion (4), we have used the lemma below, which is [EGA] IV,, Cor. 17.9.5.

LEMMA 22.3. Let f: X — Y be a morphism of S-schemes, where X,Y are locally of finite
presentation over S and X s flat over S. If for each s € S the morphism f, : Xy — Ys is an
open immersion, resp. an isomorphism, so is f.

23. MT-groups of finite type over a henselian local ring

In this section, (A, m) denotes a local ring, S = Spec A, s the closed point of S and Sy = {s}.

DEFINITION 23.1. One says that (A, m) is henselian if it satisfies the following equivalent
conditions:
(1) Every finite A-algebra B decomposes as a product of local rings.
(2) For every morphisms X — S finite and Y — S étale and separated, the natural map
Homg(X,Y) — Homg, (Xo, Yp) is bijective.
(3) For every smooth morphism f : X — S and every point x € X over s such that
k() = K(s), there exists a section u : S — X of f such that u(s) = x.

REMARK 23.2. Of course, the equivalence of the conditions is far from trivial. The first one is usually taken
as the definition, see [SGA3;], Exp. X, §4 and [EGA] IV, Def. 18.5.8 and Prop. 18.5.9 (ii). The equivalence
with (2) is proved in [EGA] IVy, Cor. 18.5.12 and that with (3) in loc. ¢it. Th. 18.5.17.

NOTATION 23.3. A morphism of local rings f : (A,m) — (B, n) is local if f~*(n) = m. In this
case? it induces an extension of residue fields A/m — B/n; if further this extension is trivial, we
will say for brevity that f is tlocal. Beware that this is not standard terminology!

REMARK 23.4. Recall that a flat local morphism (A, m) — (B, n) is faithfully flat.

For what follows, we refer to [EGA] IV, Th. 18.6.6 or [StaPr]|, Algebra, §155 (Tag 0BSK).
One can prove that the set of tlocal étale morphims f; : (A, m) — (A, my) is filtered, that is,
if f5 is another such morphism, there exists a third one f3 which dominates f; and f5, i.e. such
that f3 factors through f; and fs:

(4,m)
(Al, ml..) f3 (..AQ, mg)
‘....(AA:),, m3;

DEFINITION 23.5. Using this, one can construct the filtered inductive limit of these mor-
phisms. One obtains a flat tlocal morphism A — A where A is a local henselian ring with
maximal ideal Am, which is determined up to unique isomorphism by the universal property
that, for every local henselian ring B,

(23.1) Loc. Hom(A, B) = Loc. Hom(A4, B).

2Note that, for example, the inclusion A < K of a DVR in its field of fractions is not a local morphism.
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One says that A is the henselisation of A.

From now on, suppose that A is noetherian and denote its m-adic completion by A. Then

one knows that A —s A is faithfully flat (in particular, injective). Further, in this case one has
the following proposition.

PROPOSITION 23.6. Let (A, m) be a noetherian local ring. Then:

(1) A is noetherian and has the same m-adic completion than A.
(2) Thus, one has tlocal, flat morphisms A — A — A of local noetherian rings.

REMARK 23.7. Under the assumption that A be noetherian, one can define informally A as follows. Set k =
A/m and S = Spec A. We know already that A is henselian. Let (A,m) = (A’,m) be an étale tlocal morphism,
corresponding to an étale map f : S’ — S sending s’ to s (with obvious notation). Since k(5) ® x(s") = k,
there is a unique point x of S xg S mapping to § and to s’ and, by condition (2) of Def. 23.1, the morphism
S xg 8" — S admits a section sending s to z, which is necessarily étale (see [EGA] IVy, Prop. 17.3.4). In other
words, the morphism A A A A’ admits a retraction 7 which is a tlocal étale morphism and this gives a flat
tlocal morphism A’ — A. Then A is the union of the i images of these morphisms (since they form a filtered set,
the union of their images is a subring).

