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Type inference



Typed A-calculus: Church-Rosser

® Extend —p to one-step reduction —, as usual
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Typed A-calculus: Church-Rosser

® Fxtend —p to one-step reduction —, as usual
® Extend to many-step —*—>ﬁ as usual

° —*—>ﬁ is Church-Rosser

® Same proof as for untyped A-calculus
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Typed A-calculus: Normalization

® A A-expression is
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Typed A-calculus: Normalization

® A A-expression is
® (weakly) normalizing if it has a normal form
® Example: (Ax-y)Q
® Counterexample: ()
® strongly normalizing if every reduction sequence is terminating
® Example: (Ax-y)(Ax-x)

® Counterexample: (Ax - y)Q

® A )-calculus is weakly normalizing if every term in the calculus is weakly normalizing
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Typed A-calculus: Normalization

® A A-expression is
® (weakly) normalizing if it has a normal form
® Example: (Ax-y)Q
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Typed A-calculus: Normalization

® A A-expression is
® (weakly) normalizing if it has a normal form
® Example: (Ax-y)Q
® Counterexample: ()
® strongly normalizing if every reduction sequence is terminating
® Example: (Ax-y)(Ax-x)
® Counterexample: (Ax - y)Q

® A )-calculus is weakly normalizing if every term in the calculus is weakly normalizing

® AJ-calculus is strongly normalizing if every term in the calculus is strongly
normalizing

® The typed A-calculus is both strongly and weakly normalizing
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Curry typing: typability

® Given a term of the (untyped) A-calculus, can it be given a type (assuming some types
for the free variables)?
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Curry typing: typability

® Given a term of the (untyped) A-calculus, can it be given a type (assuming some types
for the free variables)?

® Forinstance, we cannot give a valid type to x x

® |fit were typable, x would have type 0 — Tas wellas 0
® Aterm may admit multiple types
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Curry typing: typability

® Given a term of the (untyped) A-calculus, can it be given a type (assuming some types
for the free variables)?

® Forinstance, we cannot give a valid type to x x

® |fit were typable, x would have type 0 — Tas wellas 0
® Aterm may admit multiple types
® )x-xcanbegiventypesp —p,r—r,(p—q) — (p—q),...
® p — pisthe simplest (least constrained) type — modulo variable renaming
® Principal type
® atype foraterm M such that every other type for M is got by uniformly replacing each

variable by a type
® unique for each typable term — modulo renaming of variables!

Madhavan Mukund/S P Suresh I NEEN PLC, Lecture 24,18 Apr 2024 4/15



Curry typing: typability

Definition (Typability problem)
Given a term M of the untyped A-calculus, check whether it can be given a time (assuming

some types for free variables)
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Definition (Typability problem)
Given a term M of the untyped A-calculus, check whether it can be given a time (assuming

some types for free variables)

Definition (Type inference)

Given a typable term M, compute its principal type
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Curry typing: typability

Definition (Typability problem)
Given a term M of the untyped A-calculus, check whether it can be given a time (assuming

some types for free variables)

Definition (Type inference)
Given a typable term M, compute its principal type

Theorem
Typability and type inference for simply typed A-calculus is solvable in polynomial time
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Type inference

® For every A-expression M, build
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® For every A-expression M, build
® [, asystem of equations (over types)

L4 T, atype

£, has a solution iff M is typable

Solution for £, — a substitution S mapping type variables to types that makes all

equations true (both sides identical under S)

If S'is the least constrained solution for £, 5(7,,) is a principal type for M

Type variablesin £,, and 7,
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Type inference

® For every A-expression M, build
® [, asystem of equations (over types)

L4 T, atype

£, has a solution iff M is typable

Solution for £, — a substitution S mapping type variables to types that makes all

equations true (both sides identical under S)

If S'is the least constrained solution for £, 5(7,,) is a principal type for M

Type variablesin £,, and 7,

® main-p,, forxefv(M) (ifx £y, p, #p,)
® auxiliary — not of the form p,
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Type inference ...

