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Preface

This noteis a short introductionto Binary DecisionDiagrams.It providessomebackground
knowledgeanddescribesthecorealgorithms.More detailscanbe found in Bryant’s original
paperon ReducedOrderedBinary DecisionDiagrams[Bry86] andthesurvey paper[Bry92].
A recentextensioncalledBooleanExpressionDiagramsis describedin [AH97].

This noteis a revision of an earlierversionfrom fall 1996(basedon versionsfrom 1995
and1994).Themajordifferencesareasfollows: Firstly, ROBDDsarenow viewedasnodesof
oneglobalgraphwith onefixedorderingto reflectstate-of-the-artof efficient BDD packages.
Thealgorithmshavebeenchanged(andsimplified)to reflectthis fact.Secondly, a proof of the
canonicitylemmahasbeenadded.Thirdly, the sectionspresentingthe algorithmshave been
completelyrestructured.Finally, theprojectproposalhasbeenrevised.
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1 BooleanExpressions

Theclassicalcalculusfor dealingwith truth valuesconsistsof Booleanvariables �����������	� , the
constantstrue 
 andfalse � , theoperatorsof conjunction � , disjunction  , negation � , impli-
cation � , andbi-implication � which togetherform theBooleanexpressions.Sometimesthe
variablesarecalledpropositionalvariablesor propositionallettersandtheBooleanexpressions
arethenknown asPropositionalLogic.

Formally, Booleanexpressionsaregeneratedfrom thefollowing grammar:���	��� ��� � � 
 � � � � � � � � �  � � � � � � � � � �
where � rangesover a setof Booleanvariables.This is calledtheabstract syntaxof Boolean
expressions.The concretesyntaxincludesparenthesesto solve ambiguities. Moreover, asa
commonconvention it is assumedthat the operatorsbind accordingto their relative priority.
Theprioritiesare,with thehighestfirst: � , � ,  , � , � . Hence,for example� ��� � ���  ��� � ��� � �!�"� � ���!# � ���$#  ���$# � ���%�
A Booleanexpressionwith variables���&�������'�!��( denotesfor eachassignmentof truth valuesto
thevariablesitself atruthvalueaccordingto thestandardtruthtables,seefigure1. Truth assign-
mentsarewrittenassequencesof assignmentsof valuesto variables,e.g., )*�,+ ���-� 
.+ ���/� �,+ ����� 
.+ ���&0
which assigns� to ��� and ��� , 
 to ��� and ��� . With this particulartruth assignmenttheabove
expressionhasvalue 
 , whereas)*�1+ ���-� 
.+ ����� �,+ ���2� �,+ ����0 yields � .

�� 

 � � � 
� � �
 � 
  � 
� � 

 
 
 � � 
� 
 

 � 
 � � 
� 
 �
 � 

Figure1: Truth tables.

Thesetof truth valuesis oftendenoted3 �54 � � 
76 . If we fix anorderingof thevariables
of a Booleanexpression

�
we canview

�
asdefininga function from 3 ( to 3 where 8 is the

numberof variables.Notice, that the particularorderingchosenfor the variablesis essential
for what function is defined. Considerfor examplethe expression� � � . If we choosethe
ordering�:9;� thenthis is thefunction < � ���!�=# � � � � , trueif thefirst argumentimpliesthe
second,but if we choosetheordering �>9?� thenit is thefunction < � �@�"�@# � � � � , trueif the
secondargumentimpliesthefirst. Whenwe laterconsidercompactrepresentationsof Boolean
expressions,suchvariableorderingsplayacrucialrole.

Two Booleanexpressions
�
and
�BA

aresaidto beequalif they yield thesametruthvaluefor all
truthassignments.A Booleanexpressionis a tautology if it yieldstruefor all truthassignments;
it is satisfiableif it yieldstruefor at leastonetruthassignment.

Exercise1.1 Show how all operatorscanbeencodedusingonly � and  . Usethisto arguethat
any Booleanexpressioncanbewritten usingonly  , � , variables,and � appliedto variables.

Exercise1.2 Arguethat
�

and
� A

areequalif andonly if
� � � A is a tautology. Is it possibleto

saywhether
�

is satisfiablefrom thefactthat � � is a tautology?
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2 Normal Forms

A Booleanexpressionis in DisjunctiveNormal Form (DNF) if it consistsof a disjunctionof
conjunctionsof variablesandnegationsof variables,i.e., if it is of theform�C� �� � � �� �ED2D2D.� � �F&G # ED2D2D. �H�JI � � �JI� ��D2D2D�� �JIFLK # (1)

whereeach
�NM O

is eitheravariable� M O or anegationof avariable � � M O . An exampleis� � �P� �Q#  � � � � �=#
which is awell-known functionof � and � (whichone?).A moresuccinctpresentationof (1) is
to write it usingindexedversionsof � and  :IRM!S �

TU FWVXO S � � M O"YZ �
Similarly, aConjunctiveNormalForm(CNF) is anexpressionthatcanbewrittenasIXM!S �

TU FWVRO S � � M O"YZ
whereeach

�NM O
is eithera variableor a negatedvariable.It is not difficult to prove thefollowing

proposition:

Proposition1 AnyBooleanexpressionis equalto an expressionin CNF andan expressionin
DNF.

In general,it is hard to determinewhethera Booleanexpressionis satisfiable.This is made
preciseby a famoustheoremdueto Cook[Coo71]:

Theorem 1 (Cook) Satisfiabilityof Booleanexpressionsis NP-complete.

(For readersunfamiliarwith thenotionof NP-completenessthefollowing shortsummaryof the
pragmaticconsequencessuffices.ProblemsthatareNP-completecanbesolvedby algorithms
thatrun in exponentialtime. No polynomialtime algorithmsareknown to exist for any of the
NP-completeproblemsandit is very unlikely thatpolynomial time algorithmsshouldindeed
exist althoughnobodyhasyet beenableto prove theirnon-existence.)

Cook’s theoremevenholdswhenrestrictedto expressionsin CNF. For DNFssatisfiability
is decidablein polynomial time but for DNFs the tautologycheckis hard(co-NPcomplete).
Although satisfiability is easyfor DNFs and tautologycheckeasyfor CNFs, this doesnot
helpussincetheconversionbetweenCNFsandDNFsis exponentialasthefollowing example
shows.

Considerthefollowing CNF over thevariables� �[ ���/���"� ([ �!� �� �����/�/�!� ( � :� � �[  � �� # � � � �[  � � � # �ED2D2D.� � � ( [  � ( � #\�
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The correspondingDNF is a disjunctionwhich hasa disjunct for eachof the 8 -digit binary
numbersfrom �1�7� �/��� �7�1� to 
1
7
 �/��� 
7
1
 — the ] ’ th digit representinga choiceof either � O [ (for� ) or � O � (for 
 ): � � �[ � � �[ ��D2D2D2� � (_^��[ � � ( [ # � � �[ � � �[ ��D2D2D2� � (_^��[ � � ( � # 

...� � �� � � � � ��D2D2D2� � (_^��� � � ( [ # � � �� � � � � ��D2D2D�� � (_^��� � � ( � #\�
Whereasthe original expressionhassizeproportionalto 8 the DNF hassizeproportionalto8a` ( .

The next sectionintroducesa normal form that hasmoredesirablepropertiesthanDNFs
andCNFs. In particular, thereare efficient algorithmsfor determiningthe satisfiability and
tautologyquestions.

Exercise2.1 Describea polynomialtime algorithmfor determiningwhethera DNF is satisfi-
able.

Exercise2.2 Describeapolynomialtimealgorithmfor determiningwhetheraCNFis a tautol-
ogy.

Exercise2.3 Giveaproof of proposition1.

Exercise2.4 Explainhow Cook’stheoremimpliesthatcheckingin-equivalencebetweenBoolean
expressionsis NP-hard.

Exercise2.5 Explainhow thequestionof tautologyandsatisfiabilitycanbedecidedif we are
givenanalgorithmfor checkingequivalencebetweenBooleanexpressions.

3 Binary DecisionDiagrams

Let �>b � [ ���c� bethe if-then-elseoperatordefinedby�>b � [ ���c� � � � � � [ #  � � � � �d�"#
hence,

� b � [ � � � is true if
�

and
� [ are true or if

�
is falseand

� � is true. We call
�

the test
expression. All operatorscaneasilybe expressedusingonly the if-then-elseoperatorandthe
constants� and 
 . Moreover, thiscanbedonein suchaway thatall testsareperformedonly on
(un-negated)variablesandvariablesoccurin nootherplaces.Hencetheoperatorgivesriseto a
new kindof normalform. For example,� � is

� �eb � � 
 # , � � � is �eb � �fb 
 � � #$� � �fb � � 
 # .
Sincevariablesmustonly occurin teststheBooleanexpression� is representedas �eb 
 � � .