NoOTATION 23.8. For the rest of this section, we fix a noetherian local henselian ring (A, m),
denote by A’ its completion, by S, S their spectra, and we set Sy = Spec(k), where k = A/m.

REMARK 23.9. Consider the following diagram of categories and base-change functors:

{ Schemes finite and } XX xgS' { Schemes finite and }

étale over S étale over S’

X’ﬁm AXS’SO

Schemes finite and
étale over S ‘

The two oblique arrows are equivalence of categories, hence so is the horizontal one.

Note that S, .S" and Sy are connected. So, choosing a geometric point 5 over s, the observations
above imply that fundamental (profinite) groups are isomorphic:

(23.2) (8, 3) == m1(So, 5) —=m(5",3).

LEMMA 23.10. The functor H — Hy = H Xg Sy is an equivalence between the category of
isotrivial MT-groups over S, resp. S’, and the corresponding one over Sy.

PROOF. Since S,S" and Sy are connected, it follows from Th. 12.3 of Lecture 5 that the
category of isotrivial MT-groups over S is anti-equivalent to the category of (S, s)-modules
M such that the kernel of m;(S,5) — Aut(M) is an open subgroup, and similarly for Sy and S’.
Since the three fundamental groups are the same, the result follows.

Note that this argument also proves assertion (1) of Th. 22.2. O

PROPOSITION 23.11. In the following diagram of categories and base-change functors, all
arrows are equivalence of categories:

MT-groups XX xgS' MT-groups
finite over S finite over S’

XHXm A /XS/SQ

MT-groups
finite over Sy |-
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PRrROOF. Any MT-group H, finite over Sy is, in particular, of finite type, hence isotrivial by
Prop. 12.6 of Lecture 5, so it comes by change from a MT-group H over S, of the same type as
Hy, hence finite over S.

Let H, G be finite MT-groups over S. We have a commutative diagram
HOH]S_Gr(H, G) HOIHSO_Gr<H0, Go)

Homg_Gr(D(G), D(H)) - HomSO—Gr(D(GO)a D<H0))

and, since D(G), D(H) are finite étale group schemes, the bottom horizontal map is bijective
(the unique lift u of a group morphism wuy : D(Gy) — D(Hy) is a group morphism, as one sees
by considering the diagram involving the group laws of D(Gy) and D(H)). Therefore, the top
horizontal map is bijective too.

This proves that the base-change from S to Sy is fully faithful. The same argument applies
to the base-change from S’ to Sy, since S’ is also local henselian with closed point s. Thus the
two oblique arrows are equivalence of categories, hence so is the horizontal one. O]

PROPOSITION 23.12. Recall the hypotheses of 23.8. Let H,G be MT-groups of finite type
over S and let H', G’ be their pull-backs over S’. Then the natural map below is bijective :

(23.3) Homg.q.(H,G) — Homg . (H', G").

PROOF. Set §” = 5" x 45" and let pry, pry be its two projections to S’. As §" — S is faithfully
flat and quasi-compact, one has an exact diagram
pri
HOH’IS_Gr<H, G) E—— HomS/_Gr(H’, G/> — HOI’HS//_GI(HH, G”)
pr3
hence we see that the assertion is that for every morphism of S’-groups f': H — G’, the two
morphisms of S”-groups pri(f’), pry(f) : H" — G” coincide.

Note that f’ induces for each n € N* a morphism of S’-groups f/ : ,H — ,G’'. But ,H’ and
»G' are finite MT-groups over S’ hence, by the previous proposition, f! comes from a morphism
of S-groups f, : nH — ,G and hence satisfies pri(f!) = pri(f}).

Now, since G” is affine hence separated over S”, the locus where pri(f’) and pr3(f’) coincide
is a closed subscheme of H”, and by the previous paragraph, it contains all the subgroups ,, H".
Hence, by the density theorem 20.2, pri(f’) = pr5(f’). This proves the proposition. O

COROLLARY 23.13. Recall the hypotheses of 23.8. Let G be a MT-group of finite type over
S. Then G is isotrivial.®

PROOF. As Gq is a MT-group of finite type over Sy = Spec(k) it is isotrivial, say of type
M for some finitely generated abelian group M (see Prop. 12.6 in Lecture 5). By Lemma 23.10,
there exists an isotrivial MT-group H over S and an isomorphism wug : Hy ~ Ggy. Since S is
connected, both H and G are of constant type M over S.