® \lis the variable x

Mukund/S P Suresh Type inference
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® \lis the variable x

*f =0
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Type inference ...

® \lis the variable x
* [ =0
® Definet, =p,
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Type inference ...

® \lis the variable x

®F,=0
® Definet, =p,
® MisPQ
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® Definet, =p,
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Type inference ...

® \lis the variable x

* [, =0
® Definet, =p,
® MisPQ

® Rename auxilliary variables in £, and 7,,, to keep them distinct from auxilliary variables in
E,and T,
® Choose a fresh auxilliary type variable p
® Definer, =p
® [, =EUEU{T,=1,—p}
® MisAx-P
® Choose a fresh auxilliary type variable p
® by =FElp =1
® Definer, =p— T,[p, :==p]
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Type inference: example

® M= \xyz-Nwhere N = x(y2)
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Type inference: example

® M= \xyz-Nwhere N = x(y2)

L] Tx:px'Ty:py'TZ:pZ
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Type inference: example

® M= \xyz-Nwhere N = x(y2)
® TX:px'Ty:py'Tz:pz
[ ) EX:E)/:EZIQ
) Tyz:p,EyZ:{py:pz_)p}
* y=qb={p=p,>pp=p—0q}
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Type inference: example

® M= \xyz-Nwhere N = x(y2)
® T =p.T, =P, =0,
*L=f=(=0
®1,=pt,={p,=p,—p}
* y=qb={p=p,>pp=p—0q}
¢ TAz‘N:’_’q'EAzN:{py:’HP’Px:P—WJ}
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Type inference: example

® M= \xyz-Nwhere N = x(y2)
® T =p.T, =P, =0,
*L=f=(=0
®1,=pt,={p,=p,—p}
* y=qb={p=p,>pp=p—0q}
¢ TAz‘N:’_’q'EAzN:{py:’HP’Px:P—WJ}

® =S q,EAyZ.N:{szrﬁp,pX:p_)q}
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Type inference: example

® M= \xyz-Nwhere N = x(y2)
® T =p.T, =P, =0,
L4 EX:Ey:EZZQ
* ,=nE,={p,=p,—p}
* y=qb={p=p,>pp=p—0q}
® un=r—ab.,y=1{p,=r—pp=p—aq
® Gn=5—1—=ab,={s=r—>pp=p—aq

® T, =tos—oroqb,={s=r—>pt=p—q}
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Type inference: example

® M= \xyz-Nwhere N = x(y2)
L] Tx:px'Ty:py'TZ:pz
o E :E :E =
* . =hk, {Dy p, =}
° TN—q, ={p,=p,—>p.p,=p—0q}
®* oy=r—>ab,y={p=r-pp=p—q
° T)\yZ.N:5—>r—>q,EM.N:{szrﬁp,pX:p_)q}

® T, =tos—oroqb,={s=r—>pt=p—q}

® Aminimal solution for £, is S = {s :=r — p,t :=p — q}
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Type inference: example

® M= \xyz-Nwhere N = x(y2)
L] Tx:px'Ty:py'TZ:pz
*E=f=(=0
*1,=pt,={p,=p,—nr}
¢ TN:qrEN:{Py:DZ—’P;PX=P—>G}
®* oy=r—>ab,y={p=r-pp=p—q
° T)\yZ.N:5—>r—>q,EM.N:{szrﬁp,pX:p_)q}
° TM:t—>5—>r—>q,EM:{5:r_>p,f:p_>q}

e Aminimal solution for £,,is S = {s :==r — p,1:= p — q}

® The principal type of M: 5(1,) = (p — q) = (r—p) = (r—q)
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Type inference: example

® VM =POwhereP=0Q=M-x
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Type inference: example

® VM =POwhereP=0Q=M-x
® TX:pX’ X:®
° TP:p—>p,EP:®
(] TO:q—>q,E =g
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Type inference: example

