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Abstra
t. Message Sequen
e Charts (MSCs) are an attra
tive visual

formalism widely used to 
apture system requirements during the early

design stages in domains su
h as tele
ommuni
ation software. A standard

method to des
ribe multiple 
ommuni
ation s
enarios is to use message

sequen
e graphs (MSGs). A message sequen
e graph allows the proto
ol

designer to write a �nite spe
i�
ation whi
h 
ombines MSCs using basi


operations su
h as bran
hing 
hoi
e, 
omposition and iteration. The MSC

languages des
ribed by MSGs are not ne
essarily regular in the sense of

[HM+99℄. We 
hara
terize here the 
lass of regular MSC languages that

are MSG-de�nable in terms of a notion 
alled �nitely generated MSC

languages. We show that a regular MSC language is MSG-de�nable if

and only if it is �nitely generated. In fa
t we show that the sub
lass of

\bounded" MSGs de�ned in [AY99℄ exa
tly 
apture the 
lass of �nitely

generated regular MSC languages.

1 Introdu
tion

Message sequen
e 
harts (MSCs) are an appealing visual formalism often used

to 
apture system requirements in the early design stages. They are parti
u-

larly suited for des
ribing s
enarios for distributed tele
ommuni
ation software

[RGG96,ITU97℄. They also appear in the literature as timing sequen
e diagrams,

message 
ow diagrams and obje
t intera
tion diagrams and are used in a num-

ber of software engineering methodologies [BJR97,HG97,RGG96℄. In its basi


form, an MSC depi
ts a single partially-ordered exe
ution of a distributed sys-

tem whi
h just des
ribes the ex
hange of messages between the pro
esses of the

system. A 
olle
tion of MSCs is used to 
apture the s
enarios that a designer

might want the system to exhibit (or avoid).

Message Sequen
e Graphs (MSGs) are a ni
e me
hanism for de�ning 
olle
-

tions of MSCs. An MSG is a �nite dire
ted graph with a designated initial vertex

and terminal vertex in whi
h ea
h node is labelled by an MSC and the edges

represent a natural 
on
atenation operation on MSCs. The 
olle
tion of MSCs

de�ned by an MSG 
onsists of all those MSCs obtained by tra
ing a path in the

MSG from the initial vertex to the terminal vertex and 
on
atenating the MSCs
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that are en
ountered along the path. It is easy to see that this way of de�ning a


olle
tion of MSCs extends smoothly to the 
ase where there are multiple termi-

nal nodes. Throughout what follows we shall assume this extended notion of an

MSG (that is, with multiple terminal nodes). For ease of presentation, we shall

also not deal with the so 
alled hierar
hi
al MSGs [AY99℄.

Intuitively, not every MSG-de�nable 
olle
tion of MSCs 
an be realized as

a �nite-state devi
e. To formalize this idea we have introdu
ed a notion of a

regular 
olle
tion of MSCs and studied its basi
 properties [HM+99℄. Our notion

of regularity is independent of the notion of MSGs.

Our main goal in this paper is to pin down the regular MSC languages that


an be de�ned using MSGs. We introdu
e the notion of an MSC language being

�nitely generated. From our results, whi
h we detail below, it follows that a

regular MSC language is MSG-de�nable if and only if it is �nitely generated. In

fa
t we establish the following results.

As already mentioned, not every MSG de�nes a regular MSC language. Alur

and Yannakakis have identi�ed a synta
ti
 property 
alled boundedness and

shown that the set of all linearizations of the MSCs de�ned by a bounded MSG

is a regular string language over an appropriate alphabet of events. It then fol-

lows easily that, in the present setting, every bounded MSG de�nes a �nitely

generated regular MSC language. One of our main results here is that the 
on-

verse is also true, namely, every �nitely generated regular MSC language 
an be

de�ned by a bounded MSG. Sin
e every MSG (bounded or otherwise) de�nes

only a �nitely generated MSC language, it follows that a regular MSC language

is �nitely generated if and only if it is MSG-de�nable and, in fa
t, if and only if

it is bounded MSG-de�nable.

