
Fluid Dynamics, Autumn 2024, CMI
Assignment 10

Due by the beginning of the class on Monday, Nov 11, 2024
Poisson brackets, Functional derivatives, Clebsch variables

1. 〈2 + 3 + 3〉 Suppose for barotropic flow we postulate the Poisson brackets between func-
tionals F and G of ρ and v :

{F,G} =

∫ [
w

ρ
·
(
δF

δv
× δG

δv

)
+∇Fρ ·

δG

δv
−∇Gρ ·

δF

δv

]
dr. (1)

Here, subscripts Fρ = δF
δρ(r) , etc., denote functional derivatives. Show that these imply

the Landau PBs {ρ(x), ρ(y)} , {ρ(x),v(y)} and {vi(x), vj(y)} .

2. 〈4〉 Show that the functional derivative of helicity K =
∫
R3 v ·wdr with respect to the

velocity field is twice the vorticity field for suitable boundary conditions (to be specified).

3. 〈5〉 Show that the Clebsch decomposition of a velocity field v = ∇φ+ λ
ρ∇µ is the sum of

curl-free and helicity-free parts.
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