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Abstract

We study a previously introduced bi-local gauge invariant reformulation of two-dimensional QCD, called 2d hadron
dynamics. The baryon arises as a topological soliton in hadron dynamics. We derive an interacting parton model from the soliton
model, thus reconciling these two seemingly different points of view. The valence quark model is obtained as a variational
approximation to hadron dynamics. A succession of better approximations to the soliton picture are obtained. The next simplest
case corresponds to a system of interacting valence, ‘sea’ and anti-quarks. We also obtain this ‘embellished’ parton model
directly from the valence quark system through a unitary transformation. Using the solitonic point of view, we estimate the
quark and anti-quark distributions of 2d QCD. Possible applications to deep inelastic structure functions are point2@0gut.
Elsevier Science B.V. All rights reserved.
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1. Introduction not a low energy effective theory, but is equivalent
to 2d QCD for all energies and numbers of colors.

There are currently two distinct points of view on The exact description of the baryon is as a topological
what a baryon is. One may be traced back to the quark soliton of this bi-local theory. At the other extreme, we
model. In the other point of view, baryons arise as studied a 2-dimensional interacting quark model for
solitons of low energy effective local field theories of the structure of the baryon [3]. The question then is
mesons, an idea that may be traced back to the Skyrmewhether the quark model picture can be derived from
model [1]. In previous work by one of us, it was shown the exact bi-local solitonic picture in two dimensions.
that in two dimensions, there is an exact description Here we derive the interacting valence quark model
of QCD as abi-local theory of mesons [2]. This as a variational approximation to this bi-local soliton
description, called 2-dimensional hadron dynamics, is theory. Moreover, we find a succession of increasingly
accurate variational approximations to the soliton

—_ ) o model. The next simplest case turns out be a system
E(?nc;gifsa%%?glsz%;?c:h?lr@pas.rochester.edu (V. John), of inter_acting Va|'ence, ‘sea’ and anti-quarks. We show
govind@pas.rochester.edu (G.S. Krishnaswami), that this ‘embellished’ parton model could also have
rajeev@pas.rochester.edu (S.G. Rajeev). been obtained directly via a unitary transformation
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applied to the valence quark model, recovering the 2. Two-dimensional quantum hadron dynamics

‘Bogoliubov’ transformation introduced in [3]. Thus

we have a reconciliation of the exact bi-local soliton Let us begin with a summary of two-dimensional

model with the simpler relativistic parton picture of quantum hadron dynamics [2]. 2d QCD is quantized

the baryon, in 2 dimensions. in the null gaugeA_ = 0 in null coordinates. The
The main advantage of this new point of view is that elimination of Iongitudinal g'UOﬂS leads to a linear

the semi-classical approximation of hadron dynamics Potential between quark fields, ™ which satisfy

corresponds to the larg€, limit of 2d QCD, and so cano_nicgl ar_1ti-commutation relations. The resulting

is capable of describing non-perturbative phenomena hamiltonian is:

such as the structure of hadrons. Thus this reconcili- H i [ . m?

ation between the soliton and parton pictures is more 3~ ~ dxa E[p + 7}“5”'

than just a mathematical correspondence. We illustrate

its usefulness by calculating approximately, the quark —

and anti-quark distributions of the baryon in 2d QCD. i

In fact, due to the correspondence we establish here, xa (y)api(y): dxdy.

the approximate solutions of the quark models pre- «g'is a coupling constant with the dimensions of mass,
sented in [3] are actually also approximate solutions of ; ; are color indices and, b are flavour indices. De-
2d QCD. Thus, in this paper, we will focus more onthe fine the bi-local gauge invariant variahlé; (x, y) =

passage from the bi-local soliton theory to quark mod- NA :api (x)a' (y):. The pointsy, y are null separated.

els, rather than their actuall solutlor_l. As mentpned iN The operators?g(x, y) form a complete set of observ-

[3], ourresults agree well with the direct numerical So-  gpje5'in the color singlet sector of two-dimensional
lutions of Hornbostel et al. [4]. To summarize, we find  ocD. They provide a (projective) unitary irreducible
that the valence quark approximation is accurate not representation of the infinite-dimensional unitary Lie
only in the non-relativistic limit, but also in the ultra-  zigebra:

relativistic chiral limit. In particular, we find thatinthe ~
chiral limit, the valence quark approximation is exact, [M§(p.q). M§(r.s)]

for N, . 1 . =
e (852786 = ) [55 san(p — ) + M5 p. )])

g2
2N,

1 Yai
f Elx —yl:a " (x)aq(x):

As an aside, we speculate on the possible phe- —
nomenological implications of the above model. In 1,., . =
deep inelastic scattering [5], the transverse momenta E(SdZJTS(S — p)[8,59r —q) + My(r. 9)]).
of the partons is small compared to their longitudinal 1)
momenta. Moreover, the observables of interest, the

baryon structure functions, depend only on the proton the largeN, limit is a sort of classical limit: 1N,

momen_tumP _and photor_1 momentuwp, which lie in plays the role that does in an ordinary field theory.
a two-dimensional time like hypersurface, spanned by In this classical limit the above commutators are

time and the beam direction. Thus, there mustbe an ef- o 5064 by the Poisson brackets of a set of classical
fective 2-dimensional theory that describes the struc- dynamical variables/¢ (x, y). It was shown that the
ture of the proton as measured in deep inelastic scat-phase space of this system is an orbit of the unitary
tering. Two-dimensional hadron dynamics has the cor- group, an infinite-dimensional grassmanni@n. It
rect symmetries to be a candidate for an approximate js the set of all hermitean operata¥bs with integral
description of the ‘relevant’ interactions of the quarks, kernel M{(x,y) satisfying the quadratic constraint
in such an effective action. This model can be thought [¢ 4 3112 = 1, with [ | M (x, W|2dxdy <oco.Griisa

of as a representative example of such an approximatecurved manifold with connected components labelled
effective action. The variational and many-body tech- by an integer. The quadratic constraint is just the
niques developed here should be useful in understand-Pauli principle for quarks: the density matriy =

ing any such 2-dimensional effective action. %(l — M — €)) must be a projection operator. Herés