An If-then-elseNormalForm (INF) is a Booleanexpressionbuilt entirelyfrom the
if-then-elseoperatorandtheconstants� and 
 suchthatall testsareperformedonly
on variables.
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If we by
� )*�1+ ��0 denotetheBooleanexpressionobtainedby replacing� with � in

�
thenit is

nothardto seethatthefollowing equivalenceholds:�E� �eb � )g
.+ ��0h� � )i�,+ ��0,� (2)

This is known asthe Shannonexpansionof
�

with respectto � . This simpleequationhasa
lot of usefulapplications.Thefirst is to generatean INF from any expression

�
. If
�

contains
no variablesit is eitherequivalentto � or 
 which is an INF. Otherwisewe form theShannon
expansionof

�
with respectto oneof the variables� in

�
. Thussince

� )*�1+ ��0 and
� )g
.+ ��0 both

containonelessvariablethan
�
, wecanrecursively find INFs for bothof these;call them

� [ and� � . An INF for
�

is now simply �eb � �$� � [ �
Wehaveproved:

Proposition2 AnyBooleanexpressionis equivalentto anexpressionin INF.

Example1 ConsidertheBooleanexpression
�j�k� ��� � �d�"# � � ��� � �7�&# . If wefind anINF of�

by selectingin orderthevariables���$���d�-�!���2���_� on which to performShannonexpansions,we
gettheexpressions �l� ���mb � �-� � [� [ � �c�jb � � � [B[� � � �c�jb � �B�$� �� [B[ � ���nb � [B[ �$� � [B[B[� �B� � ���nb � �B�B�$� � �B� [� [B[B[ � �7�ob � � 
� [B[ � � �7�ob 
 � �� �B� [ � �7�ob � � 
� �B�B� � �7�ob 
 � �
Figure2 shows theexpressionasa tree.Sucha treeis alsocalledadecisiontree. p
A lot of theexpressionsareeasilyseento be identical,so it is temptingto identify them. For
example,insteadof

� �B� [ we canuse
� [B[B[ andinsteadof

� �B�B� we canuse
� [B[ � . If we substitute� [B[B[ for

� �B� [ in theright-handsideof
� �B� andalso

� [B[ � for
� �B�B� , we in factseethat

� [B[ and
� �B� are

identical,andin
� � wecanreplace

� �B� with
� [B[ .

If we in fact identify all equalsubexpressionswe endup with what is known asa binary
decisiondiagram(a BDD). It is no longera treeof Booleanexpressionsbut a directedacyclic
graph(DAG).

Applying this ideaof sharing,
�

cannow bewrittenas:�l� ���mb � �-� � [� [ � �c�jb � � � [B[� � � �c�jb � [B[ � �� [B[ � ���nb � [B[ �$� � [B[B[� [B[B[ � �7�ob � � 
� [B[ � � �7�ob 
 � �
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u/r
q7v
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Figure2: A decisiontreefor
� ��� � �c�L# � � ��� � �_�-# . Dashedlinesdenotelow-branches,solid

lineshigh-branches.

Eachsubexpressioncan be viewed as the nodeof a graph. Sucha nodeis either terminal
in the caseof the constants� and 
 , or non-terminal. A non-terminalnodehasa low-edge
correspondingto the else-partanda high-edgecorrespondingto the then-part. Seefigure 3.
Notice,thatthenumberof nodeshasdecreasedfrom w in thedecisiontreeto x in theBDD. It is
not hardto imaginethat if eachof theterminalnodeswereotherbig decisiontreesthesavings
would be dramatic. Sincewe have chosento consistentlyselectvariablesin the sameorder
in the recursive calls during the constructionof the INF of

�
, the variablesoccur in the same

orderingsonall pathsfrom therootof theBDD. In thissituationthebinarydecisiondiagramis
saidto beordered(anOBDD). Figure3 showsaBDD thatis alsoanOBDD.

Figure4 shows four OBDDs. Someof thetests(e.g.,on ��� in y ) areredundant,sinceboth
the low- andhigh-branchleadto thesamenode.Suchunnecessarytestscanberemoved: any
referenceto theredundantnodeis simply replacedby areferenceto its subnode.If all identical
nodesaresharedandall redundanttestsareeliminated,the OBDD is said to be reduced(an
ROBDD). ROBDDshavesomeveryconvenientpropertiescenteredaroundthecanonicitylem-
mabelow. (OftenwhenpeoplespeakaboutBDDs they reallymeanROBDDs.) To summarize:
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z\{ z@{

z s z s
| {

| s

} ~
Figure3: A BDD for

� ��� � �c�"# � � ��� � �_�-# with ordering����9��c�o9�����9��7� . Low-edgesare
drawn asdottedlinesandhigh-edgesassolid lines.

~
~

} ~~

| s | s
|�{
|m�

| s
| {

dcba

Figure4: Four OBDDs: a) An OBDD for 
 . b) AnotherOBDD for 
 with two redundanttests.
c) Sameas y with oneof the redundanttestsremoved. d) An OBDD for ���  ��� with one
redundanttest.
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q
u �

q���uq���� q q q
Figure5: The orderingandreducednessconditionsof ROBDDs. Left: Variablesmustbeor-
dered. Middle: Nodesmustbeunique. Right: Only non-redundanttestsshouldbepresent.

A BinaryDecisionDiagram(BDD) is a rooted,directedacyclic graphwith� oneor two terminalnodesof out-degreezerolabeled0 or 1, and� asetof variablenodes� of out-degreetwo. Thetwo outgoingedgesare
givenby two functions����� � � # and �c�	��� � � # . (In pictures,theseareshown
asdottedandsolid lines,respectively.) A variable ���7� � � # is associated
with eachvariablenode.

A BDD is Ordered (OBDD) if on all pathsthroughthegraphthevariablesrespect
agivenlinearorder ����9�����9 D2D2D 9���( . An (O)BDD is Reduced(R(O)BDD) if� (uniqueness) notwo distinctnodes� and � havethesamevariablename

andlow- andhigh-successor, i.e.,���7� � � # � ���7� � � #$� ����� � � # � ����� � � #-� �c�	��� � � # � �c�	��� � � # implies � � � �
and� (non-redundant tests) no variablenode � hasidenticallow- andhigh-
successor, i.e., ����� � � #��� �c�	��� � � #\�

Theorderingandreducednessconditionsareshown in figure5.
ROBDDshavesomeinterestingproperties.They providecompactrepresentationsof Boolean

expressions,andthereareefficient algorithmsfor performingall kindsof logicaloperationson
ROBDDs. They areall basedon the crucial fact that for any function < � 3 ( b 3 thereis
exactlyoneROBDDrepresentingit. Thismeans,in particular, thatthereis exactlyoneROBDD
for theconstanttrue(andconstantfalse)functionon 3 ( : theterminalnode 
 (and � in caseof
false). Hence,it is possibleto test in constanttime whetheran ROBDD is constantlytrue or
false. (Recallthatfor Booleanexpressionsthis problemis NP-complete.)

To make this claim moreprecisewe mustsaywhat we meanfor an ROBDD to represent
a function. First, it is quite easyto seehow the nodes� of an ROBDD inductively defines
Booleanexpressions

�B�
: A terminalnodeis a Booleanconstant.A non-terminalnodemarked

with � is an if-then-elseexpressionwherethe condition is � and the two branchesare the
Booleanexpressionsgivenby thelow- or high-son,respectively:� [ � �� � � 
� � � ���7� � � #jb �"�"� � �/¡ �'¢ � ��£ ¤B¥�¡ �/¢ � if � is avariablenode.
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Moreover, if ���n9�����9 D2D2D 9���( is thevariableorderingof theROBDD,weassociatewith each
node� thefunction < � thatmaps

� y �-� y �2�/�����/� y (1#n¦ 3 ( to thetruthvalueof
�B� )*y � + ���&� y � + ���������/�/� y ( + ��(70 .