® VM =POwhereP=0Q=M-x

° L =Put, =0

o TP:p—>p,EP:®

° TO:q—>q,E =0
o=rby={p—=p=@—q) —1r}
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Type inference: example

® VM =POwhereP=0Q=M-x
® TX:pX’ X:®
o TP:p_>plEP:®
® ,=9—>q(=0
® y=rby={p—=p=0@—q) —r}

® Aminimal solution for £,,is S = {p := g — q,r := g — q}
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Type inference: example

® M=PQwhereP=Q=\x-x
® L=pE=0
® ,=p—pb=0
® ,=9—qbf,=0
® =rby={p—op=(@—-q —1}
® Aminimal solution for £,,is S = {p := g — q,r := g — q}

® The principal type of M: 5(T,,) =g — g
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Type inference: constant types

® (an introduce constant types — Int, Bool, ...
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Type inference: constant types
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® Type constructors too — [a], (a,b), ...
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Type inference: constant types

® (an introduce constant types — Int, Bool, ...

® Type constructors too — [a], (a,b), ...
® constant terms and constant functions

® o :Int, True : Bool
® cons:a— [a] — [q]

® jf:Bool—>a—>a—a
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Type inference: constant types

® (an introduce constant types — Int, Bool, ...

® Type constructors too — [a], (a,b), ...
® constant terms and constant functions

® o :Int, True : Bool
® cons:a— [a] — [q]

® jf:Bool—>a—>a—a

® Polymorphic — each occurrence of if, cons, etc. is given a fresh instance of the types
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Type inference: constant types

® (an introduce constant types — Int, Bool, ...

® Type constructors too — [a], (a,b), ...
® constant terms and constant functions

® o :Int, True : Bool
® cons:a— [a] — [q]

® jf:Bool—>a—>a—a

Polymorphic — each occurrence of i, cons, etc. is given a fresh instance of the types

The type inference algorithm is more or less unchanged!
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Type inference: richer typing

® M= (M- x)(Ax-x) has principal type g — g
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Type inference: richer typing

® M= (M- x)(Ax-x) has principal type g — g
® LetM, belety=Ax-xinyy
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Type inference: richer typing

® M= (M- x)(Ax-x) has principal type g — g
® LetM, belety=Ax-xinyy
® Let M, be (Ay-yy)(Mx-x)
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Type inference: richer typing

M = (Ax - x)(Mx - x) has principal type g — g

Let M, be lety = Ax - xin yy

Let M, be (Ay - yy)(Ax - x)

M. is equivalent to M and has the same principal type
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Type inference: richer typing

M = (Ax - x)(Mx - x) has principal type g — g

Let M, be lety = Ax - xin yy

Let M, be (Ay - yy)(Ax - x)

M. is equivalent to M and has the same principal type

® //, is not typable, because Ay - yy is not typable

M, is typable despite the occurrence of yy
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Type inference: richer typing

M = (Ax - x)(Mx - x) has principal type g — g

Let M, be lety = Ax - xin yy

Let M, be (Ay - yy)(Ax - x)

M. is equivalent to M and has the same principal type

® //, is not typable, because Ay - yy is not typable

M, is typable despite the occurrence of yy

® variable defined by local definition — treated differently
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Type inference: non-recursive local definitions

o Mislet{x, =M, ; ---;x, =M }inN
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Type inference: non-recursive local definitions

o Mislet{x, =M, ; ---;x, =M }inN
® find principal typesof M., ..., M

n
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® Setr, tobeT,,andf, =@
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Type inference: non-recursive local definitions

o Mislet{x, =M, ; ---;x, =M }inN
® find principal typesof M., ..., M
® Set7, tobeT,,andf, =&
® Find t/he type of N as usual, using the above definition for TX"S
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Type inference: non-recursive local definitions

o Mislet{x, =M, ; ---;x, =M }inN
® find principal typesof M., ..., M
® Set7, tobeT,,andf, =&
® Find t/he type of N as usual, using the above definition for TX"S

n

® Each occurrence of x; in N will get a different instance of 7, as its type
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Type inference: non-recursive local definitions

o Mislet{x, =M, ; ---;x, =M }inN
® find principal typesof M., ..., M
® Setr, tobeT,,andf, =@

n

® Find the type of N as usual, using the above definition for 7, ‘s
® Each occurrence of x; in N will get a different instance of 7, as its type

