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Lecture 1

Lecturer: V. Arvind Scribe: Ramprasad Saptharishi

1 Introduction

1.1 Motivation

We would like to build a family of graphs that are “sparse” but “highly”
connected. Some conditions that we would want our graphs have are

1. The graph should be computable in time polynomial in the number of
vertices

2. The graph should be edge-checkable in time poly logarithmic in the
number of vertices.

3. In the context of d—regular graphs, A(z,i) = y if y is the i*" neighbour
of x, and this A should be polynomial time in its input length.

1.2 Graph Parameters

Sparseness:
As for the graphs being sparse, the graphs we are looking for shall be d
regular, for “small” d, and thus property 3 would be applicable.

Connectivity:
A possible connectivity measure is the measure how much the graph
“expands”.

Definition 1. A graph G,, is said be a (k,«) vertex expander if for all
subsets S of vertices such that |S| < k, the neighbourhood of S, denotes by
r'(S) > a|S|.

This is a natural notion of connectivity or expansion that we would want
(o “large” implies “expands well”), but unfortunately, checking if a graph
is a (k, ) is coN P complete! Hence we need a different notion of expansion.



2 Spectral Expansion

2.1 Associated Eigenvalues

Let G(V,E) be a d-regular multigraph, where there could be more than
1 edge between vertices. This could be thought of as a graph with non-
negative integral weights, where the weight of edge ij denotes the number
of edges between 1, j.

Let A be the normalised adjacency matriz of G

number of edges between i, j

d

A is a real, symmetric, doubly stochastic matrixﬂ And by the spectral
theorem, the eigenvalues of this matrix are real, and there exists an eigenba-
sis. Let the eigenvalues be A1, Ag, -+ ;A such that |A1| > |Ag] > -+ > |\,

Suppose A is any eigenvalue of A and v an associated eigenvector.
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And since A is a stochastic matrix, clearly (1,1,---,1) is an eigenvector
whose eigenvalue is 1. Speaking in terms of probability distributions, it
makes more sense to say that the uniform distribution v = (%, %, R %) is

an eigenvector with eigenvalue 1.
Thus )\1 =1.

2.2 Other Eigenvalues

A1 = 1 for all graphs, we have to inspect the other eigenvalues to see if they
tell us anything about the graph’s expansion properties. Firstly, we need to
see if any other |\;| = 1.

'rows and columns entries are non-negative and add up to 1



First let’s examine if any A; = 1.

Lemma 2. The dimension of the eigenspace of 1 = number of connected
components of G

Proof. Let v L v and Ax = x. Let x; = maxx;, X = {k|zy = 24}

n
E Aijibj = X; = E Al'jl‘j
Jj=1

JyAi 70

which is a convex combination of x;’s. Thus A;; # 0 = z; = x;, which
implies no edges go out of the set X. Thus X is a component of G.

And if there are k connected components, dimension of eigenspace of 1
is atleast & (uniform distribution over that component is an eigenvector).
And since every connected component has only u as its eigenvector, the
dimension of the eigenspace of 1 is exactly k. O

Now for the case when \; = —1

Lemma 3. For a connected d—reqular graph G,
G is bipartite <= —1 is an eigenvalue

Proof. Look at the graph G2, whose edge relation correspond to paths of
length 2 in G. Note that the adjacency matrix of this graph has to be A2
and hence the eigenvalues of G2 has to be {)\3 A

If G is connected and bipartite, G2 has 2 component, and thus G? has an
eigenvalue 1 with multiplicity 2. And since G is connected, the eigenvalue
1 of G has multiplicity 1, which implies —1 is an eigenvalue of G.

Conversely. let —1 be an eigenvalue of G and x the eigenvector chosen
such that maxz; = max|z;| = z;(say).
And repeating the argument in the earlier lemma,

n
E Al'j:(}j = —I; = E Aij.%j
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which is a convex combination of z;. And hence, A;; #0 — z; = —x;.
Now let X = {k|z), = x;}. Since z; = x; = A;; = 0, the induced
subgraph on X is empty.
Since the graph is connected, let x; be a vertex in V'
X that is connected to some z,, in X. And since it is connected to some
vertex in X, A, #0 = xpy = —1;



ZAle‘j = —X] =Ty
J

And this is possible only when z; = x; wherever A;; # 0, which means
all the neighbours of xz,,, are in X - the graph is bipartite.
O

Hence, if G is connected, and not bipartite, |A2| < 1. This |A\g| is called
the spectral expansion of G.

Definition 4. For G, a connected d—reqular non-bipartite graph, the spec-
tral expansion of G is |A2| = X2(G)

We shall soon see that 1 — A\9(G) is large = good vertex expansion.

Theorem 5.

A A
)\Q(G) —_ a || x”Q — max ‘( x7x>‘

rzlu HxHQ _xJ_u \(x,x)\

Proof. Let u = vi,va,--- ,v, be an eigenbasis. For any x 1| wu,
T = QU2+ Q3vs+ - aply
i

n
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and the equality is attained when z is the eigenvector of Ay
The proof of the other equality is exactly the same.

Fact 6. |v|,, <|v]ly <[vl; < v/nlvl,

3 Random Walks on Expanders

3.1 Mixing Time and Spectral Expansion

Let 7 be a probability distribution over the vertices. Since A is a stochastic
matrix, A is also a probabilistic distributionf]

Definition 7. G has mizing time t(n) if for all probability distributions m

’At(”)ﬂ — u’oo < %

2this is the probabilistic distribution over the vertices after 1 step is taken according
tow



Theorem 8. “Good Expanders have small mizing time”

Proof. Let X\o(G) = X and 7 be any probability distribution.