Sin
e the 
lass of regular MSC languages stri
tly in
ludes the 
lass of �nitely

generated regular MSC languages, one 
ould ask when a regular MSC language

is �nitely generated. We show that this question is de
idable. Finally, one 
an

also ask whether a given MSG de�nes a regular MSC language (and is hen
e

\equivalent" to a bounded MSG). We show that this de
ision problem is unde-


idable.

Turning brie
y to related literature, a number of studies are available whi
h

are 
on
erned with individual MSCs in terms of their semanti
s and proper-

ties [AHP96,LL95℄. A variety of algorithms have been developed for MSGs in

the literature|for instan
e, pattern mat
hing [LP97,Mus99,MPS98℄, dete
tion

of pro
ess divergen
e and non-lo
al 
hoi
e [BL97℄, and 
on
uen
e and ra
e 
on-

ditions [MP99℄. A systemati
 a

ount of the various model-
he
king problems

asso
iated with MSGs and their 
omplexities 
an be found in [AY99℄. Finally,

many of our proof te
hniques make use of results from the theory of Mazurkiewi
z

tra
es [DR95℄.

In the next se
tion we introdu
e MSCs and regular MSC languages. We then

introdu
e message sequen
e graphs in Se
tion 3. In Se
tion 4 we de�ne �nitely

generated MSC languages and provide an e�e
tive pro
edure to de
ide whether

a regular MSC language is �nitely generated. Our main result that the 
lass

of �nitely generated regular MSC languages 
oin
ides with the 
lass of bounded
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Fig. 1. An example MSC over fp; q; rg.

MSG-de�nable languages is then established. Finally, we sket
h why the problem

of determining if an MSG de�nes a regular MSC language is unde
idable. Due

to la
k of spa
e, we give here only the main te
hni
al 
onstru
tions and sket
hes

of proofs. All the details are available in [HM+99℄.

2 Regular MSC Languages

We �x a �nite set of pro
esses (or agents) P and let p; q; r range over P . For

ea
h p 2 P we de�ne �

p

= fp!q j p 6= qg [ fp?q j p 6= qg to be the set of


ommuni
ation a
tions in whi
h p parti
ipates. The a
tion p!q is to be read as

p sends to q and the a
tion p?q is to be read as p re
eives from q. At our level

of abstra
tion, we shall not be 
on
erned with the a
tual messages that are sent

and re
eived. We will also not deal with the internal a
tions of the agents. We

set � =

S

p2P

�

p

and let a; b range over �. We also denote the set of 
hannels

by Ch = f(p; q) j p 6= qg and let 
; d range over Ch .

A �-labelled poset is a stru
ture M = (E;�; �) where (E;�) is a poset and

� : E ! � is a labelling fun
tion. For e 2 E we de�ne #e = fe

0

j e

0

� eg. For p 2

P and a 2 �, we set E

p

= fe j �(e) 2 �

p

g and E

a

= fe j �(e) = ag, respe
tively.

For ea
h 
 2 Ch, we de�ne the 
ommuni
ation relation R




= f(e; e

0

) j �(e) =

p!q; �(e

0

) = q?p and j#e\E

p!q

j = j#e

0

\E

q?p

jg. Finally, for ea
h p 2 P , we de�ne

the p-
ausality relation R

p

= (E

p

�E

p

)\ �.

An MSC (over P) is a �nite �-labelled poset M = (E;�; �) whi
h satis�es

the following 
onditions:

(i) Ea
h R

p

is a linear order.

(ii) If p 6= q then jE

p!q

j = jE

q?p

j.

(iii) � = (R

P

[ R

Ch

)

�

where R

P

=

S

p2P

R

p

and R

Ch

=

S


2Ch

R




.

In diagrams, the events of an MSC are presented in visual order. The events of

ea
h pro
ess are arranged in a verti
al line and the members of the relation R

Ch

are displayed as horizontal or downward-sloping dire
ted edges. We illustrate

the idea with an example, shown in Figure 1.

Here P = fp; q; rg. For x 2 P , the events in E

x

are arranged along the

line labelled (x) with earlier (relative to �) events appearing above the later
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events. The R

Ch

-edges a
ross agents are depi
ted by horizontal edges|for in-

stan
e e

3

R

(r;q)

e

0

2

. The labelling fun
tion � is easy to extra
t from the diagram|

for example, �(e

0

3

) = r!p and �(e

2

) = q?p.