® Al auxilliary type variables in 7, will be renamed to fresh variables
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Type inference: non-recursive local definitions

o Mislet{x, =M, ; ---;x, =M }inN

Find principal types of M., ..., M,
setT, tober, andE, =@

Find t/he type of N as usual, using the above definition for TX"S

Each occurrence of x; in N will get a different instance of T, as its type
All' auxilliary type variables in T will be renamed to fresh variables

Main type variables of the form p, will not be renamed
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Type inference: non-recursive local definitions

o Mislet{x, =M, ; ---;x, =M }inN

Find principal types of M., ..., M,
setT, tober, andE, =@

Find t/he type of N as usual, using the above definition for TX"S

Each occurrence of x; in N will get a different instance of T, as its type
All' auxilliary type variables in T will be renamed to fresh variables

Main type variables of the form p, will not be renamed

® x/'sareusedin N as polymorphic expressions
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Type inference: non-recursive local definitions

® Considerlety = Ax- xinyy
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®,=p—op for some auxilliary type variable p
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®,=p—op for some auxilliary type variable p
® yyis of the form PO

kund/S P Suresh Type inference



Type inference: non-recursive local definitions

® Consider lety = Ax- xin yy
® 17, =p — p,forsome auxilliary type variable p
® yyisof the form PO

® We rename auxilliary type variables in 7,
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Type inference: non-recursive local definitions

® Consider lety = Ax- xin yy
® T, =p—op for some auxilliary type variable p
® yyis of the form PO
® We rename auxilliary type variables in 7,

® Typeofthefirstyisp — p
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Type inference: non-recursive local definitions

® Considerlety = Ax- xinyy
® T, =p—op for some auxilliary type variable p
® yyis of the form PO
® We rename auxilliary type variables in 7,
® Typeofthefirstyisp — p
® Typeof secondyis g — g
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Type inference: non-recursive local definitions

® Considerlety = Ax- xinyy
® T, =p—op for some auxilliary type variable p
® yyis of the form PO
® We rename auxilliary type variables in 7,
® Typeofthefirstyisp — p
® Typeof secondyis g — g
® Now solve as usual!
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Type inference: non-recursive local definitions

® Considerlety = Ax- xinyy
® T, =p—op for some auxilliary type variable p
® yyis of the form PO
® We rename auxilliary type variables in 7,
® Typeofthefirstyisp — p
® Typeof secondyis g — g
® Now solve as usual!

® LetMbelet{f=Ay-x; g=A-x}ingf
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Type inference: non-recursive local definitions

® Considerlety = Ax- xinyy
® T, =p—op for some auxilliary type variable p
® yyis of the form PO
® We rename auxilliary type variables in 7,
® Typeofthefirstyisp — p
® Typeof secondyis g — g
® Now solve as usual!

® LetMbelet{f=Ay-x; g=A-x}ingf

® Tf:p_)px
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Type inference: non-recursive local definitions

® Considerlety = Ax- xinyy
® T, =p—op for some auxilliary type variable p
® yyis of the form PO
® We rename auxilliary type variables in 7,
® Typeofthefirstyisp — p
® Typeof secondyis g — g
® Now solve as usual!

® LetMbelet{f=Ay-x; g=A-x}ingf

® Tf:p_)px

[ ] Tg:q—>q
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Type inference: non-recursive local definitions

® Considerlety = Ax- xinyy
® T, =p—op for some auxilliary type variable p
® yyis of the form PO
® We rename auxilliary type variables in 7,
® Typeofthefirstyisp — p
® Typeof secondyis g — g
® Now solve as usual!