T = QU + QoUg + -+ - Uy

Note that (m,u) = % and hence a; = 1. Hence
Alr —u = 042)\[2112 + -+ an)\ilvn
2
HAlﬂ' - uH = a3\ + a2
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And since [jpi]3 = [[ul3 + [[ut][3. we have [|pi|3 > = — ul]?.

Hence we now have,

1
Alr — ‘ <HAl - H <\ <A< —
[Alr —u| < ||atm = <X limlly <M < o

Hence | = log% 2n

Thus for smallz)\g, mixing time is small. O

4 Undirected Graph Connectivity is in RL
UGAP = {(G, s,t)|3s — t path in G}

Definition 9. RL is the class of languages L that are accepted by a polytime
randomized logspace turing machine with onesided error.

Note that the polynomial running time requirement is critical, since we
have a stream of random bits, the machine could run for much longer. Ran-
domized logspace machines running for more than polynomial time arguably
have more computational power than RL machines.

Theorem 10. UGAP € RL

We need some bounds before we get into the proof.



4.1 Bounds on )\ (G)

Let G be any arbitrary connected, non-bipartite regular graph. Assuming
that there are self loops on all the nodes of G, G2 will now be a regular,
non-bipartite connected graph with all its eigenvalues non-negative. Let the
normalized adjacency matrix of G2 be A and let E be the multiset of edges.
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Let = be the optimal vector for the above equation. Since x L u, let

0 < 2, = mazxz;,x, = minz; < 0. Since ||z|| = 1, either z, >

1
7= Or

xp < =:. Let P be the shortest path from a to b in G2.
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where d is the degree of G?, the square of the degree of G.

1
Thus, )\2(G) < 1-— W(n)

4.2 Proof of Theorem [10]

Replace every node of degree k by a k cycle, and add self loops to make it
a regular graph, and add self loops on all the nodes.

We know that \y(G) <1 — #. Suppose A is the normalized adjacency
matrix. Then,

5

‘A”SW—U‘ vt < (1LY <L
o= 2 = n4 ~ 2n

Looking at the ¢-th index,

5 1 1
A" - - <
‘( ) n‘ - 2n
1
e A”5 > —
( 7T)t_2n

Which means,

1
Prfon a random walk, you don’t hit ¢ in n° steps] < 1 — o
n

This error can be pushed down to the desired limit in logspace. O
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5 Amplification of success in RP

Let L € RP, accepted by a randomized algorithm A with one-sided error
bounded by % We shall use an expander graph to boost the error probability
by using fewer random bits compared to the majority vote which uses mk
random bits to push the error down to 27%.

Assume that for inputs of length n, the machine takes m = n
bits. Consider G(V, E), a (2™,d, \) expander, explicitly givenﬂ

For x € L, define B = {r € ¥™|A(z,r) = 0}. And by the error bound
of A, we know that |B| < 2m~!

Our algorithm is going to be the following:

O(M) random

1. Pick a vertex r¢ at random

2. Take a random walk for ¢ steps starting at rg. Let the visited nodes
be rg,rq, -1y

3. Use these r;’s as random strings to A and output “YES” if and only
if atleast one of them say “YES”.

Now the question boils down to asking “What is the probability that
after t steps, we are confined to B?”

Theorem 11. If G is a (2™,d,\) expander, and B C V such that |B| <
wu|V|, then
t
Prro,r1, - .1 € Bl < (u+ (1 — p)A?)?

And with the theorem, if y = %, we have the probability to be bounded

t
by (#) * which is 27 for a constant c.

Hence, in order to push the down to 27*, you want ¢ to be O(k). And
for a random walk for k steps, you only need m + O(k) log d random bits!
Now, the proof of the theorem is all that’s left to justify the amplification.

3given = and i outputs y which is the i-th neighbour of  and runs in time poly(m)



5.1 Proof of Theorem [11]
Let N = 2™ and P be the projector on B, that is

[ Ip.s | 0

0 0:|N><N

Note that |Pu|, = Pr[rg € B]. Infact one can extend this to higher
powers by the following claim.

Claim 12. |P(AP)iu‘1 = Pr[ro, 71, , 7 € B]

Proof. The proof is just simple induction. We just saw the base case when
¢ = 0. Assume that for some i

‘P(AP)iu‘l = Pr[ro,r1,--- ,1; € B]

Now A(P(AP)'u); = Pr[the first i steps are confined in B and the last step takes it to j].
And by just summing over all j in B, we have

|P(AP)u|, = Prlro,r1,- -+ , 7441 € B]
which proves the inductive step. O

Now we would like to bound |P(AP)"u|, for the proof.

Claim 13. Let x be any vector in,

[APz]ly < Vi + (1= p)A* - [l

And once we have this, we can just take x = u and we would have

Nl

|P(AP)l, < |(AP)u|, < VN (+ (1 — )A2) 2 VN = (u+ (1 — p)A2)
which proves theorem

Proof. Let y = Pz, and y =yl + y~ = au + y*; note that o = > y;
2 2
lgls = [lat],+ v
2 2
= [, + 4]
y 2+ y 2
2 2
< [l + 22l
< ||y 2+ v,
2 2
- il (- o
Y|, + (Hyllg v,
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Now

2
o HyHHQ _ Cienw)
n 2 n
< (Zz’EB %2) |B|
o n
= |yllyn
Hence,
14y[13 < (n+ X1 =) llyll3 < (n+ 21— p) [l
and that completes the proof of the claim O
.. and also the proof of theorem O

6 Spectral Expander =— Vertex Expander

Recall definition [I| of a (k, @) expander:
For all subsets of vertices S such that |S| < k, I'(S) > alS|.