Wecannow statethekey lemma:

Lemma 1 (Canonicity lemma)
For anyfunction < � 3 ( b 3 there is exactlyoneROBDD � with variableordering ���§9?����9D2D2D 9���( such that < �¨� < � ���$�/�����/�"��(,# .
Proof: Theproofis by inductiononthenumberof argumentsof < . For 8 � � thereareonly two
Booleanfunctions,theconstantlyfalseandconstantlytruefunctions.Any ROBDD containing
at leastonenon-terminalnodeis non-constant.(Why?) Thereforethereis exactlyoneROBDD
for eachof these:theterminals� and 
 .

Assumenow thatwe have proventhelemmafor all functionsof 8 arguments.We proceed
to show it for all functionsof 8�©ª
 arguments.Let < � 3 (�«@� b 3 beany Booleanfunctionof8�©�
 arguments.Definethetwo functions< [ and < � of 8 argumentsby fixing thefirst argument
of < to � respectively 
 :<.¬ � ���2�����/�'�!��(�«@�!# � < � y �"���2�������$�!��(2«@�!# for y ¦ 3 .

(Sometimes< [ and < � arecalledthenegativeandpositiveco-factors of < with respectto ��� .)
Thesefunctionssatisfythefollowing equation:< � ���-�/�����/�"��(,# � ���mb < � � �����/�����/�"��(,#-� < [ � ���2�������'�!��(1#\� (3)

Since < [ and < � take only 8 argumentswe assumeby inductionthat thereareuniqueROBDD
nodes� [ and � � with < �' � < [ and < � G � < � .

Therearetwo casesto consider. If � [ � � � then < �'n� < � G and < [ � < �'o� < � G � < � � < .
Hence� [ � � � is anROBDD for < . It is alsotheonly ROBDD for < sincedueto theordering,
if ��� is atall presentin theROBDD rootedat � , ��� wouldneedto betherootnode.However, if< � < � then < [ � < � )i�,+ ���B0 � < £ ¤J¥�¡ �'¢ and < � � < � )®
2+ ���J0 � < �"�¯�W��¡ �'¢ . Since < [ � < �$ � < � G �< � by assumption,the low- andhigh-sonof � would bethesame,makingtheROBDD violate
thereducednessconditionof non-redundanttests.

If � [ �� � � then < �  �� < � G by the inductionhypothesis(usingthe names���2�����/�'�!��(�«@� in
placeof ���$�����/�/�!��( ). We take � to bethenodewith ���7� � � # � ��� , ����� � � # � � [ , and �c�	��� � � # �� � , i.e., < ��� ����b < � G � < �$ which is reduced.By assumption< � G � < � and < �$°� < [ therefore
using(3) we get < �±� < . Supposethat � is someothernodewith <�² � < . Clearly, <�² must
dependon ��� , i.e., <�²_)i�,+ ���J0³�� <�²1)g
.+ ��� 0 (otherwisealso < [ � <�²1)i�,+ ��� 0 � <�²_)g
.+ ���J0 � < � , a
contradiction).Due to the orderingthis meansthat ���7� � � # � ��� � ���7� � � # . Moreover, from< ² � < it follows that < £ ¤J¥�¡ ² ¢ � < [ � < �$ and < �"�¯�W�/¡ ² ¢ � < � � < � G , which by the induction
hypothesisimplies that ����� � � # � � [ � ����� � � # and �c�	��� � � # � � � � �c�	��� � � # . From the
reducednesspropertyof uniquenessit follows that � � � . p
An immediateconsequenceis thefollowing. Sincetheterminal 
 is anROBDD for all variable
orderingsit is theonly ROBDD thatis constantlytrue.Soin orderto checkwhetheranROBDD
is constantlytrue it sufficesto checkwhetherit is theterminal 
 which is definitelya constant
timeoperation.Similarly, ROBDDsthatareconstantlyfalsemustbeidenticalto theterminal � .
In fact, to determinewhethertwo Booleanfunctionsarethesame,it sufficesto constructtheir
ROBDDs(in thesamegraph)andcheckwhethertheresultingnodesarethesame!
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Theorderingof variableschosenwhenconstructinganROBDD hasa greatimpacton the
sizeof theROBDD. If we consideragaintheexpression

� ��� � �d�"# � � ��� � �_�-# andconstruct
anROBDD usingtheordering ����9´���f9µ�c�¨9µ�_� theROBDD consistsof w nodes(figure6)
andnot x nodesasfor theordering���n9��c�°9�����9?�7� (figure3).

�~

z@{ z@{
z s z s z s z s

| {| {
| s

Figure6: TheROBDD for
� ��� � �d�"# � � ��� � �_�-# with variableordering���n9�����9?�d�°9?�7� .

Exercise3.1 Show how to expressall operatorsfrom theif-then-elseoperatorandtheconstants� and 
 .
Exercise3.2 Draw the ROBDDs for

� ��� � �c�L# � � ��� � �7�&# � � ��� � �7�&# with orderings���n9�����9�����9?�d�o9��7��9��7� and ���n9��c�o9����¶9��7��9�����9?�7� .
Exercise3.3 Draw theROBDDsfor

� ��� � �d�"#  � ��� � �_�-# with orderings���o9�����9?�c�o9��_�
and���o9?�c�o9�����9��7� . How doesit comparewith theexamplein figures3 and6?Basedonthe
examplesyou have seensofar, whatvariableorderingwould you recommendfor constructing
asmallROBDD for

� ��� � �d�"# � � ��� � �7�-# � � ��� � �7�-# �ED2D2D.� � � F � � F # ?
Exercise3.4 Give anexampleof a sequenceof ROBDDs � (Q� �¸·¹8 which inducesexponen-
tially biggerdecisiontrees. I.e., if � ( hassize º � 8 # then the decisiontreeshouldhave sizeº � ` ( # .
Exercise3.5 ConstructanROBDD of maximumsizeoversix variables.
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���
» � �½¼b � ] �&¾B�-¿�#� var ����� �c�	���� À
 À` Á 
 �Â Á � 
Á Â ` ÂÀ ` Á �x ` � ÁÃ 
 À x

Figure7: RepresentinganROBDD with ordering���§9Ä����9?���¶9?��� . Thenumbersinsidethe
verticesarethe identitiesusedin therepresentation.Thenumbers� and 
 arereservedfor the
terminalnodes.Thenumbersto theright of theROBDD showstheindex of thevariablesin the
ordering.Theconstantsareassignedanindex which is thenumberof variablesin theordering
plusone(hereÁ�©ª
 � À ). Thismakessomesubsequentalgorithmseasierto present.Thelow-
andhigh-fieldsareunusedfor theterminalnodes.

4 Constructing and Manipulating ROBDDs

In the previous sectionwe saw how to constructan OBDD from a Booleanexpressionby a
simplerecursive procedure.Thequestionarisesnow how do we constructa reducedOBDD?
Onewayis to first constructanOBDD andthenproceedby reducingit. Anothermoreappealing
approach,which we follow here,is to reducetheOBDD duringconstruction.

To describehow this is donewe will needan explicit representationof ROBDDs. Nodes
will be representedasnumbers� � 
 � ` �����/� with � and 
 reserved for the terminalnodes.The
variablesin the ordering ���E9Å����9 D2D2D 9Å��( are representedby their indices 
 � ` ���/���'� 8 .
TheROBDD is storedin a table

» � �Æ¼b � ] �&¾B�-¿�# which mapsa node � to its threeattributes���7� � � # � ] , ����� � � # � ¾ , and �c�	��� � � # � ¿ . Figure7 shows therepresentationof theROBDD
from figure3 (with thevariablenameschangedto ����9����¶9����¶9���� ).
4.1 M K

In orderto ensurethattheOBDD beingconstructedis reduced,it is necessaryto determinefrom
a triple

� ] �&¾B�-¿�# whetherthereexistsa node � with ���7� � � # � ] � ����� � � # � ¾ , and �c�	��� � � # � ¿ .
For this purposeweassumethepresenceof a table Ç ��� ] �&¾B�-¿�# ¼b � mappingtriples

� ] �&¾B�-¿�# of
variableindices] , andnodes¾B�-¿ to nodes� . Thetable Ç is the“inverse”of thetable

»
, i.e., for

variablenodes� , » � � # �È� ] �&¾B�-¿�# , if andonly if, Ç � ] ��¾J�&¿�# � � . Theoperationsneededon the
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MK ) » � Ç 0 � ] �&¾B�-¿�#
1: if ¾ � ¿ then return ¾
2: elseif member

� Ç � ] �&¾B�-¿�# then
3: return lookup

� Ç � ] ��¾J�&¿�#
4: else �>É add

� » � ] �&¾B�-¿�#
5: insert

� Ç � ] �&¾B�-¿�� � #
6: Ê.ËdÌ2ÍÎÊ�Ïe�

Figure8: ThefunctionMK ) » � Ç 0 � ] �&¾B�-¿�# .
two tablesare:» � �>¼b � ] �&¾B�-¿�#

init
� » # initialize

»
to containonly � and 
�>É add

� » � ] �&¾B�-¿�# allocatea new node � with attributes
� ] �&¾B�-¿�#���7� � � #$� ����� � � #$� �c�	��� � � # lookuptheattributesof � in

»
Ç ��� ] �&¾B�-¿�# ¼b �

init
� Ç # initialize Ç to beemptyy�É member

� Ç � ] �&¾B�-¿�# checkif
� ] �&¾B�-¿�# is in Ç�>É lookup

� Ç � ] �&¾B�-¿�# find Ç � ] ��¾J�&¿�#
insert

� Ç � ] �&¾B�-¿�� � # make
� ] ��¾J�&¿�# mapto � in Ç

We shall assumethatall theseoperationscanbeperformedin constanttime, Ð � 
 # . Section5
will show how sucha low complexity canbeachieved.

