DESIGN AND ANALYSIS
OF ALGORITHMS

Representing graphs



http://www.cmi.ac.in/~madhavan

Graphs, formally

G =ME)
* Set of vertices V
* Set of edges E
* E is a subset of pairs (v,v’)): ECV xV
* Undirected graph: (v,v’) and (v’,v) are the same edge
* Directed graph:
* (v,Vv’) is an edge from v to Vv’

* Does not guarantee that (v’,v) is also an edge




FINding a
route
* Directed graph

* Find a sequence
of vertices vo, V1,
..., Vk such that

* VoIS New
Delhi

* Each (vi,vi«1) IS
an edge in E

* Vi IS
Trivandrum




FINding a
route

* Also makes sense
for undirected
graphs

* Find a sequence
of vertices vo, Vi,
..., Vk such that

* Vo IS New Delhi

* Each (vj,vis1) IS
an edge in E

* Vi IS Trivandrum




Working with grapns

* \We are given G = (V,E), undirected
* |s there a path from source vs to target vi?

* ook at the picture and see if vs and viare
connected

* How do we get an algorithm to “look at the
picture”?




Representing grapns

* | et V have n vertices

* \We can assume vertices are named 1,2,...,n
* Each edge is now a pair (i,J), where 1 <i,j <n
* et A(i,)) = 11if (1,)) is an edge and 0 otherwise
* A iIs an n x n matrix describing the graph

* Adjacency matrix




Adjacency matrix
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Adjacency matrix

* Neighbours of |

- B 1 2 34567 8 9
* Any columnjinrowi Mo 1 1/1l0l0/l0/0l0! 0
with entry 1 e 1/0(1/0/0(0(0(0|0|0
| 3 1 0000 00 0/0
* Scan row i from left 4 ololol1lolol1lolo
torighttoidentifyall B8 o0 o0/ o0/1/0/1 1 0/ 0!l0
neighbours B0 000 01110
. /0 0 00 1/1/0/0 0 0
* Neighbours of 4 are M 00lol1/l0/1/0/0]|1]|0
{1,658} Mo olololoj1]/o]1]0]1
8] 0 0/0/0 00/ 0|0/ 1|0




Adjacency matrix

* Neighbours of |

. B 1 2 34567 8 9
* Any columnjinrowi | 111110 0101010
with entry 1 2 011100 0/0/0]|0
_ ¢ 1,1/0/0/00/00/00
* Scan row i from left ¥ 00 0 - ol1lolo0
torighttoidentifyall " B8 070 0 1.0 1.1 00 0
neighbours ¥ 0 0 0|01 1110
. MO0 0 0 01 0(0{0|0
* Neighbours of 4 are M 00lol1/l0/1/0/0]|1]|0
{1,5,8} B0|0/0/0/o|1]/0]1]0]1
] 0 0 0/0/0/0 001 0




-FiNding a patn

* Start with vs

Ny Delhiie B 234567809
Sl i Mo 1 1/100/00 00
* Mark each neighbouras E&' 0 1.0 000000
reachable 3 110/0/0/0}|0|0]|0]|0

4 0/0(0(1/0/0[1]01]0
* EXxplore neighbours of M 0/0/0/1]0/1]1/0]|0|0
marked vertices O 00 0t t0 At 110

raa O O/ 0/0/111,0/01010
* Check if target is Mo ool1lol1lolol1lo
marked M0 00001010 1

(el O O/0/0/0(O0|O0O|O0110

* Vi =10 = Trivandrum




FINding a path

* Start with vs

* New Delhi Is 1

* Mark each neighbour as
reachable

* EXxplore neighbours of
marked vertices

* Check If target is
marked

* Vi =10 = Trivandrum
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FINding a path

* Start with vs

* New Delhi Is 1

* Mark each neighbour as
reachable

* EXxplore neighbours of
marked vertices

* Check If target is
marked
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* Vi =10 = Trivandrum




FINding a path

* Start with vs

* New Delhi is 1 e
Lk 0 O 0 00 10
* Mark each neighbour as i 0D U
reachable BRI e e
01010 1t010:1 010
* EXxplore neighbours of DO 140 11110/0 0
marked vertices 000 10 118
000 111000 0
* Check if target is 0olol1l0 olol1lo
markead 000010101
00 00104090110