Now we shall show that a “good” spectral expander is also a “good”
vertex expander.

Theorem 14. If G(V,E) is a (n,d,\) spectral expander, then for every

oz>0,Giscm(an,( 1

o) Fa verter expander.

Proof. Let S C V such that |S| < an. Suppose 7 is any distribution over
the vertices, it can be written as u 4+ u'.

1 2
(mm) = — + lm — ull

Also,
(mm) = Y m
i€supp(m)
2
o) (Cauchy Schwarz)

|supp ()|
1

|supp(m)|

10



Suppose 7 was the uniform distribution on S, then note that (r, 7) = ﬁ

Hence,

s 1 1
Im—ully =15 —

S| n
Since supp(Am) =T'(.9),

1 1 )
—— < (Am, Am) = —+||ATr —u
< =+ N r—ulf3
1 1 1
= 24+ N[ =
' <|5| n>
5] 1S] | 2 5]
2L 2l 1
== RO +A
5] 2\ | )2
= —(1-X\ A
-+
< a(l1-A%)+ A2
Therefore,
IT'(S)| S 1 B 1

S| T a(l=X2)+X2 M(l-a)+ta

6.1 Lower Bounds on )\

Theorem [14] tells much more than an implication.
For any d regular graph, the vertex expansion of this graph is atmost d.

at+(1—-—a)X? —
1
Taking « close to 0, we see that A = Q(ﬁ)
Infact there are better bounds known, Alon and Bopanna show that
2vd—1
A> T~ o(1)

Ramanujam graphs get very close to this optimaﬁ

“they have A = —2= — o(1)

i

11



7 Random Graphs as Expanders

Instead of looking at general random graphs, we shall restrict ourselves to
bipartite graphs and show that a random bipartite graph is a “good” left
expander.

Definition 15. A bipartite multigraph G(LUR, E) is a (d, k, &) left expander
if every vertex on L has degree d, and for all subsets S of vertices in L such
that |S| < k, [T'(S)| > «|S]

Random bipartite graphs are chosen in the following sense, for every
vertex v € L randomly pick d vertices from R with repitition. For simplicity
of notation, let us call the set of possible multigraphs G, 4.

Theorem 16. For every n and d < n, there exists an o > 0 such that
random G € Gy 4 is a (d,an,d — 2) left expander with probability greater
than 1

2

Proof. Let S C L, such that |S| = k < an, we shall estimate the Prg[|T(S)] <
(d—2)|S])

For every vertex v € L, we chose d neighbours, which is kd elements
picked from L. Thus, we want to estimate the probability that there are
atleast 2k repititions. There are (gi) places where the collisions can occur
and each collision with probability %.

< Prg|D(8)| < (d-2)|8]] < (ﬁff) <lj1d>%

Summing over all S,

TN

< (ad263 ) k
<
- 4

k=1

And clearly for a < ﬁ this probability can be bounded by half. O

12



8 Explicit Constructions

The earliest explicit constructions of expander graphs were given by [Margulis,Gabber-
Galil], [Lubotzky,Sarnak] but the contructions are fairly complex, looks at
certain subsets of matrix groups.
[Reingold,Vadhan,Wigderson] used “zig-zag products” to construct ex-
panders, we shall be looking at them in the next lecture. Gramov had used
this zig-zag products earlier, though the novelty is attibuted to [RVW]. Zig-
zag products seem to mimic the semi-definite over groups.
Alon et al gave another “not-so-difficult” construction for expanders,
infact he said something more.

Theorem 17 (Alon/Roichman). There exists a constant ¢ such that for ev-
ery finite group G, a random set of clogn elements define a “good” expander
in the Cayley graph on the vertices.

13
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In this lecture we shall be discussing the paper ““Entropy Waves’, the zig-
zag produt and new constant degree expanders” by Reingold, Vadhan and
Wigderson, which appeared in the Annals of Mathematics '02.

9 The Rotation Map

Let G be an N vertex D regular graph. The rotation map is a map Rotg :
[N] x [D] — [N] x [D], defined as follows.
If " edge of vertex v is w, as a j** neighbour, then

Rotg(v,i) = (w, j)

Note that this map is also an involution. This map defines the graph,
and we would want this to be efficient (poly(log N,log D) computable, in
this lecture).

10 Graph Products

We shall now inspect various graphs products possible and the parameters
of the graph.

10.1 Powering

Let G be a (N, D, \) expander, given by the rotation map Rotg. Then its
ith power, Gt is given by the following rotation map:

Rotgi(vo, (K1, ko, -+ k) = (ve, (I, - -+ 1))

if and only if there exists v1,...,v;_1 such that

Rotg(vo, k1) = (v1,l1)
Rotg(vi, ka) = (v2,02)

Rotg(vi—1,ke) = (v, 1)

14



And easy to see that Rotg: is efficiently computable, and infact the
adjacency matrix of G is A'. Hence, G is a (NN, D!, \!) expander.

10.2 Tensoring

G1 is a (N1, D1, A1) expander, and G2 is a (Na, D2, A2) expander and let
Rotg, and Rotg, be the corresponding rotation maps.

The rotation map of G; ® G is defined by moving parallel on G; and
Go.

Rota, 0, ((U7 w)? (7'7.7)) = ((vlv wl)) (ilmjl))

if and only if Rotg, (v,i) = (v',i') and Rotg,(w,j) = (v, j').
Now, it is easy to see that the normalized adjacency matrix of this graph,
Ac,e6, = A, ® Ag,, the tensor product of the corresponding matrice&ﬂ
The eigenbasis will also be the tensor products of the eigenbases of the
two matrices, and hence the eigenvalues will be the products of the eigen
values. And since 1 is an eigen value for both A; and As, the second largest
eigenvalues is max (A, Az2).