We de�ne regular MSC languages in terms of their linearizations. For the

MSC M = (E;�; �), let Lin(M) = f�(�) j � is a linearization of (E;�)g. By

abuse of notation, we have used � to also denote the natural extension of � to

E

�

. The string p!q r!q q?p q?r r!p p?r is a linearization of the MSC in Figure 1.

We say that � 2 �

�

is proper if for every pre�x � of � and every pair

(p; q) of pro
esses, j� j

p!q

� j� j

q?p

. We say that � is 
omplete if � is proper and

j�j

p!q

= j�j

q?p

for every pair of pro
esses (p; q). Clearly, any linearization of an

MSC is a 
omplete. Conversely, every 
omplete sequen
e is the linearization of

some MSC.

Hen
eforth, we identify an MSC with its isomorphism 
lass. We let M

P

be the set of MSCs over P . An MSC language L � M

P

is said to regular if

S

fLin(M) jM 2 Lg is a regular subset of �

�

. We note that the entire set M

P

is not regular by this de�nition.

We de�ne L � �

�

to be a regular string MSC language if there exists a

regular MSC language L �M

P

su
h that L =

S

fLin(M) jM 2 Lg. As shown

in [HM+99℄, regular MSC languages and regular string MSC languages represent

ea
h other. Hen
e, abusing terminology, we will write \regular MSC language"

to mean \regular string MSC language". From the 
ontext, it should be 
lear

whether we are working with MSCs from M

P

or 
omplete words over �

�

.

Given a regular subset L � �

�

, we 
an de
ide whether L is a regular MSC

language. We say that a state s in a �nite-state automaton is live if there is a path

from s to a �nal state. Let A = (S;�; s

in

; Æ; F ) be the minimal DFA representing

L. Then it is not diÆ
ult to see that L is a regular MSC language if and only if

we 
an asso
iate with ea
h live state s 2 S, a (unique) 
hannel-
apa
ity fun
tion

K

s

: Ch ! N whi
h satis�es the following 
onditions.

(i) If s 2 fs

in

g [ F then K

s

(
) = 0 for every 
 2 Ch.

(ii) If s; s

0

are live states and Æ(s; p!q) = s

0

then K

s

0

((p; q)) = K

s

((p; q))+1 and

K

s

0

(
) = K

s

(
) for every 
 6= (p; q).

(iii) If s; s

0

are live states and Æ(s; q?p) = s

0

then K

s

((p; q)) > 0, K

s

0

((p; q)) =

K

s

((p; q))�1 and K

s

0

(
) = K

s

(
) for every 
 6= (p; q).

(iv) Suppose Æ(s; a) = s

1

and Æ(s

1

; b) = s

2

with a 2 �

p

and b 2 �

q

, p 6= q. If

(a; b) =2 Com or K

s

((p; q)) > 0, there exists s

0

1

su
h that Æ(s; b) = s

0

1

and

Æ(s

0

1

; a) = s

2

. (Here and elsewhere Com = f(p!q; q?p) j p 6= qg.)

In the minimal DFA A representing a regular MSC language, if s is a live state

and a; b 2 � then we say that a and b are independent at s if (a; b) 2 Com implies

K

s

((p; q)) > 0 where K is the unique 
hannel-
apa
ity fun
tion asso
iated with

A and a = p!q and b = q?p.

We 
on
lude this se
tion by introdu
ing the notion of B-bounded MSC lan-

guages. Let B 2 N be a natural number. We say that a word � in �

�

is B-

bounded if for ea
h pre�x � of � and for ea
h 
hannel (p; q) 2 Ch , j� j

p!q

�j� j

q?p

�

B. We say that L � �

�

is B-bounded if every word � 2 L is B-bounded. It is

not diÆ
ult to show:
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Fig. 2. An example MSG.

Proposition 2.1. Let L be a regular MSC language. There is a bound B 2 N

su
h that L is B-bounded.

3 Message Sequen
e Graphs

An MSG allows a proto
ol designer to write in a standard way [ITU97℄, a �nite

spe
i�
ation whi
h 
ombines MSCs using operations su
h as bran
hing 
hoi
e,


omposition and iteration. Ea
h node is labelled by an MSC and the edges

represent the natural operation of MSC 
on
atenation.