* Vi =10 = Trivandrum




-FiNding a patn

* Start with vs

+ New Delhi is 1 Lo ol s n e e
0/ 1(111/0/]0/0/0/0]0
* Mark each neighbour as 1/0/1/0/0/0/0]/0]0|0
reachable 1/0/{0/(0{0{0|0(0|0
0/ 0/0j1/0/0{1]/0]0
* Explore neighbours of @0 0/ 0/1/0(1({1/0(0]|0
marked vertices -0 00 001 0L 0
@ o/ojojol1]1]ololo]o
* Check if target is Mo o0 o0 1l0 0lol1lo
markea M oloololo/1]/o]1]0]1
1 0 0| 0/0{0/0|0(0|1/0

* Vi =10 = Trivandrum




-FiNding a patn

* Start with vs

+ New Delhi is 1 Lo ol s n e e
0/ 1(111/0/]0/0/0/0]0
* Mark each neighbour as 1/0/1/0/0/0/0]/0]0|0
reachable 1/0/{0/(0{0{0|0(0|0
0/ 0/0j1/0/0{1]/0]0
* Explore neighbours of @0 0/ 0/1/0(1({1/0(0]|0
marked vertices -0 00 001 0L 0
@ o/ojojol1]1]ololo]o
* Check if target is Mo o0 o0 1l0 0lol1lo
markea M oloololo/1]/o]1]0]1
1 0 0| 0/0{0/0|0(0|1/0

* Vi =10 = Trivandrum




FINding a path

* Start with vs
* New Delhi Is 1

* Mark each neighbour as
reachable

* EXxplore neighbours of
marked vertices

* Check If target is
marked

* Vi =10 = Trivandrum
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-FiNding a patn

* Start with vs

+ New Delhi is 1 Lo ol s n e e
0/ 1(111/0/]0/0/0/0]0
* Mark each neighbour as 1/0/1/0/0/0/0]/0]0|0
reachable 1/0/{0/(0{0{0|0(0|0
0/ 0/0j1/0/0{1]/0]0
* Explore neighbours of @0 0/ 0/1/0(1({1/0(0]|0
marked vertices -0 00 001 0L 0
@ o/ojojol1]1]ololo]o
* Check if target is Mo o0 o0 1l0 0lol1lo
markea M oloololo/1]/o]1]0]1
1 0 0| 0/0{0/0|0(0|1/0

* Vi =10 = Trivandrum




FINding a path

* Start with vs
* New Delhi Is 1

* Mark each neighbour as
reachable

* EXxplore neighbours of
marked vertices

* Check If target is
marked

* Vi =10 = Trivandrum
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-FiNding a patn

* Start with vs

+ New Delhi is 1 Lo ol s n e e
0/ 1(111/0/]0/0/0/0]0
* Mark each neighbour as 1/0/1/0/0/0/0]/0]0|0
reachable 1/0/{0/(0{0{0|0(0|0
0/ 0/0j1/0/0{1]/0]0
* Explore neighbours of @0 0/ 0/1/0(1({1/0(0]|0
marked vertices -0 00 001 0L 0
@ o/ojojol1]1]ololo]o
* Check if target is Mo o0 o0 1l0 0lol1lo
markea M oloololo/1]/o]1]0]1
1 0 0| 0/0{0/0|0(0|1/0

* Vi =10 = Trivandrum




FINding a path

* Start with vs

o 2 /718|9

* New Delhi is 1 1 e s

* Mark each neighbour as ? 8 8 8 8
reachable 0l0 0110 Qﬁ

* EXxplore neighbours of DO 140 11110/0 0

marked vertices 000t 0L 110

0 Q0 1 0000

* Check if target is olol1lol1lolol1lo

markea 0/0/0/0[1/0[1]/0]1

0 0/00/0(0]0]|1/0

* Vi =10 = Trivandrum




FINding a path

* Start with vs

(o)

* New Delhi Is 1

/8

0 0/ 00

* Mark each neighbour as 8 8 8 8
reachable oTol1 0 Qﬁ]

* EXxplore neighbours of b0 1100 0

marked vertices D0t 01 118

0 0(1{1/0(0]0|0

* Check if target is ol1lol1lolol1l0

Lt o/ojol1]0]1]0]1

0 0/0]0|0(0|1]0

* Vi =10 = Trivandrum




-FiNding a patn

* Start with vs

*+ New Delhi is 1 = h R LA e
01111000000
* Mark each neighbour as 1/0/1/0/0/0/0]/0]0|0
reachable 1/0/{0/(0{0{0|0(0|0
0/ 0/0j1/0/0{1]/0]0
* Explore neighbours of 6.0 0101 10600
marked vertices -0 00 001 0L 0
@ o/ojojol1]1]ololo]o
* Check if target is ololol1lol1lolol1lo
markea M oloololo/1]/o]1]0]1
1 0 0| 0/0{0/0|0(0|1/0

