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Transition systems

A=(S,A)

S— a finite set of states,
(C'— a set of colors,
A C S xC xS — afinite set of actions.

e=(s,c,t) €A
s = source(e) — the source,
t = target(e) — the target,
¢ = vo(e) — the colour of e.



A(s) ={e € A | source(e) = s}

the set of actions available at s.

s a sink state if A(s) # 0.



Paths/Plays

p=ejeges... Vi> 0, target(e;) = source(e;t1).

VC(}?) — 70(6162 . ) = 70(61)70(62) e



Arenas

A= (S, A, )
e (S,A) — a transition system without sink states,

e 7:5 — {Min, Max} is a mapping designating for each state s the player
7(s) controlling s.



Outcomes

An outcome of an infinite play p is the vo(p).

The set of outcomes

O(C) = g B,
BCC
B finite nonempty



Preference relation

A binary relation 1 over the set O(C') of outcomes
o reflexive, i.e. u J u, for all u € O(C),
e transitive, i.e. w J v and v J w imply v J w, for u,v,w € O(C') and

e total, either v J v or v J u, for all u,v € O(C).

A preference relation = a total preorder relation over the set O(C') of
outcomes.



Meaning

uJdv, u,ve Q).

u IS no worse than v.

A player strictly prefers u to v, v J v, if

v Jv  butnot v IJuw.

If w 3 v and v 3 u — a player is indifferent between v and wv.

C — the inverse of .



Two-person strictly antagonistic game

(A,3),
where A is an arena and I is a preference relation for Max the preference

relation for player Min is C.

The obvious aim of each player is to obtain the most advantageous
outcome with respect to his preference relation.



Preferences versus payoff mappings

Payoff mapping
f:0(C) — RU{—00,+00}
induces preference ¢,

wZgo if fu)> f(o).
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Strategies and equilibria

A= (S,A, ) — an arena.

Smax = {s € S| m(s) = Max}
states controlled by player Max

SMin =S \ SMaX

states controlled by player Min.
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A strategy for player p € {Max, Min} is a mapping
o, :{p € P(A) | target(p) € S} — A,

such that 0, (p) € A(s), where s = target(p).
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Plays consistent with a strategy

p = epeiez ... Is consistent with player p's strategy o, if, for each

factorization p = p’p”, such that
e p'" is nonempty
e and target(p’) = source(p”) is controlled by player p,

o,(p") is the first action in p”.
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Positional strategies

A positional (or memoryless) strategy for player p
oS, — A

such that, for all s € 5,
ou(s) € A(s)
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A strategy profile is a pair (o, T) of strategies.

pA,s(Ja 7_)
unique play with source s consistent with o and 7.
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Equilibria

A Nash equilibrium (o7, 7%) if for all states s € S and all strategies o
and T,

vo(paslo®, ™)) D vcpaso®, ™)) D vopaslo ™)) .

An equilibrium (07, 77%) is said to be positional if the strategies o7 and
77 are positional.
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Mean-payoff games

C:RXR+

(11, t1) (12, t2)(ra, ta) ... I (11, t1)(ry, t5) (rs, t3) - - .

lim rit1 + roto + - - + 1oty > lim rity +roth + -+t
n tyttat e+ t, no 4+t



But then

1000, 1000, ..., 1000, 0 = 0¥
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Overtaking

(r1,t1)(r2, 02)(rs, ) ... 2 (11, 11) (rg, 9) (15, 13) .

IN.Vn > N, rity + roto + - +rot, S rit] + rhts +

! 4/

ty+to+---+t, Tt Hth+-

ot
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Weighted limits

C =R, 046[071]

fa(rirars...) = a-limsupr; + (1 — @) - lim inf r;
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Extended preference relation and >- equilibria

The extended preference relation > is defined as follows:

forx,y € O(C), x>y if Yue C* ur3duy.

Obviously, if x > y then x J y.

> is transitive and reflexive, but maybe not total.
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~-equilibria

A strategy profile (o7, 77%) is a =-equilibrium if for all strategies o, T

vo(pas(o® ™)) = vopaso®, 7)) = vo(paslo, ™)) .
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For L C C*,

Adherence operator

[[]]:2C*H2Cw

[L] ={u e C¥ | Pref(u) C Pref(L)} .
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[a*0] = {a”}

Exercise
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Why adherence?

A = (S,A) an arena. Then

LJ(A) = [Ls(A)]

If L € Rec(C™) then L¥Y(A) = [L] for some arena A.
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Properties of the adherence

Lemma 1. Let L, M C C* be finitely generated and u € C*.

[ul]
[Pref([M])]
ILUM]
[LM]

[Z7]

=u[L],

= [M],

= [L]u[M],

= [LJu L[M],

= (L\e)*UL*[L] .

Then

A~ /N /N /N
W DN
~— N N N
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Conditions for positional equilibria

Let u € O(C) and X C O(C).

Notation.

if, forall z € X, u > x.
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Ultimately periodic infinite words

Let u,w € C* and v € CT.

An infinite word of the form
uv®”,

is called ultimately periodic.

28



Simple periodic languages

Let u,w € C* and v € CT.

uv

Note

[uv™] = {uv®}
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Union selection.

>~ satisfies union selection condition if, for all ultimately periodic words
uius and vivg, either
ULUG >~ V1Vs

or
VU5 = ULUS

We can rewrite this condition as

dr € {ujus,v1v5}, x = Jugus Uvivs].
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Product selection.

We say that > satisfies product selection condition for player Max if,
for all u,v,w,z € C* such that [v| > 0 and |w| > 0,

dr € {uwv”, uwz’}, x> [uv wz].

Note that

{uv” uwz*} C wv” Uuv wz? = [uv*wz"] .
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Star selection.

>~ satisfies star selection condition for player Max if for each nonempty
language L € Rec(C'™)

dr e [LJU{u” |ue L}, x=>=|[L"].

Note
IL]U{u” |ue L} C [L]UL* = [L*]
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Remark

If - satisfies all three selection conditions then for each L € Rec(C), if

[L] # O then
Juv® € [L] such that wv® = [L]
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One player Max games

>~ satisfies all three selection conditions
if and only if
one-player Max games have optimal positional strategies for player Max.

34



Dual conditions.
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Main result

Theorem 2. Let 1 be a preference relation over O(C) and let = be the

corresponding extended preference relation. The following conditions are
equivalent:

(1) There exist positional equilibria for all games (A, ) over finite
arenas.

(2) There exist positional =-equilibria for all games (A, J) over finite
arenas.

(3) = satisfies union selection, product selection and star selection
conditions for player Max and player Min.
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(4) For all one-player games (A, ) the player controlling the arena A
has an optimal positional strategy.

(5) For all one-player games (A, ) the player controlling the arena A
has a >-optimal positional strateqy.
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