To bring out this 
on
atenation operation, we let M

1

= (E

1

;�

1

; �

1

) and

M

2

= (E

2

;�

2

; �

2

) be a pair for MSCs su
h that E

1

and E

2

are disjoint. For

i 2 f1; 2g, let R

i




and fR

i

p

g

p2P

denote the underlying 
ommuni
ation and pro
ess


ausality relations in M

i

. The (asyn
hronous) 
on
atenation of M

1

and M

2

,

denoted M

1

ÆM

2

, is the MSC (E;�; �) where E = E

1

[ E

2

, �(e) = �

i

(e) if

e 2 E

i

, i 2 f1; 2g, and � = (R

P

[ R

Ch

)

�

, where R

p

= R

1

p

[ R

2

p

[ f(e

1

; e

2

) j e

1

2

E

1

; e

2

2 E

2

; �(e

1

) 2 �

p

; �(e

2

) 2 �

p

g for p 2 P , and R




= R

1




[ R

2




for 
 2 Com .

A Message Sequen
e Graph (MSG) is a stru
ture G = (Q;!; Q

in

; F; �),

where:

{ Q is a �nite and nonempty set of states.

{ ! � Q�Q.

{ Q

in

� Q is a set of initial states.

{ F � Q is a set of �nal states.

{ � : Q!M

P

is a (state-)labelling fun
tion.

A path � through an MSG G is a sequen
e q

0

!q

1

!� � �!q

n

su
h that

(q

i�1

; q

i

) 2 ! for i 2 f1; 2; : : : ; ng. The MSC generated by � is M(�) =

M

0

Æ M

1

Æ M

2

Æ � � � Æ M

n

, where M

i

= �(q

i

). A path � = q

0

!q

1

!� � �!q

n

is a run if q

0

2 Q

in

and q

n

2 F . The language of MSCs a

epted by G is

L(G) = fM(�) 2M

P

j � is a run through Gg.

An example of an MSG is depi
ted in Figure 2. It's not hard to see that the

MSC language L de�ned is not regular in the sense de�ned in Se
tion 2. To see

this, we note that L proje
ted to fp!q; r!sg is not a regular string language.
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Fig. 3. The atomi
 MSC M

2

of the non-�nitely-generated language L

inf

.

4 Bounded MSGs and Finitely Generated MSC

Languages

Let X

1

;X

2

�M

P

be two sets of MSCs. As usual, X

1

ÆX

2

denotes the pointwise


on
atenation of X

1

and X

2

given by fM j 9M

1

2 X

1

;M

2

2 X

2

:M =M

1

ÆM

2

g.

For X � M

P

, we de�ne X

0

= f"g, where " denotes the empty MSC, and for

i � 0, X

i+1

= X Æ X

i

. The asyn
hronous iteration of X is then de�ned by

X

~

=

S

i�0

X

i

.

Let L � M

P

. We say that L is �nitely generated if there is a �nite set of

MSCs X �M

P

su
h that L � X

~

.

We �rst observe that not every regular MSC language is �nitely generated.

Let P = fp; q; rg. Consider the regular expression p!q �

�

q?p, where � is the

sequen
e p!r r?p r!q q?r q!p p?q. This expression des
ribes an in�nite set of

MSCs L

inf

= fM

i

g

!

i=0

. Figure 3 shows the MSC M

2

. None of the MSCs in this

language 
an be expressed as the 
on
atenation of two or more non-trivial MSCs.

Hen
e, this language is not �nitely generated.

Our interest in �nitely generated languages stems from the fa
t that MSGs


an de�ne only �nitely generated MSC languages.We now wish to de
ide whether

a regular MSC language is �nitely generated. To do this we shall make use of

the notion of atoms.

LetM;M

0

2 M

P

be nonempty MSCs. ThenM

0

is a 
omponent of M in 
ase

there existM

1

;M

2

2M su
h thatM =M

1

ÆM

0

ÆM

2

. We say thatM is an atom

if the only 
omponent ofM isM itself. Thus, an atom is a nonempty message se-

quen
e 
hart that 
annot be de
omposed into non-trivial sub
omponents. For an

MSCM we let Comp(M) denote the set fM

0

jM

0

is a 
omponent of Mg. We let

Atoms(M) denote the set fM

0

j M

0

is an atom and M

0

is a 
omponent of Mg.
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For an MSC language L � M

P

, Comp(L) =

S

fComp(M) j M 2 Lg and

Atoms(L) =

S

fAtoms(M) j M 2 Lg. It is 
lear that the question of de
iding

whether L is �nitely generated is equivalent to 
he
king whether Atoms(L) is

�nite.