* Vi =10 = Trivandrum




-FiNding a patn

* Start with vs

*+ New Delhi is 1 = h R LA e
01111000000
* Mark each neighbour as 1/0/1/0/0/0/0]/0]0|0
reachable 1/0/{0/(0{0{0|0(0|0
0/ 0/0j1/0/0{1]/0]0
* Explore neighbours of 6.0 0101 10600
marked vertices -0 00 001 0L 0
@ o/ojojol1]1]ololo]o
* Check if target is ololol1lol1lolol1lo
markea M oloololo/1]/o]1]0]1
1 0 0| 0/0{0/0|0(0|1/0

* Vi =10 = Trivandrum




FINding a path

* Start with vs
* New Delhi Is 1

* Mark each neighbour as
reachable

* EXxplore neighbours of
marked vertices

* Check If target is
marked

* Vi =10 = Trivandrum
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FINding a path

* Start with vs
* New Delhi Is 1

* Mark each neighbour as
reachable

* EXxplore neighbours of
marked vertices

* Check If target is
marked

* Vi =10 = Trivandrum
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-FiNding a patn

* Start with vs

o 2134/ 5|6/7|8|9
* New Delhi is 1 R PR e e e
* Mark each neighbour as 1/0/1/0/0/0/0]/0]0|0
reachable T 00010 10 00
Q1010101010
* Explore neighbours of 0.0 0101 1:000
marked vertices 0 0.0 0 101110
0,0/0{0/1;1(0,0(0/0
* Check if target is ololol1lol1lolol1lo
marked Molojolojo[1]/ol1]0]1
e} 0 0|00 00O, 0/0|1]0

* Vi =10 = Trivandrum




-FiNding a patn

* Start with vs

o 2134/ 5|6/7|8|9
* New Delhi is 1 R PR e e e
* Mark each neighbour as 1/0/1/0/0/0/0]/0]0|0
reachable T 00010 10 00
Q1010101010
* Explore neighbours of 0.0 0101 1:000
marked vertices 0 0.0 0 101110
0,0/0{0/1;1(0,0(0/0
* Check if target is ololol1lol1lolol1lo
marked Molojolojo[1]/ol1]0]1
e} 0 0|00 00O, 0/0|1]0

* Vi =10 = Trivandrum




FINding a path

* Start with vs

» New Delhi is 1 SSLELRLRL LA
Ll e 0, 0/0|0
* Mark each neighbour as 0/1/0]0/0/0/0]0,0
reachable 1,0/0/000/00/0
0/ 001 01,00
* EXxplore neighbours of D0 120 11000
marked vertices 5.0 01 Lt 110
0.0 0 1 1.0 000
* Check if target is olol1lol1!lo O”"‘T"‘"":O ]
markec oTo[olo 1 To o3
D0 L0 00004010

* Vi =10 = Trivandrum




FINding a path

* Start with vs

» New Delhi is 1 SSLELRLRL LA
Ll e 0, 0/0|0
* Mark each neighbour as 0/1/0]0/0/0/0]0,0
reachable 1,0/0/000/00/0
0/ 001 01,00
* EXxplore neighbours of D0 120 11000
marked vertices 5.0 01 Lt 110
0.0 0 1 1.0 000
* Check if target is olol1lol1!lo O”""T"""‘:O !
markec oTo[olo 1 To o3
D0 L0 00004010

* Vi =10 = Trivandrum




-FiNding a patn

* Start with vs

o 2134/ 5|6/7|8|9
* New Delhi is 1 R PR e e e
* Mark each neighbour as 1/0/1/0/0/0/0]/0]0|0
reachable T 00010 10 00
Q1010101010
* Explore neighbours of 0.0 0101 1:000
marked vertices 0 0.0 0 101110
0,0/0{0/1;1(0,0(0/0
* Check if target is ololol1lol1lolol1lo
marked ololololol1]ol1]0]1
e} 0 0|00 00O, 0/0|1]0

* Vi =10 = Trivandrum




-FiNding a patn
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FINding a path

* Start with vs

* New Delhi Is 1

* Mark each neighbour as
reachable

* EXxplore neighbours of
marked vertices

* Check If target is
marked

4 olalolnloololol ol
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* Vi =10 = Trivandrum




