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Historical summary:

@ dimension 2: (Castelnuovo, Enriques)(Zariski, Kodaira, Shafarevich, etc) 1900,

@ dimension 3 (Kawamata, Kollar, Miyaoka, Mori, Reid, Shokurov)(Fano, Hironaka, litaka,
Iskovskikh, Manin, etc) 1970’s-1990’s,

@ any dimension for X of general type (BCHM=B-Cascini-Hacon-M°Kernan, after Shokurov,
etc) 2006.
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base Z of the corresponding Calabi-Yau fibration.

Kk(X,B) € {0,1,...,dim X}.
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A class of varieties is bounded if can be parametrised by a finite dimensional space.
For example, the set of smooth projective curves of genus g is bounded.
Boundedness often helps with proving statements, e.g. the groups Bir(P?) are Jordan.
It is also usually the first step of construction of moduli spaces.

A classical boundedness result is that Fano surfaces form a bounded family.

But singular Fano surfaces do not form a bounded family, e.g. consider projective cones
over P'.

It is also well-known that K3 surfaces do not form a bounded family.
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Boundedness

In the last decade there has been tremendous progress on boundedness of various
classes.

Hacon-M‘Kernan-Xu: canonically polarised varieties Y of fixed dimension d and fixed
volume K¢ form a bounded family.

Birkar: Fano varieties of fixed dimension d with e-Ic singularities form a bounded family
(e > 0).

Birkar: Calabi-Yau varieties of fixed dimension d polarised by ample divisor A of fixed
volume A? form a bounded family.

Birkar-Di Cerbo-Svaldi: strict Calabi-Yau manifolds of fixed dimension d admitting an elliptic
fibration form a bounded family up to isomorphism in codimension one.
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Moduli
After the MMP the idea is to classify the outcomes Y, e.g. form their moduli spaces.
The above results on boundedness is the first step.

Until recently, moduli theory was limited to dimension two and very special varieties in
higher dimension, e.g. abelian varieties.

Kollar, Alexeev, Viehweg, etc have developed a general theory of moduli of varieties.

Combining MMP, boundedness and moduli theory gives: moduli spaces exist for
canonically polarised varieties and for polarised Calabi-Yau varieties.

We try to make this more precise.
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Example: X = P?, B C X an elliptic curve, A C X a conic. Then (X, B),Ais a
(2,1, 4)-stable Calabi-Yau pair.

Birkar: There is a projective coarse moduli space for (d, c, v)-stable Calabi-Yau pairs.

This is a consequence of the moduli theory of KSBA stable pairs together with the
following.

Birkar: The (d, c, v)-stable Calabi-Yau pairs form a bounded family.

Given a (d, c, v)-stable Calabi-Yau pair (X, B), A, the boundedness implies (X, B + tA) is a
KSBA stable pair, for some fixed t € Q~°.

Restricting the family of (d, c, v)-stable Calabi-Yau pairs to special situations gives many
interesting examples of moduli spaces, e.g. Fano varieties.
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Generalised pairs

Assuming ¢ is a log resolution of (X, B) we can write
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Example of application: effective litaka fibrations
Let W be a smooth projective variety of Kodaira dimension «(W) > 0.
The Kodaira dimension (W) is the largest number x € {—0,0,1,...,dim W} such that

KO (X, mKw)

me=

lim sup > 0.

meN

By litaka, for sufficiently divisible m € N, the system |mKy | defines the litaka fibration
W --s X.

The very general fibres F of W --» X have Kodaira dimension zero and dim X = «(W).
B.-Zhang: we can choose m bounded if certain invariants of F are bounded.

A canonical bundle type formula gives divisors B > 0 and nef M s.t. can assume
HY(W, mKw) ~ H°(X, m(Kx + B+ M))
for m divisible by some fixed number.
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Example of application: effective litaka fibrations
So it is enough to find bounded m s.t. |m(Kx + B + M)| defines a birational map.
This follows from the next more general statement.

B.-Zhang: Let d,r € N and let ® ¢ R=° be a DCC set. Assume
@ (X, B) is a projective Ic pair of dimension d,
o the coefficients of B are in ,
@ rM is a nef Cartier divisor, and

o Kx + B+ Mis big.

Then |[m(Kx + B + M)| defines a birational map for some bounded m € N.

For usual pairs, that is when M = 0, this was proved by Hacon-M°‘Kernan-Xu.