Theorem 4.1. Let L be a regular MSC language. It is de
idable whether L is

�nitely generated.

Proof Sket
h: Let A = (S;�; s

in

; Æ; F ) be the minimum DFA for L. From A,

we 
onstru
t a �nite family of �nite-state automata whi
h together a

ept the

linearizations of the MSCs in Atoms(L). It will then follow that L is �nitely

generated if and only if ea
h of these automata a

epts a �nite language. We

sket
h the details below.

We know that for ea
h live state s 2 S, we 
an assign a 
apa
ity fun
tion

K

s

: Ch ! N whi
h 
ounts the number of messages present in ea
h 
hannel

when the state s is rea
hed. We say that s is a zero-
apa
ity state if K

s

(
) = 0

for ea
h 
hannel 
. The following 
laims are easy to prove.

Claim 1: Let M be an MSC in Comp(L) (in parti
ular, in Atoms(L)) and w

be a linearization of M . Then, there are zero-
apa
ity live states s; s

0

in A su
h

that s

w

�! s

0

.

Claim 2: Let M be an MSC in Comp(L). M is an atom if and only if for ea
h

linearization w of M and ea
h pair (s; s

0

) of zero-
apa
ity live states in A, if

s

w

�! s

0

then no intermediate state visited in this run has zero-
apa
ity.

Let us say that two 
omplete words w and w

0

are equivalent, written w � w

0

,

if they are linearizations of the same MSC. Suppose s

w

�! s

0

and w � w

0

.

Then it is easy to see that s

w

0

�! s

0

as well.

With ea
h pair (s; s

0

) of live zero-
apa
ity states we asso
iate a language

L

At

(s; s

0

). A word w belongs to L

At

(s; s

0

) if and only if w is 
omplete, s

w

�! s

0

and for ea
h w

0

� w the run s

w

0

�! s

0

has no zero-
apa
ity intermediate states.

From the two 
laims proved above, ea
h of these languages 
onsists of all the

linearizations of some subset of Atoms(L) and the linearizations of ea
h element

of Atoms(L) is 
ontained in some L

At

(s; s

0

). Thus, it suÆ
es to 
he
k for the

�niteness of ea
h of these languages.

Let L

s;s

0

be the language of strings a

epted by A when we set the initial

state to be s and the set of �nal states to be fs

0

g. Clearly L

At

(s; s

0

) � L

s;s

0

. We

now show how to 
onstru
t an automaton for for L

At

(s; s

0

).

We begin with A and prune the automaton as follows:

{ Remove all in
oming edges at s and all outgoing edges at s

0

.

{ If t =2 fs; s

0

g and K

t

= 0, remove t and all its in
oming and outgoing edges.

{ Re
ursively remove all states that be
ome unrea
hable as a result of the

pre
eding operation.

Let B be the resulting automaton. B a

epts any 
omplete word w on whi
h

the run from s to s

0

does not visit an intermediate zero-
apa
ity state. Clearly,
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L

At

(s; s

0

) � L(B). However, L(B) may also 
ontain linearizations of non-atomi


MSCs that happen to have no 
omplete pre�x. For all su
h words, we know

from Claim 2 that there is at least one equivalent linearization on whi
h the run

passes through a zero-
apa
ity state and whi
h would hen
e be eliminated from

L(B). Thus, L

At

(s; s

0

) is the �-
losed subset of L(B) and we need to prune B

further to obtain the automaton for L

At

(s; s

0

).

Re
all that the original DFA A was stru
turally 
losed with respe
t to the

independen
e relation on 
ommuni
ation a
tions in the following sense. Suppose

Æ(s

1

; a) = s

2

and Æ(s

2

; b) = s

3

with a; b independent at s

1

. Then, there exists s

0

2

su
h that Æ(s

1

; b) = s

0

2

and Æ(s

0

2

; a) = s

3

.