By assertion (2) of Theorem Th. 19.2, that is, by the algebrisation theorem Th. 19.2 (1) and
by the lifting results of Th. 18.3 and Prop. 18.1 (which use duality to extend the cohomological
result of Th. 17.1 to MT-groups, not necessarily smooth), we know that wug lifts uniquely to a
morphism of S’-groups v’ : H — G’. By the previous proposition, u comes by base-change
from a morphism of S-groups v : H — G.

3This extends assertion (3) of Th. 22.2 from the complete to the henselian case. There is also an extension
of assertion (4), but the proof is more difficult, see Exp. X, Lemma 4.3 and Th. 4.4.
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Now, both H and G are MT-groups of constant type M over S, with M finitely generated.
Hence, by Prop. 7.10 of Lecture 3, K = Ker(u) and C' = Coker(u) are MT-groups over S, and
since S is connected they also have a constant type over S. Since ug is an isomorphism, the
type of K and of C' is the trivial abelian group {0}. Thus K and C are trivial and hence u is
an isomorphism. O

24. Quasi-isotriviality of finitely generated MT-groups

From the previous corollary, one deduces the following theorem, valid over an arbitrary base
scheme S.

THEOREM 24.1. Let G be a MT-group of finite type over a scheme S. Then G is quasi-
isotrivial, 1.e. for every s € S there exist an open neighbourhood and a surjective étale morphism
U’ — U such that Gy is diagonalisable.

SKETCH OF PROOF. This uses the principle, detailed in [EGA] IV3, §8, that is f : X — Y
is a morphism of schemes of finite presentation over the spectrum S of a ring A, and if A is
the filtered inductive limit of a family of subrings (A;);cs, then, denoting by a subscript i the
pull-backs over S; = Spec A;, one has:

a) There exists an index i € I and a morphism f; : X; — Y; such that f comes from f; by
base change.

b) If one considers a property (P) like being: an isomorphism, an open or closed immersion,
an affine, quasi-affine, finite, quasi-finite, or proper morphism, then f has property (P)
if and only if there exists an index ¢; > ¢ such that for every j > 7; the morphism f;
obtained from f; by base-change has property (P).

Applying this firstly to the local ring Og, it suffices to prove the theorem over Spec Og.
Next, Og , is the inductive limit of local subrings which are localizations of finitely generated Z-

algebras, so we are reduced to the case where A = Og ; is noetherian. Let A be its henselisation.

Then, by the previous corollary, there exists a finite étale morphism A — A" such that the
pull-back G’ of G over Spec A’ is diagonalisable. Since A is the filtered inductive limit of “étale
neighbourhoods of s”, one obtains from the previous principle an open neighbourhood U of s
in S and a surjective étale morphism U’ — U such that Gy is diagonalisable. This proves the
theorem. O

Notes for this Lecture

In Theorem 22.2, assertions (1) and (3) are in Th. 3.2 of Exp. X, whereas assertion (4) is Th. 3.7 of Exp. X.

The proof of assertion (4) is taken from the proof of [Col4], Th.B.3.2; it is easier to understand than the
proof of X, Th. 3.7, which relies on the results 6.1 to 6.6 of Exp. IX.

Remark 23.9, Lemma 23.10 and Prop. 23.11 are Exp. X, 4.0, Rem. 4.0.1 and Lemma 4.1.

Prop. 23.12 and Cor. 23.13 are taken from Exp. X, Lemma 4.3 and Th. 4.4, which prove a more general result,
namely that the spreading theorem (assertion (4) of Th.22.2) holds true over a local henselian ring. We have
followed the more comprehensible proof of [Co14], Prop. B.3.4.

