Quantum Mechanics 3, Spring 2012 CMI
Problem set 13
Due by beginning of class on Monday Apr 16, 2012
Dirac equation

1. Consider an infinitesimal Lorentz transformation 2’ = Az, where A4, ~ 84, + !, .

(a) For an infinitesimal boost by velocity v (8 = v/c < 1) along the direction z, find
wh, and write it as a matrix.

(b) For the above boost, find w,,, , write it as a matrix and verify that it is antisymmetric.
Explicity identify the value of wy .

(¢) Consider now an infinitesimal rotation A = Ry of x,y axes clockwise by angle 6
about the z-axis. Find w) and express it as a 4 x 4 matrix and identify wlg.

(d) For the above rotation, find w,, , express it as a matrix and verify it is anti-symmetric,
and give the value of wyo.

(e) Find the matrix S(Ry) =1 — iau”ww that implements the above infinitesimal rota-
tion on Dirac spinor space and express it in terms of the third Pauli matrix og3.

(f) The corresponding finite rotation by angle ¢ is implemented by S(Rg) = exp [— 0" wy,] .
Find S(Rp) and express it in terms of o3.

(g) Based on the above results, find and comment on how a Dirac spinor transforms
under a spatial rotation of 27 and 47 about the z-axis.

2. Suppose V() is a real potential, p = —ihV the momentum operator and & the Pauli
matrices.

(a) Find the adjoint of the operator (&-(pV)) (& - p) acting on two component wave
functions (7). Express the answer in terms of &, p, V. Here (pV') denotes —ih(VV).

(b) Express the operator (pV)-p'— - (pV) in as simple a form as possible.

(c) Show that
G- (pV)xp—a-px (pV) =23 (pV) X p. (1)

3. What is the Compton wavelength of a massive particle? Give a formula and physical
interpretation. Numerically, what is the Compton wavelength of an electron, as a fraction
of the Bohr radius?

4. Consider an electron in a Hydrogen atom, treated in the non-relativistic context of the
Schrodlnger equation. Its orbital, spin and total angular momentum operators are denoted
L.S,J =L+ S. Suppose the cigenvalues of J2, L2 S2 are denoted h2 GG+ 1), B2 +

1), h%s(s+1). Show that the factor F' (defined below) may be expressed as F' = (j + 3)~ "
for [ #0:
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