To identify the 
losed subset of L(B), we look for lo
al violations of this

\diamond" property and 
arefully prune transitions. We �rst blow up the state

spa
e into triples of the form (s

1

; s

2

; s

3

) su
h that there exist a and a

0

with

Æ(s

1

; a) = s

2

and Æ(s

2

; a

0

) = s

3

. Let S

0

denote this set of triples. We obtain

a nondeterministi
 transition relation Æ

0

= f((s

1

; s

2

; s

3

); a; (t

1

; t

2

; t

3

)) j s

2

=

t

1

; s

3

= t

2

; Æ(s

2

; a) = s

3

g. Set S

in

= f(s

1

; s

2

; s

3

) 2 S

0

j s

2

= s

in

g and F

0

=

f(s

1

; s

f

; s

2

) 2 S

0

j s

f

2 Fg. Let B

0

= (S

0

; �; Æ

0

; S

in

; F

0

).

Consider any state s

1

in B su
h that a and b are independent at s

1

, Æ(s

1

; a) =

s

2

, Æ(s

2

; b) = s

3

but there is no s

0

2

su
h that Æ(s

1

; b) = s

0

2

and Æ(s

0

2

; a) = s

3

. For

ea
h su
h s

1

, we remove all transitions of the form ((t; s

0

; s

1

); a; (s

0

; s

1

; t

0

)) and

((t; s

2

; s

3

); b; (s

2

; s

3

; t

0

)) from B

0

. We then re
ursively remove all states whi
h

be
ome unrea
hable after this pruning.

Eventually, we arrive at an automaton C su
h that L(C) = L

At

(s; s

0

). Sin
e

C is a �nite-state automaton, we 
an easily 
he
k whether L(C) is �nite. This

pro
ess is repeated for ea
h pair of live zero-
apa
ity states. 2

Alur and Yannakakis [AY99℄ introdu
ed the notion of boundedness for MSGs.

They also showed that the set of all linearizations of the MSCs de�ned by a

bounded MSG is a regular string language. In the present setting this boils down

to boundedness of an MSG being a suÆ
ient 
ondition for its MSC language

to be regular. To state their 
ondition, we �rst have to de�ne the notion of


onne
tedness.

Let M = (E;�; �) be an MSC. We let CG

M

, the 
ommuni
ation graph of

M , be the dire
ted graph (P ; 7!) de�ned as follows: (p; q) 2 7! if and only if

there exists an e 2 E with �(e) = p!q. M is 
onne
ted if CG

M


onsists of one

non-trivial strongly 
onne
ted 
omponent and isolated verti
es. For an MSC

language L �M

P

we say that L is 
onne
ted in 
ase everyM 2 L is 
onne
ted.

Let G = (Q;!; Q

in

; F; �) be an MSG. A loop in G is a sequen
e of edges

that starts and ends at the same node. We say that G is bounded if for every

loop � = q!q

1

!� � �!q, the MSC M(�) is 
onne
ted. An MSC language L is a

bounded MSG-language if there exists a bounded MSG G with L = L(G).

It is easy to 
he
k whether a given MSG is bounded. Clearly, the MSG of

Figure 2 is not bounded. One of the main results 
on
erning bounded MSGs

shown in [AY99℄ at on
e implies:

Lemma 4.2. Every bounded MSG-language is a regular MSC language.
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Our main interest in this se
tion is to prove the 
onverse of Lemma 4.2.

Lemma 4.3. Let L be a �nitely generated regular MSC language. Then, L is a

bounded MSG-language.

Proof Sket
h: Suppose L is a regular MSC language a

epted by the minimal

DFA A = (S;�; s

in

; Æ; F ). Let Atoms(L) = fa

1

; a

2

; : : : ; a

m

g. For ea
h atom a

i

,

�x a linearization u

i

2 Lin(a

i

). De�ne an auxiliary DFA B = (S

0

;Atoms(L); s

in

;

b

Æ;

b

F ) as follows:

{ S

0

is the set of states of A whi
h have zero-
apa
ity fun
tions.