The function MK ) » � Ç 0 � ] ��¾J�&¿�# (seefigure8) searchesthetable Ç for a nodewith variable
index ] and low-, high-branches¾B�-¿ andreturnsa matchingnodeif oneexists. Otherwiseit
createsa new node � , insertsit into Ç andreturnsthe identity of it. The runningtime of MK

is Ð � 
 # dueto theassumptionson thebasicoperationson
»

and Ç . TheOBDD is ensuredto
bereducedif nodesareonly createdthroughtheuseof MK. In describingMK andsubsequent
algorithms,we make useof thenotation ) » � Ç 0 to indicatethat MK dependson theglobaldata
structures

»
and Ç , but weleaveouttheargumentswheninvokingit aspartof otheralgorithms.

4.2 BUI L D

The constructionof an ROBDD from a given Booleanexpression
�

proceedsas in the con-
struction of an if-then-elsenormal form (INF) in section2. An ordering of the variables���Ñ9 D2D2D 9 ��( is fixed. Using the Shannonexpansion

�¨� ���¨b � )®
2+ ���J0W� � )*�,+ ���J0 , a nodefor�
is constructedby a call to MK, after thenodesfor

� )i�,+ ���J0 and
� )g
.+ ���B0 have beenconstructed

by recursion.Thealgorithmis shown in figure9. Thecall BUILD’
�C� � ] # constructsanROBDD

for a Booleanexpression
�

with variablesin
4 � O �!� O «@�-���/���/�!��( 6 . It doessoby first recursively

constructingROBDDs � [ and � � for
� )i�,+ � O 0 and

� )g
.+ � O 0 in lines 4 and5, andthenproceeding
to find the identity of thenodefor

�
in line 6. Notice that if � [ and � � areidentical,or if there

alreadyis anodewith thesame] , � [ and � � , nonew nodeis created.
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BUILD ) » � Ç 0 �H� #
1: function BUILD’

�C� � ] # =
2: if ]�Ò�8 then
3: if

�
is falsethen return 0 elsereturn 1

4: else� [ É BUILD’
�H� )*�1+ � O 0h� ]@©ª
 #

5: � � É BUILD’
�H� )®
.+ � O 0h� ]�©ª
 #

6: Ê�Ë,Ì.Í�Ê�Ï MK
� ] � � [ � � �!#

7: end BUILD’
8:
9: return BUILD’

�H� � 
 #
Figure9: Algorithm for building anROBDD from aBooleanexpression

�
usingthe

ordering ����9;���Ó9 D2D2D 9ª��( . In a call BUILD’
�C� � ] # , ] is thelowestindex thatany

variableof
�

canhave. Thuswhenthetest ]�ÒÔ8 succeeds,
�

containsno variables
andmustbeeitherconstantlyfalseor true.

An exampleof using BUILD to computean ROBDD is shown in figure 10. The running
time of BUILD is bad. It is easyto seethat for a variableorderingwith 8 variablestherewill
alwaysbegeneratedon theorderof ` ( calls.

4.3 APPLY

All thebinaryBooleanoperatorson ROBDDsareimplementedby thesamegeneralalgorithm
APPLY

�NÕ-Ö � � �&� � �-# that for two ROBDDs computesthe ROBDD for the Booleanexpression�B� G Õ&ÖÑ�B�'×
. Theconstructionof APPLY is basedon theShannonexpansion(2):�E� �eb � )g
.+ ��0h� � )i�,+ ��0,�

Observe thatfor all Booleanoperatorsop thefollowing holds:� �eb � �-� � �$# Õ-Ö>� �eb � A � � � A � # � �>b � � Õ&ÖØ� A � � � � Õ&ÖÑ� A� (4)

If we start from the root of the two ROBDDs we canconstructthe ROBDD of the resultby
recursively constructingthelow- andthehigh-branchesandthenform thenew root from these.
Again,to ensurethattheresultis reduced,wecreatethenodethroughacall to MK. Moreover, to
avoid anexponentialblow-up of recursive calls,dynamicprogrammingis used.Thealgorithm
is shown in figure11.

Dynamicprogrammingis implementedusinga tableof resultsÙ . Eachentry
� ] �BÚc# is either

emptyor containstheearliercomputedresultof APP
� ] �BÚc# . Thealgorithmdistinguishesbetween

four differentcases,thefirst of themhandlesthesituationwherebothargumentsareterminal
nodes,theremainingthreehandlethesituationswhereat leastoneargumentis avariablenode.

If both � � and � � are terminal,a new terminal node is computedhaving the valueof op
appliedto the two truth values. (Recall, that terminalnode � is representedby a nodewith
identity � andsimilarly for 
 .)
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Û®ÛÝÜßÞ>à!áNâ$ã�à!äBå v â BUILD’
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Figure10: UsingBUILD on theexpression
� ��� � ���$#  ��� . (a) Thetreeof callsto BUILD. (b)

TheROBDD afterthecall BUILD’
�!� �Ñ� � #  ���.� Â # . (c) After thecall BUILD’

�"� �Ñ� 
 #  ���.� Â # .
(d) After thecall BUILD’

�!� �±� ���$#  ���2� ` # . (e) After thecalls BUILD’
�!� 
�� � #  ���2� Â # and

BUILD’
�"� 
�� 
 #  ���2� Â # . (f) After thecall BUILD’

�!� 
�� ���$#  ���2� ` # . (g) Thefinal result.
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APPLY ) » � Ç 0 �hÕ&Ö � � ��� � �-#
1: init

� Ù #
2:
3: ê Í%ÏÎë7Ì.ìCí@Ï APP

� � �-� � ��# �
4: ìCê�Ù � � �-� � �&#��� emptyÌ.î�ËßÏeÊ.Ë,Ì.ÍÎÊ�Ï±Ù � � �-� � �-#
5: Ëcïhð'ËñìCêo� �o¦ 4 � � 
_6�ò�ÏÎóô� �§¦ 4 � � 
76oÌ.îÎËcÏ u É Õ-Ö�� � �-� � �-#
6: Ëcïhð'ËñìCê var

� � �"# � var
� � �-# Ì.îÎËcÏ

7: u É MK
�
var
� � �"#-� APP

� ����� � � �"#$� ����� � � �-#!#-� APP
� �c�	��� � � �"#-� �c�	��� � � �&#!#"#

8 Ëcïhð'ËñìCê var
� � �"#n9 var

� � �-# Ì.îÎËcÏ
9 u É MK

�
var
� � �"#-� APP

� ����� � � �"#$� � �-#-� APP
� �c�	��� � � �"#-� � �-#!#

10: Ëcïhð'Ë � õ var
� � �"# Ò var

� � �-# õ #
11: u É MK

�
var
� � �-#-� APP

� � �-� ����� � � �-#!#-� APP
� � �-� �c�	��� � � �&#!#!#

12: Ù � � �-� � �-# É u
13: Ê.Ë,Ì.ÍÎÊ�Ï u
14: ËcÏÎó APP

15:
16:return APP

� � �-� � �-#
Figure11: ThealgorithmAPPLY ) » � Ç 0 �hÕ&Ö � � �&� � ��# .