Thus, G; ® Gy is a (N1 Na, D1 D2, max (A1, A2)) expander.

Both the products blows up the degree of the final graph, which is not
desired. We want a family of graphs with constant degree and good spectral

garf]

11 The Zig-Zag Product

Let G1 be a (N, D, )\) expander and Gy be a (D,d, \2) expander, with
rotation maps Rotg, and Rotg,
Define the the graph G1@ G as follows:

e V(G1@G2) = [N] x [D], replace every vertex in G; by a cloud of
vertices in (o, since the degree of G; matches with vertex size of Go,
this can be done.

e An edge in G1@G is defined by a three step walk, 1 move in the Go
cloud, take and edge of G; and move to another cloud, 1 move in the
new cloud. More formally,

Seach i, j-th entry of A; is replaced by the block (A1), - Az
D Y(e)

15



((U’ k)’ (wv l)) € E[(Gl@G2)]

if, there exists numbers &', I’ such that
(k, k') €
(I,I"Y € E(Gy)
Rotg, (v, k') = (w,l')

So G1@Gs is a (ND,dQ,)\g) expander.

Theorem 18 (Zig-Zag Theorem). For Gy and Go considered above, G1@G2
s a (ND,dQ, /\3) expander where,

1. )\3§)\1—|—)\2—|—)\g
2. If \i <1l and A <1, then A3 <1

We shall prove this later.

11.1 Intuition Behind this
To be filled up soon

12 A Constant Degree Expander Family

Our base graph H would be a (DS, D, )\) expander for a constant D, which
we shall explicitly construct later.
The family {G;} is defined as follows:
G, = H?
Gy, = H®H
2
Vi>2, G = (c:(%1 ® GL%O @H

Claim 19. G; is a (DSt, D, )\t) expander, where Ay = X + O(\?), and

whose rotation map is computable in time polynomial in (t,log N,log D)
with poly(t) queries to the rotation maps in the recursion.

Proof. The ambiguity is only in A of Ga, it’s clear that the vertex size of G*
is D3 and that the parameters match for zig-zag.

16



A=A < A+c)X? and Ay = A < A+ )2, we shall now proceed by
induction.

Let py = max; \; = max(A, py—1). We know that pug and po are upper
bounded by A + cA?. Assume by induction that py;_; < A+ cA2.

Now, Gy = K@H, where K is the chunk in the definition. Note that
M < p? 4. Hence by the Zig-Zag theorem, we know that

Mo <o AN

< AN A 402

We want this to be less than A + c\? for some c. It’s easy to see that if
A< %, then ¢ =5 is good enough.

Thus we have a uniform family of constant degree expanders, with good
spectral gap. ]

Also note that in the earlier lecture we showd that A < , and hence

é\

M <A+el? < +X<

Sl
Sl &
sie

And thus )\t =0 (W)

12.1 An explicit construction for H

Let ¢ = p', some prime power, and F, be the associated field. Our graph
AP, is going to have the vertex set V =TF, x F,.

As for the edge set of the graph, for every vertex (a,b) € Fy x F,, define
the set of vertices adjacent to (a,b) as L, ; where

Loy =A{(z,y)|ly = ax — b}

And since |L,p| = ¢, we have a g regular graph.
Claim 20. AP, is a <q2,q, ﬁ) expander.

Proof. Let M eb the normalized adjacency matrix of AP,. M Zisa ¢’ x¢?
matrix. And note that

(1)

M(ab cd) ‘LameCd

17



If (x,y) is a common point, then

a =1\ [«
c -1 ) \y
When a # ¢, the matrix is of rank 1 and hence by equation

1
M? ==
(a.0),(ed) = 2

Suppose a = ¢, if b # d, there are no solutions and hence M(Qa,b),(c,d) =0.

1

— — it ] 2 _
If a = c and b = d, there are g points in common and hence M(a7b),(c,d) =3

Thus the M’ = ¢ M? has the following form

qaly J, -,
. J, o aqly -,
J, - Jy aiq

or in other words,
M = (Ig @ alg+ (Jg — 1) ® Jg)

where J; is the ¢ X ¢ matrix with every entry being a 1.

The only eigenvalue of I, ® gl is q.

As for the other sum, J, — I, has eigenvalue ¢ — 1 with multiplicity 1
and —1 with multiplicity ¢ — 1.

And J,; has eigenvalue ¢ with multiplicity 1 and —1 with multiplicity
q — 1. Hence (J; — I;) ® J; has eigen value ¢(q — 1) with multiplicity 1, 0
with multiplicity ¢(¢ — 1) and —¢ with multiplicity ¢ — 1.

Hence M’ has eigenvalue ¢? with multiplicity 1, ¢ with multiplicity ¢(q—
1) and 0 with multiplicity ¢ — 1.

Hence, clearly, the second largest eigenvalue of M’ is atmost ¢, and hence
the second largest eigenvalue of M is atmost % O

Now let Aqu = AP, ® AP,, which gives a <q4’ P, %) expander.

Define

APl = API"'@AP,
And then we have the following claim, which is easy to prove.

Claim 21. AP; is a <q2(i+1),q2, %) expander.

And with this, if we were to choose i = 7, and ¢ > 702, we have a
H = AP, as our (D8, D, }) expander.

18
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13 Overview

We saw that the zig-zag product gave us a uniform family of expanders. In
the next two lectures we shall prove Reingold’s Theorem.

First let us look at the rotation map of the zig-zag product as an algo-
rithm.