{

b

F = F

{

b

Æ(s; a

i

) = s

0

i� Æ(s; u

i

) = s

0

in A. (Note that u; u

0

2 Lin(a

i

) implies Æ(s; u) =

Æ(s; u

0

), so s

0

is �xed independent of the 
hoi
e of u

i

2 Lin(a

i

).)

Thus, B a

epts the (regular) language of atoms 
orresponding to L(A). We


an de�ne a natural independen
e relation I

A

on atoms as follows: atoms a

i

and

a

j

are independent if and only if the set of a
tive pro
esses in a

i

is disjoint from

the set of a
tive pro
esses in a

j

. (The pro
ess p is a
tive in the MSC (E;�; �)

if E

p

is non-empty.)

It follows that L(B) is a regular Mazurkiewi
z tra
e language over the tra
e

alphabet (Atoms(L); I

A

). As usual, for w 2 Atoms(L)

�

, we let [w℄ denote the

equivalen
e 
lass of w with respe
t to I

A

.

We now �x a stri
t linear order � on Atoms(L). This indu
es a (lexi
o-

graphi
) total order on words over Atoms(L). Let Lex � Atoms(L)

�

be given

by: w 2 Lex i� w is the lexi
ographi
ally least element in [w℄.

For a tra
e language L over (Atoms(L); I

A

), let lex (L) denote the set L\Lex.

Remark 4.4 ([DR95℄, Se
t. 6.3.1)

(i) If L is a regular tra
e language over (Atoms(L); I

A

), then lex (L) is a regular

language over Atoms(L). Moreover, L = f[w℄ j w 2 lex (L)).

(ii) If w

1

ww

2

2 Lex, then w 2 Lex.

(iii) If w is not a 
onne
ted

1

tra
e, then ww =2 Lex.

From (i) we know that lex (L(B)) is a regular language over Atoms(L). Let

C = (S

0

;Atoms(L); s

0

in

; Æ

0

; F

0

) be the DFA over Atoms(L) obtained by eliminat-

ing the (unique) dead state, if any, from the minimal DFA for lex (L(B)). It is

easy to see that an MSC M belongs to L if and only if it 
an be de
omposed

into a sequen
e of atoms a

epted by C. Using this fa
t, we 
an derive an MSG

G from C su
h that L(G) = L. We de�ne G = (Q;!; Q

in

; F; �) as follows:

{ Q = S

0

� (Atoms(L) [ f"g).

{ Q

in

= f(s

0

in

; ")g.

1

A tra
e is said to be 
onne
ted if, when viewed as a labelled partial order, its Hasse

diagram 
onsists of a single 
onne
ted 
omponent. See [DR95℄ for a more formal

de�nition.
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{ (s; b)!(s

0

; b

0

) i� Æ

0

(s; b

0

) = s

0

.

{ F

0

= F �Atoms(L).

{ �(s; b) = b.

Clearly G is an MSG and the MSC language that it de�nes is L. We need to

show that G is bounded. To this end, let � = (s; b)!(s

1

; b

1

)!� � �!(s

n

; b

n

)!(s; b)

be a loop in G. We need to establish that the MSCM(�) = b

1

Æ� � �Æb

n

Æb de�ned

by this loop is 
onne
ted. Let w = b

1

b

2

: : : b

n

b.

Consider the 
orresponding loop s

b

1

�! s

1

b

2

�! � � �

b

n

�! s

n

b

�! s in C. Sin
e

every state in C is live, there must be words w

1

; w

2

over Atoms(L) su
h that

w

1

w

k

w

2

2 lex (L(B)) for every k � 0.

From (ii) of Remark 4.4, w

k

2 Lex. This means, by (iii) of Remark 4.4,

that w des
ribes a 
onne
ted tra
e over (Atoms(L); I

A

). From this, it is not

diÆ
ult to see that the underlying undire
ted graph of the 
ommuni
ation graph

CG

M(�)

= (P ; 7!) 
onsists of a single 
onne
ted 
omponent C � P and isolated

pro
esses. We have to argue that the 
omponent C is, in fa
t, strongly 
onne
ted.

We show that if C is not strongly 
onne
ted, then the regular MSC language L

is not B-bounded for any B 2 N, thus 
ontradi
ting Proposition 2.1.