If at leastoneof � � and � � arenon-terminal,weproceedaccordingto thevariableindex. If
thenodeshave thesameindex, thetwo low-branchesarepairedandAPP recursively computed
on them.Similarly for thehigh-branches.This correspondsexactly to thecaseshown in equa-
tion (4). If they have differentindices,we proceedby pairingthenodewith lowestindex with
thelow- andhigh-branchesof theother. Thiscorrespondsto theequation� � O b � �$� � �-# op

�5� � O b � � op
� � � � op

�
(5)

which holdsfor all
�
. Sincewe have takenthe index of theterminalsto beonelarger thanthe

index of thenon-terminals,thelasttwo cases,���7� � � �"#n9 ���7� � � �-# and ���7� � � �"# ÒÔ���7� � � �-# , take
accountof thesituationswhereoneof thenodesis a terminal.

Figure12 showsanexampleof applyingthealgorithmon two smallROBDDs.Noticehow
pairsof nodesfrom thetwo ROBDDsarecombinedandcomputed.

To analyzethe complexity of APPLY we let � � � denotethe numberof nodesthat can be
reachedfrom � in theROBDD. Assumethat Ù canbe implementedwith constantlookupand
insertiontimes.(Seesection5 for detailsonhow to achievethis.) Dueto thedynamicprogram-
ming at most � � ���2� � �_� calls to APPLY aregenerated.Eachcall takesconstanttime. The total
runningtime is thereforeÐ � � � �/�2� � �_�¯# .
4.4 RESTRI CT

The next operationwe consideris the restrictionof a ROBDD � . That is, given a truth as-
signment,for example )i�,+ ���2� 
.+ ��ö�� 
2+ ��÷!0 , we want to computethe ROBDD for

�B�
underthis
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Figure 12: An exampleof applying the algorithm APPLY for computingthe conjunctionof
the two ROBDDs shown at the top left. The result is shown to the right. Below the treeof
argumentsto therecursive callsof APP. Dashednodesindicatethat thevalueof thenodehas
previouslybeencomputedandis not recomputeddueto theuseof dynamicprogramming.The
solid ellipsesshow calls that finishesby a call to MK with thevariableindex indicatedby the
variablesto theright of thetree.
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RESTRICT ) » � Ç 0 � � �BÚ1� y # =
1: function res

� � # =
2: ìNê����7� � � # Ò Ú Ì2îÎËcÏeÊ�Ë,Ì.Í�Ê�Ï>�
3: ËßïNð/ËÓìCê¶���7� � � #o9�Ú Ì.î�ËcÏ±Ê.Ë,Ì.Í�Ê_Ï MK

� ���7� � � #$� res
� ����� � � #"#$� res

� �c�	��� � � #"#!#
4: ËßïNð/Ë (* ���7� � � # � Ú *) ìCê�y � �§Ì.îÎËcÏeÊ.ËdÌ2ÍÎÊ�Ï res

� ����� � � #!#
5: ËßïNð/Ë (* ���7� � � # � Ú1� y � 
 *) Ê.Ë,Ì.ÍÎÊ�Ï res

� �c�	��� � � #"#
6: end res
7: return res

� � #
Figure13: ThealgorithmRESTRICT ) » � Ç 0 � � � Ú1� y # which computesanROBDD for

�B� ) Ú +7y 0 .
restriction,i.e.,find theROBDD for

� � )i�,+ ����� 
2+ ��ö�� 
.+ ��÷!0 . As anexampleconsidertheROBDD
of figure10(g)(repeatedbelow to theleft) representingtheBooleanexpression

� ��� � ���-#  ��� .
Restrictingit with respectto thetruthassignment)i�,+ ����0 yieldsanROBDD for

� � ���  ���-# . It is
constructedby replacingeachoccurrenceof anodewith label ��� by its left branchyielding the
ROBDD at theright:

01

x1

x2 x2

x3

01

x1

x3

ThealgorithmagainusesMK to ensurethattheresultingOBDD is reduced.Figure13showsthe
algorithmin thecasewhereonly singletontruth assignments( )*y$+ � M 0 , y ¦ 4 � � 
76 ) areallowed.
Intuitively, in computingRESTRICT

� � �BÚ1� y # we searchfor all nodeswith ���7� � Ú andreplace
themby their low- or high-sondependingon y . Sincethis might forcenodesabovethepointof
replacemento becomeequal,it is followedby areduction(throughthecallsto MK). Dueto the
two recursivecallsin line 3, thealgorithmhasanexponentialrunningtime,seeexercise4.7for
animprovementthatreducesthis to lineartime.

4.5 SATCOUNT, ANYSAT, AL L SAT

In this sectionwe consideroperationsto examinethe setof satisfyingtruth assignmentsof a
node � . A truth assignmentþ satisfiesa node � if

�B� )iþ 0 canbe evaluatedto 
 usingthe truth
tablesof theBooleanoperators.Formally, thesatisfyingtruthassignmentsis thesetsat

� � # :
sat
� � # �ÿ4 þ ¦ 3�� ø G�������� � ø��	� � � � )iþ 0 is true 6 �

where 3 � ø G
������� � ø � � denotesthesetof all truth assignmentsfor variables
4 ���-�/�����/�"��( 6 , i.e., func-

tionsfrom
4 ���$�������$�!��( 6 to thetruth values3 � 4 � � 
76 . Thefirst algorithm,SATCOUNT, com-

putesthesizeof sat
� � # , seefigure14. Thealgorithmexploits thefollowing fact. If � is a node
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SATCOUNT ) » 0 � � #
1: function count

� � #
2: if � � � then res É �
3: elseif � � 
 then res É 

4: elseres É `����� ¡�£ ¤B¥�¡ �'¢	¢ ^ ���� ¡ �'¢ ^�� õ count

� ����� � � #"#©;`���
� ¡®�"� � ��¡ �'¢	¢ ^ ���� ¡ �'¢ ^�� õ count
� �c�	��� � � #!#

5: return res
6: endcount
7:
8: return `���
� ¡ �'¢ ^�� õ count

� � #
Figure14: An algorithmfor determiningthe numberof valid truth assignments.
Recall, that the “variableindex” ���7� of � and 
 in the ROBDD representationis8�©Ä
 whentheorderingcontains8 variables(numbered
 through8 ). Thismeans
thatvar

� � # andvar
� 
 # alwaysgives 8 ©;
 .

with variableindex ���7� � � # thentwo setsof truth assignmentscanmake < � true. Thefirst set
has ���7�_� equalto � , theotherhas ���7�.� equalto 
 . For thefirst set,thenumberis foundby find-
ing thenumberof truthassignmentscount

� ����� � � #"# making ����� � � # true.All variablesbetween���7� � � # and ���7� � ����� � � #!# in theorderingcanbechosenarbitrarily, thereforein thecaseof ���7���
being � , a total of `���
� ¡�£ ¤B¥�¡ �'¢�¢ ^ ��
� ¡ �'¢ ^�� õ count

� ����� � � #"# satisfyingtruth assignmentsexists. To
beefficient,dynamicprogrammingshouldbeappliedin SATCOUNT (seeexercise4.10).

ANYSAT
� � #

1: if � � � then Error
2: elseif � � 
 then return ) 0
3: elseif ����� � � # � � then return ) � ��
� ¡ �'¢ ¼b 
 � ANYSAT

� �c�	��� � � #"#J0
4: elsereturn ) � ��
� ¡ �'¢ ¼b � � ANYSAT

� ����� � � #!#J0
Figure15: An algorithmfor returninga satisfyingtruth-assignment.Thevariables
areassumedto be ���$�����/�/�!��( orderedin thisway.

Thenext algorithmANYSAT in figure15 findsa satisfyingtruth assignment.Someirrele-
vantvariablespresentin theorderingmightnotappearin theresultandthey canbeassignedany
valuewhatsoever. ANYSAT simplyfindsapathleadingto 1 by adepth-firsttraversal,prefering
somewhatarbitrarily low-edgesoverhigh-edges.It is particularlysimpledueto theobservation
that if a nodeis not the terminal0, it hasat leastonepath leadingto 1. Therunningtime is
clearlylinearin theresult.