ROtG1<@G2 :
Input: ((v, k), (i,7))

(K',i") = Rotg,(k,i)
(w,l") = Rotg,(v,k)
(1,j) = Rote,(l',])

Output: ((w,1), (5/,7))

Notice that this is a logspace algorithm and requires just O(1) extra space
apart from storing the 4 vertices in consideration; this would crucial in
Reingold’s proof.

14 Proof of the Zig-Zag Theorem (18]

We shall prove only one of the results stated in the previous lecture.

We have to study the second largest eigenvalue of G1@Gy = G, for
which we need to look at the normalized adjacency matrix of G. Let the
normalised adjacency matrix of G2 be A, and let P be a permutation matrix
defining the rotation map of G;.

Every edge of G consists of a three step walk, the first one being a walk
in one of the v clouds that are expanded to a GGo. Thus that step can be
represented by the matrix B = Iy ® A.

Thus the transition matrix of G is simply Z = BPB.

19



In order to analyse the spectral gap of Z, let f € RVP | f|l, = 1,f L
1yp. We want to show that

(£ ZAI< M+ A+ 23
Let f = fll + f-, where fIl is a vector such that

1 D
f(”u,l) = BZf(Uaj) = Oy
j=1

which makes it locally uniform in each cloud Gs, hence BfIl = fIl. And, it

also ensures that ”
> iy =2 Fwi =0
v, v,J

and hence fll and f1 are orthogonal to 1xp.
Note that since BPB is symmetric, (f+, BPBfl) = (fl, BPBf). We
then have,

(#.BPBR| = |(f1.BPBfI) +2(f|, BPBf*) + (f+, BPBFY)|
< [l BRI +2|(f1, BPBI)| + |1+, BPBI)|
= D+2)+B)
where (1) = |(fI, BPBf*)|,(2) = 2|(fI, BPBf*)|,(3) = |{f+, BPBf")|

Bounding (1)

W = | BPBs)
~ |l pBYY)
= ‘<f||,an>‘

Now

LRy = ST Paiyiwi Fos Fan
(0,1) (wrg)

- Z Z P(v,i),(w,j)avaw

(v,1) (w,J)

= Z Doy,

(v,w)EE
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And if we were to choose g = (\@avl, VDasy, -, \/an), the above
sum is just (g, Ag). Now g L 1y and ||g||, = Hf”HQ. Hence

(1) = g A9) < M llglly = [ 1], < x

Bounding (2)

Since ), fH'u,z') = > f(v) for all v, it forces that ), f(ii) =0, or fi- L 1p,
the projection of f+ on v.
And hence

IN

HAva A2

€L
i,

et

2
= |51,

IN

Thus,
() = 2| BPBY)
— 2|8/, PBSY)
= 2|/ PBrY)
< 2|, [P,
= 2|71, 24,
2 1], 14,

IN

"By the AM-GM inequality, 2 £, || £+, < [ £1]; + (7[5 = 1413
And hence,
(2) <A lflly < A2

"we used some other method in class first, but this seemed to be an easier proof
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Bounding (3)

(3) = |t Py

~ |Brt PBrY)

IN

57

~PBLH
, [P,

5],

< A7
< A

Thus, )\(Gl@Gg) <A+ X+ )\% L]

15 Towards Reingold’s Theorem

Theorem 22 (Reingold). UGAP € L

Instead of looking at s — t connectivity over general graphs, we shall see
that if the connected component containing s was a A-spectral expander for
some constant A < 1, then we can check connectivity in L

First, we shall expand every vertex to a cycle, so that we get a D regular
graph.

Let A be the adjacency matrix of G. We know that the mixing time of
I = O(log 1 N) = O(log N). Thus for any distribution over the connected

component of s,
1

< —
o — 2N
and in particular, (Ale,); > 12N if it is inside the connected component.
Hence, if there exists a path from s to ¢, the path is of length atmost
O(log N).

But how does one enumerate all paths of length O(log N)? The naive
method of remembering all vertices in the path would cost you O(log? N)
space. But since the graph is D regular for some constant D, it suffices to
remember the out-edge number! Thus, the space you need to try out all
paths of length O(log N) would be O(log D,log N) = O(log N), and this
gives us the logspace algorithm.

’Ales — Ug

Reingold’s theorem basically forces every graph G to be transformed of
one of the above category.
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For any G = (N, D, ) graph,

1. Pick H, a small (DlG,D, %) expander.

2. Go=G,G; = (Gi1@H)®

3. Thus, G; is a (ND16i,D16,,) graph.

Looking at the connected component containing s, turns out that

NG:) < maxM(Gio), 1)

And now, choosing i =1 = 5log N or so, we have

l
1\* 1
A< (1-— < =
<(-w) =
and this reduces to the earlier case which is solvable in logspace.

The heart of the proof is to show that the rotation maps of GG;’s can be
computed in logspaceﬁ

8though it seems like we need to make O(log N) recursive calls, the amortized cost of
computing the rotation map is still O(log N)
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16 Overview

We are on our way to showing that UG AP or undirected graph connectivity
can be computed in logspace. Last class we saw that if the connected com-
ponent containing s was an expander with some constant positive spectral
gap, then we can check connectivity it in logspace.

We shall now see how we can “expanderize” graphs in logspace, and thus
solve UG AP in logspace.

17 Reingold’s Algorithm

1. Choose a graph H that’s a (D16, D, %) expander for some constant D.

2. Convert G into a D'6 regular graph G’ with N’ = N? many vertices.
We shall elaborate on how to do this shortly.

3. Let Gp = G’, and for all ¢ > 1,
Gi = (Gi-1@H)" = (G, H)
Thus, G; would be a (NQDW, D6, ,) expander.
Now we have the following claims
Claim 23. If S is a connected component of G,
Ti(G'|s, H) = Ty(G', H)| g« p1eji

This basically tells us that the products respect connected components,
and hence connectivity.

