










































































V. Diekert, M. Kufleitner:  A survey on the local divisor technique.  Theoretical Computer Science 
Volume 610 Part A. Pages 13-23.



V. Diekert, M. Kufleitner: Omega-Rational Expressions with Bounded Synchronization Delay. Theory of 
Computing Systems Volume 56. Pages 686-696.
























Bounded Synchronization bodes and

apeaiodiehayuq.es

we describe yet another characterization
of the dad of aperiodic languages This
is also due to M P Schutzenberger

our presentation is based on the proofs of
this result by V DieKaatG M Kufleitner and
uses the localmonoid idea seen eaale.ee
in showing LTL is expressively complete
The references for The original papers are

Both papers are available Dia Manfred
knfleitner's homepage














































































































Let 2 be an alphabet A prefix code Power 2
is a language 7 if x y E P then

n is not a prefixof yCSynchroznization

A prefix code is of boundededelay d if it

satisfies the following property

now c p
if 0 E Pd then yo C p

Remark Given a word we p
there is a unique decomposition of was

W WIwzWz Dn Wi E P

so in a bounddelay code if we

can find a sequence of d Codewords then
the prefin Seen So far is a sequence of
codewords g by the uniquenssfdecompositions
what is left is the waled parse of the
crest of the message
scan resynchronize after looking at only
d code words

usually codes are bounded length andso
the delay length is bounded

En e Give an exampleof a prefacodebAfaffediedemffJ














































































































Schutzenberges aleo Showed That one may drop
complementation from Star free regular expressions
and replace it with Kleene star of bounded delay
prefixcodes synchronization Delay
Def SDCA

01 a E SD CA a c A

L Utz E 8D A hi Lz C SDCA

L Lz E SD CA 4 f SDCA

L E SD CA L E SDCA
L a prefix code
ofbounded delay

Orel 2theorem Every aperiodic language is in SDE

Proofi By indie on the Size of themonoid
and size of alphabet
Basis

a size ofmonoid is 1
L 2 a

clearly both are in SDG














































































































Size of alphabet is 1

le fait ah a't o f ai I i N
Lait ah U AN a

clearly L is in SDCla3

Induction Let F Au Eds

La ti x h I CM d

Japeriodic

L L U L U L
0 I 2

Lo L n Axt
L n A cA

Ln A e A cI

Lo is recognized oia h X but I aree a
Smaller alphabet and hence E SDCA

Then as it is Lo C SDC 2 too

SD CA E SD CBT whenever AEB
is easy to check fromThedefa

Lz fi nA c ti'CpdnA

the BEM














































































































ht n A ti spin A are in SDCA

and hence in SDG

Log is in SD CZ

So Ly E SD 2

U Chicana ftp.snco
SB ht NA't
4138 EX

why a CAME

clearly h4DnA ht NA't
are in SDC23 using arguments as alone

Whatabouthted
The Wilke trick adapted to the language ofmonoid by Dieteethrastin

Let g O M
I treat as alphabet

g r Caz C aye hee head hey
as a word














































































































Let kpEM be defined as follows

M Mz Malham he ma Maha p

clearly

ti rich c g Kp

En g CK is in SD E
whenever K is in SD CM CForany K

Proofi By ind on the expression for
K

g IO Of

g Img Cm hA C

E SD C 2 7

g ChUhs g ch U g ka

g C 4 Lz g CL g cha

g L g cu
in

a prefixcodeof Suffices to show
boundeddelyay This language is a

prefucodeofboundeddelay














































































































Let L be a prefix code with delay d
Consider g ca
1 Suppose u E g CL no c g L

U R Cqc R C E g ch
UU R CMac 9 c y Cyd Sme E g L

headhind hcna E L

head hind hear hly hlym C L

hly hHm E o Lifdeapredie

m o remember if Yi E then
h E L

Thus D E and So g CL is a prefix
code

2 Suppose now c g ch u e g
child

where d is the delay of the prefix Code L The

reason for the I will be explained below

µ4T
k

Lgx
M Mz Me i

9 now may notfactor as gang glad














































































































By adding 1 wematohit the segment upto the firsts
and apply g homomorphically G Still getintoLd
as needed

I 2 dtl

14747
Murray o w

gCau o w gCau's geo's gao e L

But gco E Ld

ooo gCUuYg ol e L

g healed E L

gCua E L

o not 4 f gca

Thus g CK is in SDC 2 whenever

K E CM

DX

Thus to complete the proof it Suffices to show
that Kp is in SDCM Here we use the

localization Construction














































































































Localisation Let CM o t be a monoid
Then GMn Me O c is a monoid know
as M localized ate where