ALLSAT in figure16 findsall satisfyingtruth-assignmentsleaving out irrelevantvariables
from the ordering. ALLSAT

� � # finds all pathsfrom a node � to the terminal 
 . The running
time is linear in the sizeof the resultmultiplied with the time to addthe singleassignments) � ��
� ¡ �/¢ ¼b � 0 and ) � ��
� ¡ �'¢ ¼b 
 0 in front of a list of up to 8 elements.However, theresultcanbe
exponentiallylargein � � � , sotherunningtime is thepoor Ð � ` � � � 8 # .
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ALLSAT
� � #

1: if � � � then return ���
2: elseif � � 
 then return � ) 0 �
3: elsereturn
4: � add ) � ��
� ¡ �'¢ ¼b � 0 in front of all
5: truth-assignmentsin ALLSAT

� ����� � � #!#-�
6: add ) � ��
� ¡ �'¢ ¼b 
 0 in front of all
7: truth-assignmentsin ALLSAT

� �c�	��� � � #!# �
Figure16: An algorithmwhich returnsall satisfyingtruth-assignments.Thevari-
ablesare assumedto be ���$�������L��( orderedin this way. We use �LD2D2D�� to denote
sequencesof truth assignments.In particular, ��� is the emptysequenceof truth
assignments,and � ) 0 � is thesequenceconsistingof thesingleemptytruth assign-
ment.

MK
� ] � � [ � � �"# Ð � 
 #

BUILD
�C� # Ð � ` ( #

APPLY
�hÕ&Ö � � �2� � ��# Ð � � � ���2� � �_�i#

RESTRICT
� � �BÚ1� y # Ð � � � �i# Seenote

SATCOUNT
� � # Ð � � � �i# Seenote

ANYSAT
� � # Ð � � Ö �¯# Ö½��� 8 ����� �'� � # , � Ö � � Ð � � � � #

ALLSAT
� � # Ð � � ��� õ 8 # � ��� ¾C¾ ��� �'� � # , � ��� � Ð � ` � � � #

SIMPLIFY
� ! � � # Ð � � ! ��� � �i# Seenote

Note: Theserunningtimesonly holdsif dynamicprogrammingis used
(exercises4.7,4.10,and4.12).

Table 1: Worst-caserunning times for the ROBDD operations. The running times are the
expectedrunningtimessincethey areall basedon a hash-tablewith expectedconstanttime
searchandinsertionoperations.

4.6 SI M PL I FY

Thefinal algorithmcalledSIMPLIFY is shown in figure17. Thealgorithmis usedto simplify
an ROBDD by trying to remove nodes. The simplification is basedon a domain

!
of inter-

est. TheROBDD � is supposedto beof interestonly on truth assignmentsthatalsosatisfy
!
.

(This occurswhenusingROBDDs for formal verification. Section7 shows how to do formal
verificationwith ROBDDs,but containsno exampleof usingSIMPLIFY.)

To beprecise,given
!

and � , SIMPLIFY findsanotherROBDD � A , typically smallerthan � ,
suchthat

��" � � � �5��" � � ��# . It doesso by trying to identify sons,andtherebymakingsome
nodesredundant.A moredetailedanalysisis left to thereader.

Therunningtimeof thealgorithmsof theprevioussectionsis summarizedin table1.
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SIMPLIFY
� ! � � #

1: function sim
�$! � � #

2: if
!Ñ� � then return �

3: elseif �P·µ
 then return �
4: elseif

!Ñ� 
 then
5: return MK

� ���7� � � #$� sim
� ! � ����� � � #"#$� sim

� ! � �c�	��� � � #"#!#
6: elseif ���7� �$! # � ���7� � � # then
7: if ����� �$! # � � then return sim

� �c�	��� �$! #-� �c�	��� � � #!#
8: elseif �c�	��� �$! # � � then return sim

� ����� �$! #-� ����� � � #"#
9: elsereturn MK

� ���7� � � #$�
10: sim

� ����� �$! #$� ����� � � #!#$�
11: sim

� �c�	��� �$! #-� �c�	��� � � #!#"#
12: elseif ���7� �$! #o9 ���7� � � # then
13: return MK

� ���7� �$! #$� sim
� ����� � ! #-� � #$� sim

� �c�	��� � ! #-� � #!#
14: else
15: return MK

� ���7� � � #$� sim
� ! � ����� � � #"#$� sim

� ! � �c�	��� � � #"#!#
16: endsim
17:
18: return sim

� ! � � #
Figure17: An algorithm(dueto Coudertet al [CBM89] ) for simplifying anROB-
DD y thatwe only careabouton thedomain

!
. Dynamicprogrammingshouldbe

appliedto improveefficiency (exercise4.12)
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4.7 Existential Quantification and Substitution

WhenapplyingROBDDsoftenexistentialquantificationandcompositionis used.Existential
quantificationis theBooleanoperation% ��� � . Themeaningof anexistentialquantificationof a
Booleanvariableis givenby thefollowing equation:

% ��� �E� � )i�,+ ��0  � )®
2+ ��0,� (6)

On ROBDDs existentialquantificationcan thereforebe implementedusing two calls to RE-
STRICT andasinglecall to APPLY.

Compositionis theROBDD operationperformingtheequivalentof substitutiononBoolean
expression.Often thenotation

� ) � A + ��0 is usedto describethe resultof substitutingall freeoc-
currencesof � in

�
by
�BA

. (An occurrenceof a variableis free if it is not within the scopeof
a quantifier.)1 To performthis substitutionon ROBDDs we observe the following equation,
whichholdsif

�
containsnoquantifiers:� ) � A + ��0 � � ) � A b 
 � �,+ ��0 � � A b � )®
2+ ��0W� � )*�,+ ��0W� (7)

Since
�C�BA b � )®
.+ ��0W� � )i�,+ ��0 # � �H�BA � � )®
2+ ��0H#  � � �BA � � )*�1+ ��0H# we cancomputethis with two

applicationsof RESTRICT andthreeapplicationsof APPLY (with theoperators� , � � # � ,  ).
However, by essentiallygeneralizingAPPLY to operatorsop with threeargumentswe cando
better(seeexercise4.13).

Exercises

Exercise4.1 ConstructtheROBDD for � ��� � � ��� � � ���$# with ordering���§9?����9Ä��� using
thealgorithmBUILD in figure9.

Exercise4.2 Show therepresentationof theROBDD of figure6 in thestyleof figure7.

Exercise4.3 SuggestanimprovementBUILDCONJ
�C� # of BUILD whichgeneratesonly a linear

numberof calls for Booleanexpressions
�

that areconjunctionsof variablesandnegationsof
variables.

Exercise4.4 Constructthe ROBDDs for � and � � � using whatever orderingyou want.
Computethedisjunctionof thetwo ROBDDsusingAPPLY .

Exercise4.5 ConstructtheROBDDsfor � � ��� � ���$# and ��� � ��� usingBUILD with theordering���n9�����9���� . UseAPPLY to find theROBDD for � � ��� � ���-#  � ��� � ���-# .
Exercise4.6 Is thereany essentialdifferencein runningtimebetweenfindingRESTRICT

� y � 
 � � #
andRESTRICT

� y � 8 � � # whenthevariableorderingis ����9����¶9 D2D2D 9���( ?
Exercise4.7 Usedynamicprogrammingto improvetherunningtimeof RESTRICT.

1SinceROBDDs containno quantifierswe shall not be concernedwith the problemsof free variablesof &('
beingboundby quantifiersof & .
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Exercise4.8 GeneraliseRESTRICT to arbitrarytruthassignments) � O G � y O G ,� O × � y O × , ����� ,� O � �y O � 0 . It might beconvenientto assumethat � O G 9�� O × 9 D2D2D 9�� O � .

Exercise4.9 Suggesta substantiallybetterway of building ROBDDs for (large) Booleanex-
pressionsthanBUILD.

Exercise4.10 ChangeSATCOUNT suchthat dynamicprogrammingis used. How doesthis
changetherunningtime?

Exercise4.11 Explainwhydynamicprogrammingdoesnothelpin improving therunningtime
of ALLSAT.

Exercise4.12 Improve theefficiency of SIMPLIFY with dynamicprogramming.

Exercise4.13 Write thealgorithmCOMPOSE
� � �.�!��� � �-# for computingtheROBDD of � � )i� � + ��0

efficiently alongthe lines of APPLY . First generalizeAPPLY to operatorsop with threeargu-
ments(asfor examplethe if-then-elseoperator),utilizing onceagainthe Shannonexpansion.
Thenuseequation7 to write thealgorithm.

5 Implementing the ROBDD operations

Therearemany choicesthathave to be taken in implementingtheROBDD operations.There
is noobviousbestwayof doingit. Thissectiongiveshintsfor somereasonablesolutions.

