
Introduction to Manifolds

Assignment 1
Due Date: 24/08/2017

Problem 1: In each of the following a function 𝑓 is given, find a generic expression for its
derivative 𝐷𝑓 , then determine when the derivative is non-singular. Finally, for the given subset
𝑆 of the domain sketch its image 𝑓(𝑆).

1. 𝑓(𝑟, 𝜃) = (𝑟 cos 𝜃, 𝑟 sin 𝜃) and 𝑆 = [1, 2] × [0, 2𝜋].

2. 𝑓(𝑥, 𝑦) = (𝑥2 − 𝑦2, 2𝑥𝑦) and 𝑆 = {(𝑥, 𝑦) ∣ 𝑥2 + 𝑦2 ≤ 𝑎2, 𝑥 ≥ 0, 𝑦 ≥ 0, 𝑎 ≥ 0}.

3. 𝑓(𝑥, 𝑦) = (𝑒𝑥 cos 𝑦, 𝑒𝑥 sin 𝑦) and 𝑆 = [0, 1] × [0, 2𝜋].

4. 𝑓(𝜌, 𝜙, 𝜃) = (𝜌 sin𝜙 cos 𝜃, 𝜌 sin𝜙 sin 𝜃, 𝜌 cos𝜙) and 𝑆 = [1, 2) × [0, 𝜋
2 ] × [0, 𝜋

2 ].

Problem 2: Let 𝑓 ∶ ℝ𝑛 × ℝ𝑚 → ℝ𝑝 be a bilinear function.

1. Prove that if 𝑓 is bilinear, then

lim
(ℎ,𝑘)→0

‖𝑓(ℎ, 𝑘)‖
‖(ℎ, 𝑘)‖ = 0,

and that 𝑓 is differentiable everywhere in the domain.

2. Prove that 𝐷𝑓(𝑎, 𝑏)(𝑥, 𝑦) = 𝑓(𝑎, 𝑦) + 𝑓(𝑥, 𝑏).

3. Let 𝑓, 𝑔 ∶ ℝ → ℝ𝑛 be two differentiable maps and ℎ∶ ℝ → ℝ is defined by setting
ℎ(𝑡) = ⟨𝑓(𝑡), 𝑔(𝑡)⟩ (the standard inner product on ℝ𝑛). Prove that ℎ is differentiable
everywhere and find ℎ′(𝑎).

Problem 3: Let {𝑉1, … , 𝑉𝑘} be a collection of finite-dimensional vector spaces such that
dim𝑉𝑖 = 𝑛𝑖 for every 𝑖. Let 𝑓 ∶ 𝑉1 × ⋯ × 𝑉𝑘 → ℝ𝑝 be a multilinear map (i.e., linear in each
variable).

1. Show that for 𝑎 ∶= (𝑎1, … , 𝑎𝑘) and ℎ ∶= (ℎ1, … , ℎ𝑘) we have

lim
ℎ→0

‖𝑓(𝑎1, … , ℎ𝑖, … , ℎ𝑗 , … , 𝑎𝑘)‖
‖ℎ‖ = 0.
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2. Prove that 𝑓 is differentiable everywhere.

3. Find the matrix 𝐷𝑓(𝑎) and also 𝐷𝑓(𝑎)(𝑥).

Problem 4: Let 𝑀(𝑛, ℝ) be the vector space of all 𝑛 × 𝑛 matrices with real entries.

1. Prove that the function det∶ 𝑀(𝑛, ℝ) → ℝ which sends a matrix to its determinant is
differentiable and find 𝐷 det(𝐴)(𝑋).

2. Find 𝐷 det(𝐼𝑛)(𝑋) and use it to show that the trace map is differentiable.

Problem 5: Compute the derivative of the following functions.

1. 𝑓 ∶ 𝑀(𝑛, ℝ) × 𝑀(𝑛, ℝ) → 𝑀(𝑛, ℝ) given by 𝑓(𝐴, 𝐵) = 𝐴 + 𝐵.

2. 𝑔 ∶ 𝑀(𝑛, ℝ) × 𝑀(𝑛, ℝ) → 𝑀(𝑛, ℝ) given by 𝑔(𝐴, 𝐵) = 𝐴𝐵.

3. ℎ ∶ 𝑀(𝑛, ℝ) → 𝑀(𝑛, ℝ) given by ℎ(𝐴) = 𝐴2.

4. 𝑗 ∶ 𝑀(𝑛, ℝ) → 𝑀(𝑛, ℝ) given by 𝑗(𝐴) = 𝐴𝑡.
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