Theorem 24.1 is Exp. X, Cor. 4.5. The reductions to the local ring Og s, then to a noetherian local ring and
then to a noetherian local henselian ring are detailed in the proof of X, Th. 4.4 in the new edition of [SGA3s],
whose preliminary version is available on the lecturer’s web page.
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Representability of centralisers and transporters

25. Weil restriction
Let us fix a morphism of schemes Z — S.

DEFINITION 25.1. For any Z-scheme Y, its Weil restriction of scalars from Z to S,
denoted by Rz/s(Y) (or sometimes [, ,4Y) is the contravariant functor from (Schys) to (Sets)
such that, for every S-scheme 7"

Homg(T, RZ/S(Y)) = Homy(T x5 Z,Y).
REMARK 25.2. Note that R/5(Y') is a sheaf for the fpqc topology. Indeed, let 7" — T be a

Zariski covering or a faithfully flat and quasi-compact morphism. Setting as usual 7" = T" x,T",
one has a commutative diagram:

(25.1) Homg (T, Rz/s(Y)) — Homg (1", Rz/s(Y)) —= Homg(T",Rz/s(Y))

Homy (T xs Z,Y) ——Homy (1" xs Z,Y) —= Homy(T" x5 Z,Y).

Since the morphism Zp» — Zp obtained by base change is again a Zariski covering or faithfully
flat and quasi-compact and since Zp Xz, Zp ~ Z xgT", the second row is exact and hence so
is the first row.

REMARK 25.3. If S = Spec(A) and Z = Spec(B), where B is a finite free A-module of rank
d, it is easy to see that Rz s(A%) ~ A%, see [BLRJ, §7.6, Th. 4 for a more general result along
these lines.

Here, we will be interested in the case where Y is a closed subscheme of Z, with applications to
the representability of centralisers and transporters, see below. Let us start with the following
definition.

DEFINITION 25.4. One says that the S-scheme Z is essentially free if there exists a covering
(S;) of S by affine open subsets S; and for each ¢ an affine and faithfully flat morphism S; — S;
such that Z] = Z xS; is covered by affine open subsets Z;; such that every O(Z;;) is a projective
module over O(S5)).

ExamMpPLE 25.5. If H is a S-group of multiplicative type, it is essentially free over S. Indeed,
by assumption there exists a covering (S;);e; of S by affine open subsets S; and for each i an
affine and faithfully flat morphism S; — S; such that H; = H xg S; is a diagonalisable group
over S! of type M;, for some abelian group M;. Then O(H]) = O(S})[M,] is a free O(S})-module.

LEMMA 25.6. (a) If Z is essentially free over S, it is flat over S.

(b) If S = Spec(k), where k is a field, every S-scheme is essentially free.

(c) If Z is essentially free over S, then for any base-change morphism X — S, the morphism
Z xg X — X 1is essentially free.

PRrROOF. Left to the reader. 0

Oversion of Nov. 1, 2023.
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REMARK 25.7. Suppose that 7 : Y — Z is a closed immersion. Then, for any S-scheme T

one has: )
{r/'} if 70 : Yy — Zr is an isomorphism,

Rzs(Y)(T) = { ] otherwise.

Indeed, Rz/s(Y)(T)) = Homy(Z xgT,Y) = Homy, (Zr, Yr) is the set of morphisms f : Zp — Yr
such that 7p o f =idy,. Since 77 is a closed immersion, such an f exists if and only if 77 is an
isomorphism, and then f = 7'

THEOREM 25.8. Suppose that Y — Z is a closed immersion and that Z is essentially free

over S.
(i) Then Rz/s(Y) is represented by a closed subscheme C of S.

(ii) Further, if Z — S is quasi-compact and Y — Z is of finite presentation, then C' — S is
of finite presentation.

PROOF. Set F' = Rz s(Y). The proof is in four steps.