First, thenodetable
»

is anarrayasshown in figure7. Theonly problemis thatthesizeof
thearrayis notknownuntil thefull BDD hasbeenconstructed.Eitherafixedupperboundcould
beassumed,or othertricks mustbeapplied(for exampledynamicarrays[CLR90,sec.18.4]).
Thetable Ç couldbeimplementedasahash-tableusingfor instancethehashfunction¿ � ] � �ß� � ��
 # � pair

� ] � pair
� �c� � ��
 #"# mod )

wherepair is apairingfunctionthatmapspairsof naturalnumbersto naturalnumbersand ) is
aprime.Onechoicefor thepairingfunctionis

pair
� ] � Úß# � � ]�© Úc# � ]@© Ú ©ª
 #` © ]

whichis abijection,andtherefore“perfect”: it producesnocollisions.Asusualwith hash-tables
we have to decideon thesizeasa prime ) . However, sincethesizeof Ç grows dynamically
it canbe hardto find a goodchoicefor ) . Onesolutionwould be to take ) very large, for
example) � 
2À_Á�*,À+*7x Â (which is the1000000’th primenumber),andthentakeasthehashing
function ¿ A � ] � �ß� � ��
 # � ¿ � ] � �c� � ��
 # mod ` F
usinga tableof size ` F . Startingfrom somereasonablesmallvalueof , we could increasethe
tablewhen it contains̀

F
elementsby addingone to , , constructa new tableandrehashall

elementsinto this new table.(Again,seefor example[CLR90, sec.18.4] for details.)For such
adynamichash-tabletheamortized,expectedcostof eachoperationis still Ð � 
 # .

The table Ù usedin APPLY could be implementedasa two-dimensionalarray. However,
it turnsout to be very sparselyused– especiallyif we succeedin gettingsmall ROBDDs –
and it is better to usea hash-tablefor it. The hashingfunction usedcould be - � �c� � ��
 # �Ö � ] � � �c� � ��
 # mod ) andasfor Ç adynamichash-tablecouldbeused.
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6 Examplesof problemsolvingwith ROBDDs

This sectionwill describevariousexamplesof problemsthat canbesolvedwith anROBDD-
package.The examplesarenot chosento illustratewhenROBDDs are the bestchoice,but
simplychosento illustratethescopeof potentialapplications.

6.1 The 8 Queensproblem

A classicalchess-boardproblemis the8 queensproblem: Is it possibleto place8 queenson a
chessboardso thatno queencanbecapturedby anotherqueen?To bea bit moregeneralwe
couldaskthequestionfor arbitrary . : Is it possibleto place. queenssafelyona .0/1. chess
board?

To solve the problemusingROBDDs we mustencodeit usingBooleanvariables.We do
thisby introducingavariablefor eachpositionon theboard.Wenamethevariablesas � O M � 
ñ·] �BÚ ·2. where] is therow andÚ is thecolumn.A variablewill be1 if aqueenis placedonthe
correspondingposition.

1 2 3 4 5 6 7 8

1

2

3

4

5

6

7

8

The capturingrulesfor queensrequirethat no otherqueencanbe positionedon the same
row, column,or any of thediagonals.ThiswecanexpressasBooleanexpressions:For all ] �BÚ ,� O M � X�
3 I 354 � I76S,M � � O I� O M � X�
3 F 354 � F 6S O � � F M� O M � X�
3 F 354 � �
3 M « F ^ O 354 � F 6S O � � F8� M « F ^ O� O M � X�
3 F 354 � �
3 M « O ^ F 354 � F 6S O � � F8� M « O ^ F
Moreover, theremustbeaqueenin eachrow: For all ] ,� O �  � O � :D2D2D� � O 4
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Figure18: A full-adder

Takingtheconjunctionof all theaboverequirements,wegetapredicateSol4 �A@�\# trueatexactly
theconfigurationsthataresolutionsto the . queensproblem.

Exercise6.1(8 QueensProblem) Write aprogramthatcanfind anROBDD for Sol4 �A@�\# when
given . asinput. Make a tableof thenumberof solutionsto the . queensproblemfor . �
 � ` � Â � Á � À � x � Ã � * ������� Whenthereis asolution,giveone.

6.2 Corr ectnessof Combinational Cir cuits

A full-adder takesasargumentstwo bits � and � andan incomingcarrybit B O . It producesas
outputasumbit C andanoutgoingcarrybit B�D . Therequirementis that ` õ B�D�©EC � � © � ©FB O ,
in otherwords B�D is themostsignificantbit of thesumof ���!� , and B O , and C theleastsignificant
bit. Therequirementcanbewrittendown asa tablefor B�D andatablefor C in termsof valuesof����� , and B O . Fromsucha tableit is easyto write down aDNF for B�D and C .

At the normal level of abstractiona combinationalcircuit is nothingelsethana Boolean
expression.It canberepresentedasanROBDD, usingBUILD to constructthetrivial ROBDDs
for theinputsandusingacall to APPLY for eachgate.

Exercise6.2 Find DNFsfor BGD and C . Verify that thecircuit in figure18 implementsa onebit
full-adderusingtheROBDD-packageandtheDNFs.

6.3 Equivalenceof Combinational Cir cuits

As above we canconstructanROBDD from a combinationalcircuit andusetheROBDDs to
show properties.For instance,theequivalencewith othercircuits.
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Exercise6.3 Verify that thetwo circuits in figure19 arenot equivalentusingROBDDs. Find
aninput thatreturnsdifferentoutputsin thetwo circuits.

7 Verification with ROBDDs

Oneof themajorusesof ROBDDsis in formal verification. In formal verificationamodelof a
systemH is giventogetherwith somepropertiesI supposedto hold for thesystem.Thetask
is to determinewhetherindeed H satisfy I . Theapproachwe take, in which we shallusean
algorithmto answerthesatisfactionproblem,is oftencalledmodelchecking.

We shall look at a concreteexamplecalledMilner’s Scheduler(taken from Milner’s book
[Mil89]). Themodelconsistsof . cyclers, connectedin a ring, thatco-operatesonstartingand
detectingterminationof . tasksthatarenot furtherdescribed.Theschedulermustmake sure
thatthe . tasksarealwaysstartedin orderbut they areallowedto terminatein any order. This
is oneof thepropertiesthathasto beshown to hold for themodel.Thecyclerstry to fulfill this
by passinga token: theholderof thetokenis theonly processallowedto startits task.

All cyclersaresimilar exceptthatoneof themhasthetokenin theinitial state.Thecyclers
cyc
O
, 
�· ] ·J. aredescribedin a state-basedfashionassmall transitionsystemsover the

Booleanvariables
� O �-¿ O , and B O . The variable

� O
is 
 whentask ] is runningand � whenit is

terminated;¿ O is 
 whencycler ] hasatoken, � otherwise;B O is 
 whencycler ]�K¸
 hasputdown
thetokenandcycler ] notyetpickedit up. Henceacycler startsa taskby changing

� O
from � to
 , anddetectsits terminationwhen

� O
is againchangedbackto � ; andit picksup thetokenby

changingB O from 
 to � andputsit down by changingB O «@� from � to 
 . Thebehaviour of cycler] is describedby two transitions:

if B O � 
�� � O � � then
� O � B O �-¿ O := 
 � � � 


if ¿ O � 
 then B ¡ O mod
4 ¢ «@� �-¿ O := 
 � �

The meaningof a transition“ if condition then assignment” is that, if the condition is true in
somestate,then the systemcan evolve to a new stateperformingthe (parallel) assignment.
Hence,if thesystemis in astatewhere B O is 
 and

� O
is � thenwecansimultaneouslyset

� O
to 
 ,

B O to � and ¿ O to 
 .
Thetransitionsareencodedby a singlepredicateover thevalueof thevariablesbeforethe

transitions(the pre-state) andthe valuesafter the transition(the post-state). The variablesin
the pre-statearethe

� O �-¿ O � B O � 
¸· ]Ø·L. which we shall collectively refer to as
@� andin the

post-state
�BAO �-¿ AO � B AO � 
¨·;]�·2. , whichweshallreferto as

@� A . Eachtransitionis anatomicaction
thatexcludesany otheraction. Thereforein theencodingwe shalloftenhave to saythata lot
of variablesareunchanged.Assumethat � is a subsetof theunprimedvariables

@� . We shall
useapredicateunchangedM over

@�Î� @� A whichensuresthatall variablesin � areunchanged.It is
definedasfollows:

unchangedM � def

Xø	N M � � � A �
It is slightly moreconvenientto usethepredicateassignedM # � unchangedOøGP M # which express
thateveryvariablenot in � A is unchanged.Wecannow defineI O , thetransitionsof cycler ] over
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Figure19: Two circuitsusedin exercise6.3
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Figure20: Milner’sSchedulerwith 4 cyclers.Thetokenis passedclockwisefrom B � to B � to B �
to B � andbackto B �
thevariables