-FiNding a patn

* Start with vs

o 2134/ 5|6/7|8|9
* New Delhi is 1 R PR e e e
* Mark each neighbour as 1/0/1/0/0/0/0]/0]0|0
reachable T 00010 10 00
Q1010101010
* Explore neighbours of 0.0 0101 1:000
marked vertices 0 0.0 0 101110
0,0/0{0/1;1(0,0(0/0
* Check if target is ololol1lol1lolol1lo
marked ololololol1]ol1]0]1
e} 0 0|00 00O, 0/0|1]0

* Vi =10 = Trivandrum




FINding a path

* Start with vs

* New Delhi Is 1

* Mark each neighbour as
reachable

* EXxplore neighbours of

marked vertices

* Check If target is

0
marked 0
0

2(3/4|5|6|7|8
1 1/0/0/0|0
0/1/0/0/0|0]|0
1 0/0/0/0|0
0/0/0]1 0
Gl0l1i0 110
0/0/0/1/0]1]1
gl 0 tr0l0 10
0/0/00|1/0|1/0]1
0/0/0/0/0]0|0|1/|0

* Vi =10 = Trivandrum




-FiNding a patn

* Start with vs

o 2134/ 5|6/7|8|9
* New Delhi is 1 R PR e e e
* Mark each neighbour as 1/0/1/0/0/0/0]/0]0|0
reachable T 00010 10 00
Q1010101010
* Explore neighbours of 0.0 0101 1:000
marked vertices 0 0.0 0 101110
0,0/0{0/1;1(0,0(0/0
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FINding a path

* Start with vs
* New Delhi Is 1

* Mark each neighbour as
reachable

* EXxplore neighbours of
marked vertices

* Check If target is
marked

* Vi =10 = Trivandrum

L 1O (= O O O O e

OO O O O O O — O —

O'OeOOOOOO—L—LOO

Ojoji— O O |— O | 0O | O |— EN

OjoOi0O = = O = O O | O .

ofjojlo | o|= | |o|0|0|oc R

olwlo ol=-|lol—~|olo|o s

afol2 o2 olo|o o | o R

olwlolooloololo|o




FINding a path

* Start with vs

* New Delhi Is 1

* Mark each neighbour as
reachable

* EXxplore neighbours of

marked vertices

L 1O |+ O | O O | O e

* Check If target is

marked

O'O-OOOOOO—L—LOO

o‘oooooo—uo—um

ojoj—|o|o|—|o|o|o |~ ks

ofojo = w0~ |00 O
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* Vi =10 = Trivandrum




-FiNding a patn

* Start with vs

o Z S A S PO LS Y
* New Delhi is 1 R PR e e e
* Mark each neighbour as 1/0/1/0/0/0/0]/0]0|0
reachable 00001070 040
0 0 0eh 010
* Explore neighbours of 0.0 0101 1:000
marked vertices 6. 0010 1110
0.0 0.0 1.0 0:0: 0
* Check if target is ololol1lol1lolol1lo
marked ololololol1]o]1]0]]
B 00 000,00 10

* Vi =10 = Trivandrum




Exploring graphs

* Need a systematic algorithm
* Mark vertices that have been visited

* Keep track of vertices whose neighbours have
already been explored

* Avoid going round indefinitely in circles

* Two fundamental strategies: breadth first and
depth first




An alternative representation

* Adjacency matrix has

many 0’s B 1(2/3/4|5|6|7/8]|9
| - M 0/1/1{1/0/0]0]|0|0]|0
* Size of the matrixisn* B¥ 1 0 1 0 00 0 0 0 0O
regardless of number 3 110/0/l0/0l0l0l0lO
of edges ‘W 1/0/0/0/1/0/0/1/0|0
_ . . 9 0/0/0/1/0/1/1/0]/0]|0
* Maximum size of E is N ololololiloliil1lo
n(n-1)/2 if we disallow dolololol1l1lolololo
self loops Mololol1lol1lolol1lo
* Typically E is much 190 8 8 8 8 5 8 (1) (1) (1)
smaller




Adjacency list

* For each vertex, maintain a

list of its neighbours
o
| 2
3/ D 3
4
5
6 7 ;
3 9 8
9
10 10




Comparing representations

* Adjacency list typically requires less space
* |s j a neighbour of i?

* Just check if Ali][j] is 1 in adjacency matrix

* Need to scan neighbours of | in adjacency list
* Which vertices are neighbours of i?

* Scan all n columns in adjacency matrix

* Takes time proportional to neighbours in adjacency
list