(1) Suppose firstly that S = Spec(A) and Z = Spec(B), where B is a projective A-module.
Hence B is a direct summand of a free A-module L with basis (e))xea. Let ¢y : L — A be the
coordinate forms with respect to this basis. Let E be a set of generators of the ideal J of B
defining the closed subscheme Y C Z and let I be the ideal of A generated by the ¢, (z), for
x € F and X € A.

Now, let T'— S be a morphism such that the closed immersion Y, — Zr is an isomorphism.
Then, for any affine open subset 77 = Spec(R) of T', one has a morphism of rings f: A — R
and one obtains that the surjective morphism B®4 R — (B/J) ®4 R is an isomorphism, which
amounts to saying that for any x € E the image of t®1 in B®4 R or, equivalently, in L ®4 R is
zero. Since x = Y, pa(z)ey, the latter image is ), ex ® f(pa(x)) and this is zero if and only if
f(@a(z)) = 0. Thus Ker(f) contains / and hence 7" — S factors through the closed subscheme
C = V(I). Since this is true for any open affine subset of T', one obtains thats T — S factors
through C'. Conversely, under this condition one has Y7 = Zp. This proves the first assertion.
Further, if J is finitely generated we may take E to be finite and as each x € E as only finitely
many non-zero coordinates @y (z), it follows that [ is finitely generated.

(2) Still with .S = Spec(A), suppose now that Z is covered by affine open subsets Z; such that
each B; = O(Z;) is a projective A-module. For each j, set Y; = YN Z; and let the ideals J; C B,
and I; C A be defined as above. Then, for any S-scheme T, the base change of Y — Z is an
isomorphism if and only if the same is true for each Y; — Z;. It follows that F'is represented by
the intersection C' of the closed subschemes C; = V(I;), defined by the ideal I = zj I;. Assume
further that Z — S is quasi-compact, then Z is quasi-compact hence can be covered by finitely
many open subsets Z;. Therefore, if the closed immersion Y <— Z is of finite presentation, so is
the closed immersion C' < §.

(3) Suppose now that S = Spec(A) and there exists an affine and faithfully flat morphism
S" — S such that 7' = Z x5 5" is covered by affine open subsets Z; such that every O(Z})
is a projective module over O(S’). Then, by the previous step, Fg is represented by a closed
subscheme C” of S’. It is endowed with a descent datum relative to S’/S (because Fg is) and,
by [SGA1], Exp. VIII, Cor. 1.9, C" descends to a closed subscheme C' of S; moreover, since F
is a fpqc sheaf, C represents F' (see the proof of Prop. 10.7 in Lecture 5). Further, if Z — S is
quasi-compact and Y < Z is of finite presentation, then C’ < S’ is of finite presentation and
hence so is C'— S, by [EGA] IV, Prop. 2.7.1.

(4) Finally, in the general case, with the notation of Def. 25.4, each functor F; = F x5 .S; is
represented by a closed subscheme C; of S;. Since F'is a local functor, the C; glue together to
give a closed subscheme C' of S, which represents F' (see the proof of Lemma 10.2 in Lect. 5).
Further, if Z — S is quasi-compact and Y — Z is of finite presentation, then each C; — S;
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is of finite presentation, hence C' — §' is locally of presentation, and being a closed immersion
(hence quasi-compact and separated), it is of finite presentation. O

26. Transporters and centralisers

26.1. Two consequences of theorem 25.8. Let S be a base scheme and let G,Y, X, U
denote S-schemes, with U essentially free over S.

PROPOSITION 26.1. Let P = G xg U, let a : P — X be a S-morphism, let V be a closed
subscheme of X and let P' = P xx V. Then Rp)c(P') is represented by a closed subscheme G’
of G and for any G-scheme T" one has:

G'(T)={ge€ G(T)| the morphism ao (g x idy): T xsU — X factors through V}.

Further, if U — S is quasi-compact and V — X is of finite presentation, then G' — G is of
finite presentation.