Claim 24. For all i > 1, if A\; is the second largest eigenvalue of the con-
nected component of G; containing s, then

1
A < max <)\?_1, 2)
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With this claim, if we choose i = O(log N) = [, we have

1 \? 1
N=(1—— -
< poly(N)) =2

And then our problem would reduce to the case we discussed last lecture.

But we need one more crucial claim, that allow us to take the products.

Claim 25. Rotg, can be computed in logspace from Rotg: and Rotp

So with the three claims, the algorithm is complete and we are done by just
applying the algorithm discussed last class for constant spectral gap!

17.1 Converting G to a D'S-regular graph G’
Let the vertex set of G’ be [N] x [N].

Rotcy : ([N] x [N]) x [D'°] — ([N] x [N]) x [D*]
is defined as follows
e For all (v,w) € [N] x [N],
((v,w), 1) = ((v,0),2)
where w’ = w +1if w < N and w' =1 when w = N,
e For all (v,w) € [N] x [N],
((v,w),2) = ((v, ), 1)
where w' = w —1if w > 1 and w' = N when w = 1,

o If (v,w) € E, then
(v, w),3) = ((w,v),3)

else
((v,w),3) — ((v,w),3)

e Forall 3 <i< D6
((v,w), i) = ((v,w), 1)

This clearly gives us a D6 regular graph which doesn’t alter connected
components of the G.
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17.2 Proof of Claim 23

Since this is a property that we would expect graph products to preserve,
let us examine all graph products.

Suppose G and G are two disjoint components of a graph, and for any
('3 chosen appropriately for the products to be well defined,

o (G1UGY) =GLUG,
This is clear since powering cannot add cross edges between compo-
nents

e (G1UG:) ®G3=(G1®G3)U (G ®Gsy)

This again is clear since parallel edges can’t create crosses between
components.

e (G1UG2) @G3 = (G1@G3)U(G2@G3) The step on the clouds doesn’t
allow you to move across vertices of the bigger graph. And one can
move across vertices of the bigger graphs only using the edges of the
bigger graph. Hence this is also clear.

In the zig-zag product case, through the eigenvalues of the product graph,
we know that the resulting graph is connected if the components of the
product are connected.

And with this, the proof of the claim is just a simple inductive argument
on 7 where the products preserve the components and the powering gives
the extra [D'9] to the LHS. O

17.3 Proof of Claim 24

For this we need a stronger bound on the eigenvalue of the zig-zag product,
the proof of this shall not be done here but can be found in [ReingoldVad-
hanWigderson| where they discuss the zig-zag product.

Theorem 26. If \1, A2, A3 are the spectral expansions of G1, G2 and G1@G2
respectively, then

1
Az < 1= (1= A (1=
Now for our case, Ay < % and hence

1 1 3
<l1--(1-= “A)<1—2(1= )\
A3 <1 5 <1 4> (1-X)<1 8(1 Ai)
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Now G; = (Gi_l@H)8 and hence
3 8 1 8
Ai < (18(1>\i1)> < <13(1)\i1)>

If X1 >4, A < (%)8 < 3.
Otherwise if \;_1 < %, with some little bit of calculus one can show that

1 4
(1 - 5(1 - /\i—1)> < Aic1

and we are done. O

17.4 Proof of Claim [25

Now we shall give a logspace algorithm to compute Rot; given Rotg and
Roty. This algorithm shall use one global variable and all compuation shall
be done overwriting values on it. Recursive calls shall have only constant
memory overhead and hence this algorithm will run in logspace.

For each step in G;, we need to do 16 steps in H and 8 in G;_;.

The input for Rotg, is (9,a). Let us intepret o as an element of [N?] x
D1
v = (v,a9,a1,...,0;—1)

Similarly, let us interpret @ = a; as an element of [D6],
a= (ki ki2,-  kie)

for k@j S [D]
These are written on the input tape as

[vlaolar]--- [ais[ai]

which consists of O(log N) bits.
The algorithm for computing Rotg, is the following:

1. for j =1 to 16 do

e overwrite (ai_l, k@j) = RotH(ai_l, ki7j);
e If j is odd

— then overwrite (v, ap, - ,a;_1) := Rotg, (v,a9, - ,ai—1);
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o If j =16

— then overwrite (k; 1, -, ki) = reverse(k;1, - ,ki16)

2. done

The overhead in the recursion is just j since everything else is maintained
in the global worktape. Thus in logspace we can compute the rotation map
of Gl. ]

This concludes Reingold’s algorithm and we have proved theorem 22]
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18 Overview

In the next two lectures we shall discuss a result of Babai and Szemeridi on
random sampling from finite groups.
There needs to be more introduction, shall be expanded

19 The Black-Box Group Model

You are given a group G C ¥™, considered as strings over ¥ and generated
by a finite set of generator S. You are also provided an oracle that gives
you the necessary group operations, i.e you can multiply, invert etc but you
are not given access to the actual structure of the operations.

One could consider the group G to be embedded in a larger group, and
the oracle does the operations on the larger group. Of course with Cayley’s
theorem G < S,,, the permutation group over n elements, but this is too
large a group. So usually it’s assumed to be a subset of some matrix group
GL,(F,) or something.

There are quite a few of problems unlikely to be in P, here is an example.
Problem: Given G = (A), H = (B), compute G H.

This is known to be harder than graph isomorphism, and there’s strong
evidence that this is not N P—complete and it is also not known to be in P.