Suppose that the underlying graph of C is 
onne
ted but C not strongly


onne
ted. Then, there exist two pro
esses p; q 2 C su
h that p 7! q, but there

is no path from q ba
k to p in CG

M(�)

. For k � 0, let M(�)

k

= (E;�; �) be

the MSC 
orresponding to the k-fold iteration M(�) ÆM(�) Æ � � � ÆM(�)

| {z }

k times

. Sin
e

p 7! q in CG

M(�)

, it follows that there are events labelled p!q and q?p in M(�).

Moreover, sin
e there is no path from q ba
k to p in CG

M(�)

, we 
an 
on
lude

that in M(�)

k

, for ea
h event e with �(e) = p!q, there is no event labelled q?p

in #e. This means that M(�)

k

admits a linearization v

0

k

with a pre�x �

0

k

whi
h

in
ludes all the events labelled p!q and ex
ludes all the events labelled q?p, so

that j� j

p!q

� j� j

q?p

� k.

By Proposition 2.1, sin
e L is a regular MSC language, there is be a bound

B 2 N su
h that every word in L is B-bounded|that is, for ea
h v 2 L, for

ea
h pre�x � of v and for ea
h 
hannel (p; q) 2 Ch , j� j

p!q

� j� j

q?p

� B. Re
all

that w

1

w

k

w

2

2 lex (L(B)) for every k � 0. Fix linearizations v

1

and v

2

of the

atom sequen
es w

1

and w

2

, respe
tively. Then, for every k � 0, u

k

= v

1

v

0

k

v

2

2 L

where v

0

k

is the linearization of M(�)

k

de�ned earlier. Setting k to be B+1, we

�nd that u

k

admits a pre�x �

k

= v

1

�

0

k

su
h that j�

k

j

p!q

� j�

k

j

q?p

� B+1, whi
h


ontradi
ts the B-boundedness of L.

Hen
e, it must be the 
ase that C is a strongly 
onne
ted 
omponent, whi
h

establishes that the MSG G we have 
onstru
ted is bounded. 2

Putting together Lemmas 4.2 and 4.3, we obtain the following 
hara
teriza-

tion of MSG-de�nable regular MSC languages.

Theorem 4.5. Let L be a regular MSC language. Then the following statements

are equivalent:

(i) L is �nitely generated.
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Fig. 4. An non-bounded MSG whose language is regular.

(ii) L is a bounded MSG-language.

(iii) L is MSG-de�nable.

It is easy to see that boundedness is not a ne
essary 
ondition for regularity.

Consider the MSG in Figure 4, whi
h is not bounded. It a

epts the regular

MSC language M Æ (M +M

0

)

~

.

Thus, it would be useful to provide a 
hara
terization of the 
lass of MSGs

representing regular MSC languages. Unfortunately, the following result shows

that there is no (re
ursive) 
hara
terization of this 
lass.

Theorem 4.6. The problem of de
iding whether a given MSG represents a reg-

ular MSC language is unde
idable.

Proof Sket
h: It is known that the problem of determining whether the tra
e-


losure of a regular language L � A

�

with respe
t to a tra
e alphabet (A; I) is

also regular is unde
idable [Sak92℄. We redu
e this problem to the problem of


he
king whether the MSC language de�ned by an MSG is regular.

Let (A; I) be a tra
e alphabet. We �x a set of pro
esses P and the asso
iated


ommuni
ation alphabet � and en
ode ea
h letter a by an MSC M

a

over P

su
h that the 
ommuni
ation graph CG

M

a

is strongly 
onne
ted. Moreover, if

(a; b) 2 I , then the sets of a
tive pro
esses of M

a

and M

b

are disjoint. The

en
oding ensures that we 
an 
onstru
t a �nite-state automaton to parse any

word over � and determine whether it arises as the linearization of an MSC of

the form M

a

1

ÆM

a

2

Æ � � � ÆM

a

k

. If so, the parser 
an uniquely re
onstru
t the


orresponding word a

1

a

2

: : : a

k

over A.

Let A be the minimal DFA 
orresponding to a regular language L over A.

We 
onstru
t an MSG G from A as des
ribed in the proof of Lemma 4.3. Given

the properties of our en
oding, we 
an then establish that the MSC language

L(G) is regular if and only if the tra
e-
losure of L is regular, thus 
ompleting

the redu
tion. 2
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