Logan Rc o cy E 2cg

claim o is well defined on CMAMe q
LOGCM is a monoid

Proof ooo ac Cal
and cy yi

secy is also in CMAMc

2 a c y c R CooCy
secy
Cry c

Thus o is an associative operation with c
as identity

claim LoccCM derides M

Proof Let Me m Imc ECM
Me is a Salomoined of M
clearly I C Me














































































































Also if NC Cy
n c Cy

them an c secy I cyyl
So xx E Mc

h Me Loc.CM

1 ac is a morphism

Proof sits c

ay lh aye
Ray where y cyl
Csec occy
Gee oCy c
h o hey

h is Surjective
Let me c Mr Mc

M CR y c
o y c Me and hey m

Thus LoccCm derides M














































































































observation

Fe Logan iff I

when M is aperiodic
2 If e is an idempotent then

LoceCm is a Salomonoid of M

Proof
I C Logan
I E CM nMe

I C CM

I Cn

If M ie aperiodic c a L

2 see o ay Rey
ne ey Rey

Thus LogCm aperidic and a Strictly smaller
devisor of M whenever M is aperiodic
and Ctd This allows us to establish
our desired result via induction oh the Size
of the monoid














































































































Lemme Kp is recognized by Loch CM

Proofi Let
r 14 2 Loch M

G m ha on ha

then
Em miniL next

Kp
WhatifB 1

Then ti Cpd B for Some B

ooo B n a Of if c f B

which is in SDE
BA n D B c if CEB

which is in SDG
as well

Otherwise Loch CM is a Smaller monoid
and so














































































































ht no g Kp
But Kp is recognised by

a Smaller

aperiodic monoid g lo Kpe SDCM
we already Showed

that for any KesDCml

geek C SDC and this Completes

the poof

The converse is also true

Lemmai Let L E SDG Then L is

an aperiodic language

Proof of day are aperiodic
Aperiodic languages are closed under U Gncat

Let L E SD be a preface code of delay
d and let L be aperiodic
ThenIn aynz e L iff Ry by E L

Ha y Z
we show that there is m 7 Rymz E E
iff RyMHz E L Amy 3














































































































Firstweshow
Let

zymz 0,02 Uk

we shall arrive at the appropriate value
for m by considering two cases

Cases Suppose one ofthe Oi's includes
or full copies of g

Oi a y z E L

Ui n y't z E L

402 DeDi uit Yan myMY c L

CaseI Suppose all ais contain almost
n 1 full copies of g

Let Ui 0in Uitby be any Segment
of length b

Then bcn Dtbti is an appeabound on
the number of ya's with any overlapwith
this segment at most n I contained
entirely and Each bonday may deride ayin each














































































































Consider The Smallest Segment Oiility Oats
thatthbontains The first l y's in mymgN

U i Uitb I

FI T7IBT3T
e

Ako dit Uab z is entirely contained
with in the yl Cie b 2 of them

BA D t b z e B'HIGH.fbY

bn e
adFoptitiefYeJb7I1nPickingI3

t27 n

big Cdt2 dt2

so atleast d Oi's are contained entirely
in the first ydwhen I 3h dt2

Thus taking m ned127 I

aymz a gnat y z














































































































and applying the above argument to the first
M I Y's

g da Uitb I

ETI ooo

if t

I UI b
M

ay y z nai U's9393
By the above Uz E E for a d So

we may or write this as
M

ay y3 RUsUzUzY3
with HzE Ld
Applying the bounded S delay requirement

NU Uz E L 4393 E L

Also Since 44243g YU4243 we have

Ryu uzEL Uzz C L














































































































Combing the left part of q ought
part of we get

NYU Uab Yz E L

myMHz c It

combining the two cases we see that

xymz e I ayn z c It whenever

my n Cd127 1

Conversei we need to show that for any
Sufficiently large m nymze I scythe

The argument above is essentially reversible

Case 1 If any Oi contains ym entirely
then vie n y't z I

let ili n'y z
I Oi Ui dit O a Mgm f L












































































































Case2 Suppose each di Contains atmost
n y's in full Then repeatingthe adore
case 2 with

MY ntl Cdt 1

we get
M

ay y z RUsUzUzY3
with HzE Ld
Applying the bounded S delay requirement

NU Uz E L 4393 E L

Also Since 44243g YU4243 we have

Nyu uzEL azz C L

Now combing the left q ought of
we get

aquzuzz E E
Ciel n ym z E htt as regained



Picking an on Cd127CntDtl means

both directors hold Thus

nymz E htt iffaym z.CL
Thus every language in SD C is

aperiodic

Having inflicted this Somewhat painful
calculation on the neadee we now show
how to avoid it altogether by a reduction
from SDGs to Star free enprassons ones
2

Lemme Every language in SD has
a Star free expression over 2

Proof By ind on The SD expression
he3dah are Stat free and Star free

expressions include to it suffices to
prove the following claim



claim Let P be a prefix code bounded

delay of that has a Star free expression
Then p has a Starfree expression

PIE Consider any word WE PI
W no where u E P and 0 Contains

no prefix in P 1017 L

ol he has no prefix in P
PIT

Thus

pxT p PIT
PIT u P PI U P PI Pip u

Now

pdtipzxtezxpdpzxt_i
IntaesIgzxtpdpzxTcpxtB.e

cause we p WE 2 Pd PIF



means

W Ry z e p
with a E IH y Epd ZE PIT
Bat by boarded synch delay requirement

rye p
An by unique parsability of prefix codes

Ry C p ZE PIT
ay 3 f p A Contradiction

Thus holds

Using we can rewrite has

PT PIT U PPI UpdPIT u Epdp2T
This completes the proof