® LetMbelet{f=Ay-x; g=A-x}ingf
® Tf P_)DX
*7,=q—g

® y=rty={g>q=(pp—p)—r}
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Type inference: non-recursive local definitions

® Considerlety = Ax- xinyy
® T, =p—op for some auxilliary type variable p
® yyis of the form PO
® We rename auxilliary type variables in 7,
® Typeofthefirstyisp — p
® Typeof secondyis g — g
® Now solve as usual!

® LetMbelet{f=Ay-x; g=A-x}ingf
® Tf P_)DX
*7,=q—g

® y=rty={g>q=(pp—p)—r}
® S=q:=p—p,r:=p—p,sasolution
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Type inference: non-recursive local definitions

® Consider lety = Ax- xin yy
® T, =p—op for some auxilliary type variable p
® yyis of the form PO
® We rename auxilliary type variables in 7,
® Typeofthefirstyisp — p
® Typeof secondyis g — g
® Now solve as usual!
® LetMbelet{f=Ay-x; g=A-x}ingf
® G=p—p,
®,=9g—q
® 1=rf,={g—=q=(p—p)—1}
® S=q:=p—p,r:=p—p,sasolution

® Principal type of Misp — p,
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Type inference: recursive local definitions

® Misletrec {x, =M, ; ---; x,=M,}inN
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Type inference: recursive local definitions

® Misletrec {x, =M, ; ---; x,=M,}inN

® Buildeach7,, and £, , treating each x; as a free variable with type p,
i i J
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Type inference: recursive local definitions

® Misletrec{x, =M, ; ---; x, =M, }inN
® Buildeach7,, and £, , treating each x; as a free variable with type p,
i i J
® Ensure that the auxilliary variables in the £, 's and 7,, s are all distinct
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Type inference: recursive local definitions

® Misletrec{x, =M, ; ---; x, =M, }inN
® Build each Ty, and EM’, treating each X asa free variable with type Py
¢ Ensure that the auxilliary variables in the £, 's and 7, s are all distinct
® Choose n fresh type variables g, ..., g, ’
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Type inference: recursive local definitions

® Misletrec{x, =M, ; ---; x, =M, }inN
® Build each Ty, and EM’, treating each X asa free variable with type Py
¢ Ensure that the auxilliary variables in the £, 's and 7, s are all distinct
® Choose n fresh type variables g, ..., g, ’

Obtain0,,...,0,andE, ..., [

n
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Type inference: recursive local definitions

® Misletrec{x, =M, ; ---; x, =M, }inN
® Build each Ty, and EM’, treating each X asa free variable with type Py
¢ Ensure that the auxilliary variables in the £, 's and 7, s are all distinct
® Choose n fresh type variables g, ..., g, ’

Obtain0,,...,0,andE, ..., [

n

® 0:=Tylp, =0Gy-.sp =0,
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Type inference: recursive local definitions

® Misletrec{x, =M, ; ---; x, =M, }inN
® Build each Ty, and EM’, treating each X asa free variable with type Py
¢ Ensure that the auxilliary variables in the £, 's and 7, s are all distinct
® Choose n fresh type variables g, ..., g, ’

Obtain0,,...,0,andE, ..., [

n

® 0:=Tylp, =0Gy-.sp =0,
° E/' = EM,[/DX‘ = qw""’px” = qn]
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Type inference: recursive local definitions

® Misletrec{x, =M, ; ---; x, =M, }inN
® Build each Ty, and EM’, treating each X asa free variable with type Py
¢ Ensure that the auxilliary variables in the £, 's and 7, s are all distinct
® Choose n fresh type variables g, ..., g, ’

Obtain0,,...,0,andE, ..., [

n

® 0:=Tylp, =455, =0,
° E/' = EM,[/DX‘ = qw""’px” = qn]
Solve £:=E U---UE U{q,=0,...,9,=0,}

f
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Type inference: recursive local definitions