PROOF. Since P’ is a closed subscheme of P and P = G xg U is essentially free over G,
the first assertion follows from Theorem 25.8 applied to S = G, Z = P and Y = P’. For any
G-scheme T' one has, by Remark 25.7,

G(T)={9e€eGT)|T xg P =T x¢g P}
Since T'xg P =T xgU and T xg P' =T xgU x x V, one obtains that G'(T) is the set of those

g € G(T) such that ao (g x idy)(T xgU) C V.
Further, the second assertion follows from assertion (ii) of Th. 25.8. O

PROPOSITION 26.2. Suppose that X is separated. Let P =Y xg U, let a1,as be two S-
morphisms P — X, let a = a1 X ag be the corresponding morphism P — X xg X and let P’
be the pull-back of the diagonal of X xg X by a. Then Rp/y(P') is represented by a closed
subscheme Y’ of Y and for any Y -scheme T one has:

Y(T)={y € Y(T)| the morphisms a;o (y X idy) : T xg U — X coincide, for i =1,2}.

Further, if U — S s quasi-compact and X — S s locally of finite type, the closed immersion
Y’ <Y is of finite presentation.

PROOF. As before, P =Y xg U is essentially free over Y. Since X — S is separated, the
diagonal Ax/g of W = X xg X is a closed subscheme and hence P’ is a closed subscheme of P.
Thus, the first assertion follows from Theorem 25.8 applied to S =Y, Z = P and Y = P'. For
any T-scheme 7' one has, by Remark 25.7,

Y(T)={y e Y(T) | T xy P' =T xy P}.

Since T'xy P =T xgU and T xy P' =T xg U xw Ax/g, one obtains that Y’'(T) is the set of
those y € Y(T) such that ao (y xidy)(T x5 U) C Axysg, i.e. such that a; o (y x idy) coincide on
T xsU, fori=1,2.

Finally, if X — S is separated and locally of finite type, the closed immersion Ay/g < X xgX
is of finite presentation (see [EGA] IVy, Cor. 1.4.3.1), hence the second assertion follows from
assertion (ii) of Th. 25.8. O

26.2. Transporters and centralisers. Suppose now that G is a S-group scheme acting
on a S-scheme X. Let U,V be subschemes of X.

DEFINITION 26.3. (1) The transporter of U in V', denoted Tran (U, V), is the subfunctor of
G whose T-points are those g € G(T) such that ¢(Ur) C Vp.

(2) The strict transporter of U to V', denoted Transt (U, V'), is the subfunctor of G whose
T-points are those g € G(T') such that g(Ur) = Vr.
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(3) Denoting by ¢ : G — G xg G the morphism sending an arbitrary T-point g to (g,g™1),
one sees that Transt, (U, V) is the inverse image by ¢ of Tran, (U, V) xg Tran,(V,U). There-
fore, if both Tran,(U, V) and Tran,(V,U) are represented by closed subschemes of G, so is
Transt. (U, V).

Firstly, one deduces from Prop. 26.1 the following corollary.

COROLLARY 26.4. Let G be a S-group scheme acting on a S-scheme X and let U,V be
subschemes of X.

(1) If V is a closed subscheme and U is essentially free over S, then Tran.(U, V) is repre-
sented by a closed subscheme of G.

(2) If U,V are closed subschemes and are essentially free over S, then Transt,(U,V) is
represented by a closed subscheme of G.

For X = G, on which G acts by conjugation, one obtains:

(3) If H is a closed subscheme of G, essentially free over S, then Normg(H) is represented
by a closed subgroup scheme of G.

(4) In particular, if H is a closed S-subgroup scheme of multiplicative type, then Norm(H)
18 represented by a closed subgroup scheme of G.

PROOF. Assertion (4) follows from assertion (3) since any S-group of multiplicative type is
essentially free over S (Example 25.5). O

Secondly, let us derive three consequences of Prop. 26.2.

COROLLARY 26.5. If X s essentially free and separated over S, then the kernel of the action
of G on X 1is represented by a closed S-subgroup scheme K of G.
If further X — S is of finite type, the closed immersion K — G is of finite presentation.