Babai and Szemeridi looked at the complexity of Membership Testing,
we shall be studying this problem over the next two lectures.

20 Membership Testing

20.1 The Problem Statement

G = (S) and is a subgroup of a matrix group H = GL,(F,;) and you are
provided with a black-box for H. Given z, check if x € G.
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We shall that this problem is in NP () coAM.

20.2 MembershipTest € NP

The naive approach is to look at = as a string over S and guess this string.
But one should note that strings could be very large since the group could
be non-commutative.

However, there should be lots of blocks of repetition insead the string
representing x, and hence rather than asking for the string one could ask
for the circuit computing x over S. Our circuit would have all nodes to be
multiplication gates, with the elements of S in the leaves and x being the
output of the circuit. Now the question is, if x € G, does there exists a
small circuit for x over S?

20.3 Small Circuits for elements of (G

Lemma 27 (Reachability Lemma). For every g € G = (S), there exists a
circuit of size (14 log|G|)? that computes g from S.

Proof. Let x1,x9, -+ ,x; be a sequence of group elements. The cube defined
by {x1,---,z;} is defined as follows.

C (@, mi) = {af'ay? - ai'le; € {0,1}}

Let Cy = C(S) = C(Sp). We shall see how we can “expand” the cube to
swallow G. Let C; = C(S;). If G C Ci_lCi, then stop; we already have G.

Otherwise, G ¢ C’Z-_lCi. This means that there exists a g; such that
C’i_lCigj ¢ C’i_lCi. Hence let h;11 € Ci_lcigj\Ci_lC'i. Define S;11 =
Si Uhiy1 and Ciyy = C(Si41).

Now Cjt1 = C;UC; - hiyq and hence |Ciy1| = 2|C;|, and hence in log |G|
steps, we can get G € C;. Thus G is a product of 2log |G| elements. What
is left to argue is that the h;+1 we've been introducing all the while also
has small circuits. And since we are building on the previous cubes, each h;
needs a circuit of size 2i — 1.

Hence, for all the h;’s we need a circuit of size

1+log |G|
> 2i—1=(1+1og|G|)

i=1

as required
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O]

And now if z € GG, the N P machine can guess this circuit for x and check
if it infact computes x in polynomial time. Thus MembershipTest € NP.

Showing that this is infact in coAM requires a lot more work, we first
need to be able to sample from the group.

20.4 The Erdos and Rényi Result

Here is an informal sketch of the result:
Theorem:[informal| For any group G, “most” O(log|G|) size sets define
cubes that equal G. And for k = clog |G|, the distribution

r=alas? - ak, e; €r {0,1}

18 “almost” uniform, i.e,

1—c¢ 1+e
"< P —ql <
G Sl lr=ds1g

The formal version is the following:

Theorem 28 (Erdos and Rényi). Let G be a finite group and x = (x1,- -+ ,xk), ;i €
G. And for all g € G, define
Qulg) = Palat -2 = g]

Then for all €,6 > 0, if k > 2log |G| +2log(1) + log (%),

€

€
Pr QLU_UOO>:|§6
rlle v

Proof. As usual, we shall work with the Ly norm instead of the Lo, norm.

Q. —UlZ < Q.—UJ3

= > (Q:p(g) - ‘(1;>2

g
E:c!Qa;—U!io < EwHQz_ng
_ 2, L 1
= T (@ + g - 2l )
1
= Ex T 2| - =
(ZQ:Q (9) ) @
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Note that the first term in the last line is the collision probability. Hence,
define x, (€, ¢’) as the indicator random variable to check for collision, i.e,
. {1 ifﬂ;?---xzk:az?---xzk

0 otherwise

Hence,

E; (Z Qm(g)2> = Ex;cz/X(eae,)

= o 3 Eulale.e)

e,e’

= o D Prlee) = 1

e,e’

Now, when e = ¢/, then Pr;[x.(e,e¢’) = 1] = 1. As for the other case
when e # €/, taking all the e; to one side we have Pr;[x.(e,e¢') = 1] = |—1|
And hence,

1 1 1
2 _
Eq <ZQ@"(9) > = oo (Zl) + 5on Z@
g e=e! e#e!
1ok
2k 22k ‘G|

1 1

oG 2k |G|
) 1 1

. _ < [

And now to estimate Pr,[|Q, — Ul > ﬁ], we can use Markov’s in-

equality and the result follows. O

20.5 Towards Babai’s Sampling Algorithm: The Cayley Graph

Let G = (S). The cayley graph X(G,T) where T = S U S~ U {1} has the
vertex set as G. And (z,y) is an edge in the X (G, T) if there exists a g € T
such that zg = y.
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Earlier we say the following eigenvalue bound

1

<l—-————-
A2 S S iam? G

In arbitrary graphs, one could have a very small diameter but the size of the
graph could be large (two complete graphs connected by a cut edge, diameter
is 3 but size is large). But for Cayley graphs, the additional structure ensure
the following eigenvalue bound.

A<l
- O(diam?)

Babai achieves the random sampling by looking at the Cayley Graph as
an expander and taking a random walk on it. Cayley graphs aren’t really
expander but they have a property that Babai called the Local Ezxpansion
Property.

Lemma 29 (Local Expansion Lemma). Define Tt to be the t—neighbourhood
of T, the set of all vertices reachable from T by a path of length atmost t.
Let 0 < a < Tip and D C T* such that |D| < (1 — 2ta)|G|. Then there
exists a g € S such that |D\Dg| > a|D|

Note that if ¢ was the diameter of X(G,T), then T® = G. Taking
a = 4, we then have for all D C G, |D| < @, IN(D)| > (14 4)|D|, and
this actually gives us that Ay <1 — m.