® Misletrec{x, =M, ; ---; x, =M, }inN

Build each Ty, and EM’, treating each X asa free variable with type Py
Ensure that the auxilliary variables in the £, ‘s and 7, 's are all distinct
Choose n fresh type variables g, ..., g,

Obtain0,,...,0,andE, ..., [

n
® 0:=Tylp, =0Gy-.sp =0,
° E/' = EM,[/DX‘ = qw""’px” = qn]
Solve £:=E U---UE U{q,=0,...,9,=0,}

Let S be the most general solution to £
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Type inference: recursive local definitions

® Misletrec{x, =M, ; ---; x, =M, }inN

® Obtaino,...,0,andE,...,F

Build each Ty, and EM’, treating each X asa free variable with type Py
Ensure that the auxilliary variables in the £, s and 7, 's are all distinct
Choose n fresh type variables g, ..., g, ’
n

® 0:=Tylp, =0Gy-.sp =0,

© £:=E,[p, =Gp.0rp, =0,
Solve £:=E U---UE U{q,=0,...,9,=0,}

Let S be the most general solution to £
T :=5(q)
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Type inference: recursive local definitions

® Misletrec{x, =M, ; ---; x, =M, }inN

® Obtaino,...,0,andE,...,F

Build each Ty, and EM’, treating each X asa free variable with type Py
Ensure that the auxilliary variables in the £, s and 7, 's are all distinct
Choose n fresh type variables g, ..., g, ’
n

® 0:=Tylp, =0Gy-.sp =0,

© £:=E,[p, =Gp.0rp, =0,
Solve £:=E U---UE U{q,=0,...,9,=0,}

Let S be the most general solution to £

T :=5(q)
Find the type of N as usual, using the above T, s
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Type inference: recursive local definitions

® (Consider letrec x = Af- f(xf) in x
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Type inference: recursive local definitions

® (Consider letrec x = Af- f(xf) in x
® LetM, be Af- f(xf)
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Type inference: recursive local definitions

® (Consider letrec x = Af- f(xf) in x
® LetM, be Af- f(xf)
1, =p—randf, ={p,=p—gp=qg—r}
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Type inference: recursive local definitions

® (Consider letrec x = Af- f(xf) in x
® LetM, be Af- f(xf)

® 1, =p—randf, :{pX:P—WI:P:q—”}
® Nowao, =p—randf, ={q,=p—qp=q—r}
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Type inference: recursive local definitions

® (Consider letrec x = Af- f(xf) in x
® LetM, be Af- f(xf)
® 1y =p—randfy ={p,=p—>agp=q—r}
® Nowo, =p—randE, ={q, =p—qp=qg—r}
*t={g,=p—>agp=q—rg=p—r1}
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Type inference: recursive local definitions

® (Consider letrec x = Af- f(xf) in x

® LetM, be Af- f(xf)

® 1y, =p—randfy, ={p,=p—qp=q—r}

® Nowo, =p—randE, ={q, =p—qp=qg—r}
E={q=p—>qp=9—rq=p—r}
Solutionfor Eis {g:=r,p:=r—r, g =(—rn—- r}
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Type inference: recursive local definitions

® (Consider letrec x = Af- f(xf) in x
® LetM, be Af- f(xf)
® 1y, =p—randfy, ={p,=p—qp=q—r}
® Nowo, =p—randE, ={q, =p—qp=qg—r}
*t={q,=p—aqp=9—rq=p—r1}
® Solutionfor£is{qg:=r,p:=r—r, g =(—rn—- r}

®T,=(—>n)—>r
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Type inference: recursive local definitions

® (Consider letrec x = Af- f(xf) in x
® LetM, be Af- f(xf)
® 1y, =p—randfy, ={p,=p—qp=q—r}
® Nowo, =p—randE, ={q, =p—qp=qg—r}
*t={q=p—gp=9—nq=p—r}
® Solutionfor£is{qg:=r,p:=r— rng, = (r— r—r}

®T,=(—>n)—>r

® The type of letrec x = Af- f(xf) in xis thus (r — r) — r
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