PRrROOF. One applies Prop. 26.2 to the given action a; : G xg X — X of G on X and to the
trivial action as : (g,x) — x. (For the second assertion, recall that finite type = quasi-compact
and locally of finite type.) O

Replacing (Y,U, X) in Prop.26.2 by (X, G, X), that is, applying Prop. 26.2 to the maps
a;: X XgG— X, (x,9) = gz and as : (x,g) — x, one obtains the:

COROLLARY 26.6. If G is essentially free over S and X separated over S, the subfunctor of
invariants X¢ is represented by a closed subscheme of X.

If further G — S is quasi-compact and X — S locally of finite type, the closed immersion
X — X is of finite presentation.

PROOF. Since G is essentially free over S then P = X xg G is essentially free over X. And
since X — S is separated, the diagonal Ax/s of W = X X ¢ X is a closed subscheme and hence
P’ is a closed subscheme of P. Thus, the first assertion follows from Theorem 25.8 applied to
S=X,Z=PandY = P'. For any X-scheme T one has, by Remark 25.7,

XOT)={x € X(T)|T xx P =T xx P}.
Since T xx P =T xg G and T xx P' =T x5 G X Ax/g, one obtains that X“(T) is the set
of those x € X(T') such that a; o (z x idg) coincide on T xg G, for ¢ = 1,2, which amounts to

saying that for every 7" — T and g € G(T"), one has gz = xp.
Further, the last assertion follows from the last assertion of Prop. 26.2. OJ

DEFINITION 26.7. Let U be a subscheme of G. The centraliser of U in G, denoted by
Cent(U), is the S-subgroup functor of G defined for every S-scheme T by:

Cent(U)(T) ={g € G(T) |ugu™ =g, YueU(T)}.
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Thus, setting P = G xg U and considering the S-morphisms a; : P — G, (g,u) — ugu™' and
as : (g,u) — g, we can use Prop. 26.2 with (Y, U, X) = (G, U, G). Thus, we obtain:

COROLLARY 26.8. Suppose that G — S s separated and let U be a subscheme of G, essen-
tially free over S.

(1) The centraliser Cent(U) is represented by a closed subgroup scheme Ce(U) of G.

(2) If further U — S is quasi-compact and G — S locally of finite type, the closed immersion
Cq(U) — G is of finite presentation.

(3) IfG — S is locally of finite type and if H is a subgroup scheme of multiplicative type,
the closed immersion Cq(H) — G is of finite presentation.

PROOF. (1) and (2) follow from Prop. 26.2. If H is a subgroup scheme of multiplicative type,
then H — S is essentially free (Example 25.5) and affine, hence quasi-compact. Thus (3) follows
from (2). O

PROPOSITION 26.9. Suppose that G is a smooth affine S-group and H is a subgroup scheme
of multiplicative type. Then the closed subgroup scheme C' = C(H) is smooth.

PRrROOF. By the previous corollary, we know already that C' — S is of finite presentation, so
it suffices to see that the functor Cent.(H) is formally smooth. Denoting by u the immersion
H — G, one has Cent(H) = Cent,(u). Let S’ = Spec(A) be an affine scheme over S, let [
be a nilpotent ideal of A and S|, = Spec(A/I). Let ug denote the pull-back of u to S and let
z € C(S}). That is, z is an element of G(S)) such that int(z) o uy = uy. Since G is smooth, z
lifts to an element = € G(S"). Set v = int(x) o u, then vy = uy. By Th.17.1 in Lect. 7, there
exists g € Ker(G(S") — G(S))) such that int(g) o v = u. Set y = gz, then int(y) o u = u hence
y € C(S5"), and the image of y in G(S]) is z. This proves that C' is smooth. O

Notes for this Lecture

The content of this lecture appears in Exp. VIII, §6, n° 6.1 to 6.5 of [SGA35] and has also been reproduced
in the new edition of [SGA34], Exp. VI, n® 6.2.1 to 6.2.5, following a footnote by Grothendieck at the beginning
of Exp. VIII, §6: “The natural place for this paragraph would be in Exp. VIg”.

