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. Show that the Euler-Lagrange equations following from the Lagrangian density
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L= Sui = 5|Vul? (1)

lead to the 3d wave equation puy; = 7V 2.

. Show that
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furnishes a Lagrangian density for the Klein-Gordon equation (1/¢?)¢;; = V¢ —
(1/2%)¢.

. Verify that a Lagrangian density for the self-interacting scalar field equation C%(’)f¢—
V2 + %(ﬁ + g¢> = 0 is given by
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. Verify that Hamilton’s equations u; = {u, H} and 7y = {m, H} following from

the Hamiltonian
trn?2 1
Hlu,n] = / < + ui) dx 4)

and the Poisson brackets

{u(z,t), (', 1)} =d(x — '), {ulz,t),u(d’,t)} = {r(x,t),n(2',t)} = (()5)

are equivalent to the wave equation puy = Tugz,.

. Show that the energy

1
i = [ (s0u0 + grlualt) do ©

is conserved with respect to the time evolution defined by the nonlinear Schrédinger
equation

10 = —aBO2p + arlp|*ip. (7)

. Use the Hamiltonian

H= / <5|az¢|2 + ;li|1/)($)|4> dx (8)
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and Poisson brackets

{v(@),9" (@)} = —iad(x —2),  {d(2),¢(=)} ={¢"(2),¥"(2")} =0, 9)

to show that Hamilton’s equation for v)* gives the complex conjugate of the NLSE:
W = iy ikl Pyt (10)

Verify that { N, H} = 0 for the nonlinear Schrodinger field with N = [ ¢*¢dz.
This is expected from the conservation of N.

. Verify that { P, H} = 0 for the nonlinear Schrédinger field with P = i3 [ ¢*¢’ du.

This is expected from the conservation of the field velocity P.

Show that the Euler-Lagrange equation for v following from the Lagrangian
D= [ [Zui+ ouee - guvrrv) da an

leads to the complex conjugate NLSE.

Argue why the number operator N = [ ¢ (x)¢(x) dx is hermitian and positive
definite.

Show that the Hamiltonian operator of the nonlinear Schrodinger field commutes
with the number operator [H, N| = 0. Here N = [ ¢ (x)¢(z) dx and

H=-p [ ¢/@2¢(@)do+ 3 [ 610 @)g(@o@) e (12)
Hint: Use the canonical commutation relations
[P(), d' (1) =6(x — ), [@(x), )] =[d'(z),d'(y)]=0. (13)

Use the canonical commutation relations and definition of the number operator N
to show that

[N, ¢(z)] = —¢p(z) and [N, o' (z)] = ¢'(2). (14)
Use the canonical commutation relations to show that
vz = /dxgdﬁ(x?,)N?d)(m?,) = N(N 1) (15)
Try to show by induction that

/de o' (zn) - @' (z1)p(z1) -+ plan) = N(N=I)(N—2I)--- (N—(N-1)I)I.
(16)
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Use induction to show that

2
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for any operators ¢1,- -, ¢n, H

. Establish the commutator relation

[p(x),n(y)] = 0(z — y)P(y),
where n(y) = ¢ (y)d(y).
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