@�Î� @� A asfollows:

I O � def

� B O �¸� � O � �BAO �P��B AO � ¿ AO � assigned��W$X � Y X � Z X � # � ¿ O � B A ¡ O mod
4 ¢ «@� �P� ¿ AO � assigned��W
[ X mod \^]`_ G � Z X � #

Thesignallingof terminationof task ] , by changing
� O

from 
 to � performedby theenvironment
is modeledby . transitionsa O � 
Ó·;]m·2. :

a O � def

� O �¸� � AO � assigned� Y X � �
expressingthetransitionsif

� O � 
 then
� O ��� � . Now, atany givenstatethesystemcanperform

oneof thetransitionsfrom oneof the I O ’s or the a O ’s, i.e., all possibletransitionsaregivenby
thepredicate

»
: » �

def I � :D2D2D2bI ( ca � :D2D2D2ba (n�
In the initial statewe assumethat all tasksarestopped,no cycler hasa token andonly place
 ( B � ) hasa token. Hencethe initial statecan be characterizedby the predicated over the
unprimedvariables

@� givenby:

d � def � @� �ô� @¿ �cB � �P�eB � �:D2D2D.�ô�eB 4P�
(Here � appliedto a vector

@�
meanstheconjunctionof � appliedto eachcoordinate

� O
.) The

predicatesdescribingMilner’sScheduleraresummarizedin figure21.
Within thissetupwecouldstartaskinga lot of questions.For example,

1. Canwe find a predicatef over theunprimedvariablescharacterizingexactly thestates
thatcanbereachedfrom d ? f is calledthesetof reachablestates.

2. How many reachablestatesarethere?

3. Is it thecasethatin all reachablestatesonly onetokenis present?
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unchangedM � def g ø	N M � � � A
assignedM # �

def unchangedOøGP M #
I O �

def

� B O �ô� � O � � AO �ô��B AO � ¿ AO � assignedW(X � Y X � Z X # � ¿ O � B AO mod
4 «@� �¸� ¿ AO � assignedW X mod \^_ G � Z X #a O �

def

� O �P� �BAO � assignedY X» �
def

R�
3 O 354 I O ca O
d �

def � @� �¸� @¿ �cB � �P��B � ��D2D2D��¸��B 4
Figure21: Milner’s Schedulerasdescribedby the transitionpredicate

»
andthe initial-state

predicated .

4. Is task
� O

alwaysonly startedafter
� O ^�� ?

5. DoesMilner’s Schedulerpossessa deadlock?I.e., is therea reachablestatein which no
transitionscanbetaken?

To answerthesequestionswe first have to computef . Intuitively, f mustbe thesetof states
thateithersatisfy d (areinitial) or within afinite numberof

»
transitionscanbereachedfrom d .

This suggestan iterative algorithmfor computingf asan increasingchainof approximations
f [ � f � �/�����/� f F �����/� Step , of thealgorithmfind statesthatwith lessthan , transitionscanbe
reachedfrom d . Hence,we take f [ � � theconstantlyfalsepredicateandcomputef F «@� asthe
disjunctionof d andthesetof stateswhich from onetransitionof

»
canbereachedfrom f F .

Figure22 illustratesthecomputationof f .
How do we computethis with ROBDDs? We start with the ROBDD f � 0 . At any

point in the computationthe next approximationis computedby the disjunctionof d and
»

composedwith thepreviousapproximationf A . Wearedonewhenthecurrentandtheprevious
approximationscoincide:

REACHABLE-STATES
� d � » � @��� @� A #

1: f´É 0
2: repeat
3: f A É f
4: f´Éhd� � % @��� » �bf # ) @� + @� A 0
5: until f A=� f
6: return f

7.1 Knights tour

Usingthesameencodingof a chessboardasin section6.1,letting � O M � 
 denotethepresence
of aKnight atposition

� ] �BÚc# wecansolveotherproblems.Wecanencodemovesof aKnight as
transitions.For eachposition,8 movesarepossibleif they stayon theboard.A Knight at

� ] �BÚc#
canbemovedto any oneof

� ]�i 
 �BÚ i:` #$� � ]�i:` �BÚ i 
 # assumingthey arevacantandwithin the
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Full state space

jlknm s
m {

m �
m

.
. .

Figure22: Sketchof computationof thereachablestates

boardboundary. For all ] �BÚ and , ��¾ with 
Ó·�, �&¾ ·2. and
� , �&¾N#n¦ 4ß� ]Giô
 �BÚ i½` #$� � ]Gi½` �BÚ iô
 # 6 :

H O M � F I � def
� O M �¸� � F8� I �P� � AO M � � A F I � X¡ O # � M # ¢ 6N � ¡ O � M ¢ � ¡ FG� I ¢ � � O # M # � � AO # M # �

Hence,thetransitionsaregivenasthepredicate
» �	@��� @� A # :» �	@��� @� A # �

def

R�
3 O � M � F8� I 354 � ¡ FG� I ¢ N � ¡ Opo � � M o � ¢ � ¡ Opo � � M o � ¢ � H O M � F I
Exercise7.1(Knight’ s tour) WriteaprogramtosolvethefollowingproblemusingtheROBDD-
package:Is it possiblefor aKnight,positionedatthelowerleft cornerto visit all positionsonan
.q/r. board?(Hint: Computeiteratively all thepositionsthatcanbereachedby theKnight.)
Try it for various . .

Exercise7.2 Why doesthealgorithmREACHABLE-STATES alwaysterminate?

Exercise7.3 In this exercisewe shallwork with Milner’s Schedulerfor . � Á . It is by far be
themostconvenientto solve theexerciseby usinganimplementationof anROBDD package.

a) Find thereachablestatesasanROBDD f .

b) Find thenumberof reachablestates.
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c) Show that in all reachablestatesat most one token is presenton any of the
placeholdersB �$�����/�/� B 4 by formulatinga suitableproperty I andprove that
fÔ� I .

d) Show thatin all reachablestatesMilner’sSchedulercanalwaysperforma tran-
sition, i.e., it doesnotpossessadeadlock.

Exercise7.4 Completethe above exerciseby showing that the tasksarealwaysstartedin se-
quence
 � ` �����/�'� . � 
 � ` ���/�
Exercise7.5 Write a programthatgivenan . asinput computesthereachablestatesof Mil-
ner’s Schedulerwith . cyclers. Theprogramshouldwrite out thenumberof reachablestates
(usingSATCOUNT). Runtheprogramfor . � ` � Á � x � * � 
2� �����/� Measuretherunningtimesand
draw a graphshowing themeasurementsasa function of . . What is theasymptoticrunning
timeof your program?

8 Project: An ROBDD Package

Thisprojectimplementsa smallpackageof ROBDD-operations.Thefull packageshouldcon-
tain thefollowing operations:

I NI T
� 8 #
Initialize thepackage.Use 8 variablesnumbered
 through8 .

PRI NT
� � #

Print a representationof theROBDD on thestandardoutput.Usefulfor debugging.

M K
� ] �&¾B�-¿�#

Returnthenumber� of a nodewith ���7� � � # � ] � ����� � � # � ¾J� �c�	��� � � # � ¿ . Thiscouldbe
anexistingnode,or anewly creatednode.Thereducednessof theROBDD shouldnotbe
violated.

BUI L D
�C� #

Constructan ROBDD from a Booleanexpression. You could restrict yourself to the
expressions� or � � or finite conjunctionsof these.(Why?)

APPLY
�
op� � �-� � �-#

ConstructtheROBDD resultingfrom applyingopon � � and � � .
RESTRI CT

� � �BÚ1� y #
RestricttheROBDD � accordingto thetruthassignment)iy$+ � M 0 .

SATCOUNT
� � #

Returnthenumberof elementsin thesetsat
� � # . (Usea typethatcancontainvery large

numberssuchasfloatingpoint numbers.)

ANYSAT
� � #

Returnasatisfyingtruthassignmentfor �
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Sub-project 1

Implementthetables
»

and Ç with their operationslistedin section4. On top of theseimple-
menttheoperationsINIT

� 8 # , PRINT
� � # , andMK

� ] ��¾J�&¿�# .
Sub-project 2

Continueimplementationof thepackagebyaddingtheoperationsBUILD
�C� # andAPPLY

�
op � � �&� � �&# .

Sub-project 3

Finishyour implementationof thepackageby addingRESTRICT
� � �BÚ1� y # , SATCOUNT

� � # , and
ANYSAT

� � # .
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