The assertion (ii) of Th. 25.8 (and the similar assertions in all subsequent results) was not in [SGA35] and
was added by the lecturer in [SGA3,], Exp. VI, where the hypothesis that Z — S be quasi-compact has been
overlooked, unfortunately.

The representability of Weil restrictions is also discussed in [BLR], §7.6, where a result similar to Th. 25.8
is proved under the more restrictive hypothesis that Z — S be finite and locally free.

Proposition 26.9 is proved several times in SGA3. In Exp. XI, Cor.5.3 (a), it is derived from the (hard)
resultat that the functor of homomorphisms of S-groups H — G is representable. A simpler proof is given in
Exp. XI, Th. 6.2 (iii), see also Cor. 9.8 in the additional section XII.9 in the new edition. Finally, the direct proof
given above is taken from Exp. XIX, proof of Prop. 6.1.
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Complete local ring, 49, 55
Constant scheme, 5
Constant group scheme, 5

Density theorem, 52
Descent

datum, 19

morphism of, 18
Diagonalisable group, 1
Duality functor D, 5, 11

Effective descent

datum, 20, 22, 23

morphism of, 20-22

for quasi-affine schemes, 22
Epimorphism

effective, 13, 17

universal, 17

universal effective, 17
Equivalence of categories, 45, 58
Equivalence relation, 18
Essentially free, 61
Exactness of the functor D

(for diagonalisable groups), 13

Formally smooth, 34
fpqc morphism is universal effective epimorphism,
18
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Free action, 19
Free action of a MT-group, 53

Galois covering, 2, 6, 8, 20, 29, 30
G-module, 3
Group cohomology, 37

Henselian
local ring, 57
versus complete, 59
Henselisation, 58
Hochschild cohomology
definition, 39
for groups of multiplicative type, 41
for diagonalisable groups, 40
Hom (functor of homomorphisms), 5
Hopf algebra, 1

Infinitesimal liftings

from a MT-group to a smooth group, 41
Invariants

subscheme of, 64
Isotrivial

group of multiplicative type, 1, 7

twisted constant group, 6, 7
Isotriviality

for MT-groups over a field, 31

over a local henselian ring, 59

Kernel of an action, 64

Lie algebra, 34
Local functor, 25
Local morphism of local rings, 57
Local ring
complete, 49, 55
henselian, 57

Maximal tori

over an algebraically closed field, 33

of a smooth affine group scheme, 33
Monomorphism from a MT-group, 53
MT-group, see group of multiplicative type, 1
Multiplicative type (group of), 1, 14

Nilpotent ideals
allow lifting into a smooth group, 41
reflect isotriviality, 46
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Nodal curve, 8
Normaliser, 64

Projective limit, 49

Quasi-affine, 22
Quasi-isotrivial
group of multiplicative type, 1, 7
twisted constant group, 6, 7
Quasi-isotriviality
theorem of, 60
Quotient scheme, 13

Reductive
rank, 33
Reductive group
over an algebraically closed field, 33
scheme, 33
Reflexive group scheme, 7, 11
Representability
of centralisers, 65
of subfunctor of invariants, 64
of transporters and normalisers, 64
of Weil restriction of a closed subscheme, 62
Representability of a sheaf is local
for the Zariski topology, 25
for the fpqc topology, 26

Saturated subset, 22
Semi-simple group
over an algebraically closed field, 33
scheme, 33
Sheaf
for the Zariski topology, 25
for the fpqc topology, 26
Smoothness of centralisers, 65

Theorem
of isotriviality over a noetherian normal base, 29
of quasi-isotriviality for MT-groups, 60
on Weil restriction of a closed subscheme, 62
Torus, 1
Transporter (strict), 64
Twisted constant (group) scheme, 6
Type
of a group of multiplicative type, 1, 7
of a twisted constant group, 6, 7

WEeil restriction, 8, 34, 61



