
1

Problems: Introduction to Fields and their Quantization
National Seminar on Theoretical Physics, 2023

14-15 September, Government Brennen College, Dharmadom, Thalassery, Kerala
Govind S. Krishnaswami, Chennai Mathematical Institute September 13, 2023

Please let me know at govind@cmi.ac.in of any comments or corrections

1. Show that the Euler-Lagrange equations following from the Lagrangian density

L =
ρ

2
u2t −

τ

2
|∇u|2 (1)

lead to the 3d wave equation ρutt = τ∇2u.

2. Show that

L =
1

2c2
(∂tφ)

2 − 1

2
|∇φ|2 − φ2

2λ2
(2)

furnishes a Lagrangian density for the Klein-Gordon equation (1/c2)φtt = ∇2φ−
(1/λ2)φ.

3. Verify that a Lagrangian density for the self-interacting scalar field equation 1
c2 ∂

2
t φ−

∇2φ+ 1
λ2φ+ gφ3 = 0 is given by

L =
1

2c2
(∂tφ)

2 − 1

2
|∇φ|2 − φ2

2λ2
− g

4
φ4. (3)

4. Verify that Hamilton’s equations ut = {u,H} and πt = {π,H} following from
the Hamiltonian

H[u, π] =

∫ `

0

(
π2

2ρ
+
τ

2
u2x

)
dx (4)

and the Poisson brackets

{u(x, t), π(x′, t)} = δ(x− x′), {u(x, t), u(x′, t)} = {π(x, t), π(x′, t)} = 0
(5)

are equivalent to the wave equation ρutt = τuxx.

5. Show that the energy

H =

∫ (
β|∂xψ|2 +

1

2
κ|ψ(x)|4

)
dx (6)

is conserved with respect to the time evolution defined by the nonlinear Schrödinger
equation

i∂tψ = −αβ∂2xψ + ακ|ψ|2ψ. (7)

6. Use the Hamiltonian

H =

∫ (
β|∂xψ|2 +

1

2
κ|ψ(x)|4

)
dx (8)
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and Poisson brackets

{ψ(x), ψ∗(x′)} = −iαδ(x− x′), {ψ(x), ψ(x′)} = {ψ∗(x), ψ∗(x′)} = 0, (9)

to show that Hamilton’s equation for ψ∗ gives the complex conjugate of the NLSE:

ψ̇∗ = −iαβψ∗′′ + iακ|ψ|2ψ∗. (10)

7. Verify that {N,H} = 0 for the nonlinear Schrödinger field with N =
∫
ψ∗ψdx.

This is expected from the conservation of N .

8. Verify that {P,H} = 0 for the nonlinear Schrödinger field withP = iαβ
∫
ψ∗ψ′ dx.

This is expected from the conservation of the field velocity P .

9. Show that the Euler-Lagrange equation for ψ following from the Lagrangian

L =

∫ [
i

α
ψ∗ψ̇ + βψ∗∂2xψ −

1

2
κψ∗ψ∗ψψ

]
dx (11)

leads to the complex conjugate NLSE.

10. Argue why the number operator N =
∫
φ†(x)φ(x) dx is hermitian and positive

definite.

11. Show that the Hamiltonian operator of the nonlinear Schrödinger field commutes
with the number operator [H,N ] = 0. HereN =

∫
φ†(x)φ(x) dx and

H = −β
∫
φ†(x)∂2xφ(x) dx+

κ~α
2

∫
φ†(x)φ†(x)φ(x)φ(x) dx. (12)

Hint: Use the canonical commutation relations

[φ(x),φ†(y)] = δ(x− y), [φ(x),φ(y)] = [φ†(x),φ†(y)] = 0. (13)

12. Use the canonical commutation relations and definition of the number operator N
to show that

[N ,φ(x)] = −φ(x) and [N ,φ†(x)] = φ†(x). (14)

13. Use the canonical commutation relations to show that

ν3 =

∫
dx3φ

†(x3)N
2φ(x3) =N(N − I)2. (15)

14. Try to show by induction that∫
dNx φ†(xN ) · · ·φ†(x1)φ(x1) · · ·φ(xN ) =N(N−I)(N−2I) · · · (N−(N−1)I)I.

(16)
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15. Use induction to show that

[φ1φ2 · · ·φN ,H] =

N∑
j=1

φ1 · · ·φj−1[φj ,H]φj+1 · · ·φN (17)

for any operators φ1, · · · ,φN , H .

16. Establish the commutator relation

[φ(x),n(y)] = δ(x− y)φ(y), (18)

where n(y) = φ†(y)φ(y).