We shall see the proof of this lemma and the sampling algorithm in the
next lecture.
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21 Recap

Last class we wanted to show that the membership testing problem in the
blackbox group model is in NP N coAM, and showing it was in NP was
done by construction of small circuits (by expanding “cubes”) acting as a
witness. To show that it is in coAM, we needed to sample from the group;
that was the focus of Babai’s paper.

The result of Erdos and Rényi tells us that given a random set of size
O(log |G|) can be used to sample almost uniformly at random from the group
G. But this would first require to pick the set of O(log |G|) elements, which
is too costly.

When we noted that Babai then describes the Cayley graph and Lemma
tells us that the Cayley Graph has decent expansion properties, and we
shall be exploiting this. As seen in some of our earlier lecture, we shall
analyse random walks on these Cayley Graphs to help us achieve almost
uniform sampling from G.

22 Proof of Lemma 29

Suppose the lemma is not true, then for all g € S, |D\Dg| < a|D)|.
Now for z,y € G,

D\ Dy

N

(D\ Dy) U(Dy \ Day)
(D\ Dy) U(D\ D) -y

Hence, for all k, v € T*,
|D\ Dy| < ka|D|

Thus for k = 2t + 1,
D\ Dy| < |D|
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but this is possible only when D,, contains some elements of D, i.e DN D, #
¢ = uwe DD CT? for all u, and hence G = T?.

Now lets count the number of pairs (z,u) such that z € D,u € G,zu €
D. For every u € G, there exists an x such that xu € D since D N D,, # ¢.
Hence for k = 2t,

|D\ D,| < 2at|D|
= |[DND,| > (1-2at)|D|

And since |D N D,| many x’s are possible for each u, the total number
of pairs is atleast (1 — 2at)|D| - |G|.

And also clearly the number of pairs is less than |D|?, which then forces
the contradiction on the size of D. O

23 Local Expanders

In order to study more on the “local expanders” we have the following
definition.

Definition 30. Let X = (V, E) any undirected graph and let Y be a vertex
induced subgraph of X. We say Y is € expanding subgraph of X if for all
W V() ITx(W)| = (1+¢)|W|

Theorem 31. If G = (S) and X = X(G,T),T = SUS LU {1} then if
Tt < @ — T'isa ﬁ expanding subgraph of X, i.e

1
WDQWJNDNE(1+#>UN

Proof. Put a = i in the earlier lemma and the theorem is done. O

Earlier we had shown that spectral expansion implied vertex expansion.
Here is a result in the other direction, we won’t prove it though.

Theorem 32 (Alon’s Eigenvalue Bound). Let G be a d—regular connected
non-bipartite undirected graph such that for oll U C V,|U| < %l, nU)| >

(14 ¢€)|U|. Then
Aa(G) < i- < \1
2= 1422 ) d

And in the context of locally expanding subgraphs:
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Theorem 33 (Babai’s Eigenvalue Bound). IfY is an e—expanding subgraph
of X, then we have the following bound for the largest eigenvalue of the
adjacency matriz (the non-normalized adjacency matriz) of Y

2

€
V)<d-—
MY) s d =155

Now for random walks on these local expanders.
Theorem 34. Suppose we start at a random walk on X from any vertex
vg €Y, then
21

€ 1
Pr(the random walk is confined to 'Y for [ steps| < |V(Y)|e 4+22d

Proof. Let A be the adjacency matrix of Y, and eg € RVl the standard
basis vector with 1 at vg and 0 everywhere else. Assuming that the walk is
completely confined in Y, the transition matrix of the walk is éA.

Now, the probability that you are confined in Y for [ steps is precisely

l
(]-a]-a"' 71)T (;A) €0

Since A is a real symmetric matrix, we know by the spectral theorem that
there exists a real eigenbasis. Hence A = CTDC where C is an orthogonal
matrix and D is the diagonal matrix of eigenvalues. Hence the probability
of staying inside Y for [ steps (let me call that value as P(1))

S (O D (Ceo)

< lCTly - M 11
VRN
= (%) v

And now using Babai’s eigenvalue bound, the theorem follows. O

Pl =

The only other property we need the Cayley graph to satisfy is the small
diameter criteria. Then our random walk would sample almost uniformly
from G.

Claim 35. If diam(G) > 2t, then |T| < 1§
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Proof. If diam(G) > 2t, then we know that

G ¢ (T T

— 39 : TynTi=¢

O

Now, suppose diam(G) > 2t, we know that |T?| < @ and then, by our
earlier theorem, 1" is a i expanding subgraph of X(G,T). And then, the
probability of the random walk being confined to T is upper bounded as
follows

P([) < ]G‘e (64t2-l|—2)\T\

And when [ = (64t +2)|T| (log |G|)?, then P(l)ﬁ and this [ is polynomially
bounded in log |G|, so we are in good shape to emulate the reachability
lemma.

Define Ry = T and for inductive procedures, C; = Ry --- R;. Suppose
G C T*, we already have small diameter and hence we are done.

Suppose G ¢ T4 then T% < @ Do a random walk for [ steps (for the
suitable [ for 2i) and add all the elements visited to R;;1.

With good probability, we have an = ¢ C; 'C; and hence |C;4 1| > 2|Cy,
the size doubles with each time. Hence with little error, we would be reaching
small diameter in log |G| steps.

The accumulated error, by the union bound, is upper bounded by
and we are in good shape. We can now use Erdés and Rényi and we would
be able to sample almost uniformly from G.

poly(log |G])
|G

24  MembershipTest € coAM

Needs to be filled out, not sure of it myself.
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