Note that the commutators are of ord¢nl so that
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the Hilbert transform operator, diagonal in momentum
space, Withe(p, p) = sgn(p).

So in the largeN, limit, our problem reduces to
solving the equations of motion obtained from the
hamiltonian and Poisson brackets:

2
o |~ dp
/ [p+ —“]Mg(p,p)—
p 27

~2
8
+35 / M (x, y)ME(y, x)|x — yldxdy,

EM] 1
N. 4

4

(2)
5 { M (., Mz, )
=8;8(y —2)[€f(x,u) + MG (x,u)]
—898(x —w)[ej(z. y) + My (z, y)]. (3)

The parameteni? is related to the current quark
massesn, by a finite renormalizationy?2 = m2 —
g%/m and 32 = g?N,.. Though the hamiltonian is
quadratic, this is a non-linear interacting theory since
the phase space is a curved manifold due to the con-
straints onM (x, y). The linearization of the equation
of motion around the vacuu; = 0 describes an in-
finite number of free mesons, and 't Hooft's integral
equation [6] for the meson masses was recovered.

What kind of solution to this theory represents
the baryon? The quantity = —% [ M?(x, x)dx was
shown to be an integer, a topological invariant and
hence conserved under time evolution. We see Bhat
is in fact baryon number. Thus, fer> 0, —%IVIg (p, p)
and —%M;’(—p, —p) represent the quark and anti-
quark probability densities in the baryon. Thus the
baryon is a topological soliton in this picture. It corre-
sponds to a static solution of the equations of motion
(minimum of energy subject to constraints), that has
baryon number one. A Lorentz invariant formulation
is to minimize the has3? of the baryon:

M? 1 - dp
MRS M -
N2 [ 2/p (p,p)ZH]

1/ ~ w? dp

R A Vs L

X[ zf (p,p)2p2n

52

1
+% dxdy | M(x, y)?

E|X—y|

I

65

3. Separable or rank one ansatz and valence
quark model

We have developed a method [2] to find the min-
imum of energy on the the phase space: a variant of
the steepest descent method that takes into account
the non-linear constraint. Here, we describe another
method based on variational approximations, which
brings out the connection to the quark model. The
main difficulty in minimizing the energy is the non-
linear constraint satisfied by/ (x, y). We find a suc-
cession of variational ansatzes fdi(x, y) that replace
this constraint with simpler ones. These define an as-
cending family of sub-manifolds, which form a dense
subset of the phase space. Minimizing the energy on
these sub-manifolds will give us successively better
approximations. These variational ansatzes turn out to
correspond to interacting quark models.

To start with, consider an ansatz of the separable
form

M{(p,q) = =20 (p)¥i (q). (4)

This satisfies the constrait¢ + M)% =1 if v is of
norm one and of positive momentum. The Poisson
brackets of thé/f; (x, y) imply the relations

Wa(p), ¥(@)} = 0= {¥*(p). ¥"* ()} (5)
Wa(p), ¥ (@)} = —i2n858(p — q). (6)

The ¥, by themselves define a classical dynamical
system with hamiltonian

P
El(l/f)_/}
N, | 2
0
8
2

2
uel o~ d
[p+—}|1/f<p)|2—p
p 2
2 21x =yl

[ () Ply ()] 5 dx

+ dy.

(7)
We can quantize this ‘mini’ theory by looking for
operators satisfying canonical commutation relations.
Let us denote the parameter that measures the quantum
correction, analogous o by 1/N,.. The constraint on
the norm can be implemented by restricting attention

to those stateg/) satisfying

T 2 2 d

/ PP (P V) = 1 ®)
JT

0
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A representation for our commutation relations is g 5 olx =yl
provided by bosonic creation—annihilation operators: t5 / Y O ()] dedy ,
[6a(P), by (p)] =0=[B"(p), 5™ (p"],

I A~ P

ba(p).b™ (p)] =218(p — q)8L, 9 . d

[ba(p). b7 ()] = 2P = )b O [iwrg =1 . /mwpnz P _

with

P Aagy _ P ta Herey (x) = fo &(p)eipxgﬂl. Since we have ignored
/ Ne¢ ba(x). 700 = Q/Ncb ). (10) them, we will get the spin and flavor averaged wave-

Then th traint b th dition that function. The probability density of valence quarks is
en the constraint becomes the condition that we ;v _ §|w(xBP)|2,wherexB:p/P.

restrict to states containing. particles: [y 5™ (p) x The ground state of this many body problem was
ba(p)3L = N.. Therefore, N. must be a positive  found in [3], in the guise of a valence quark model.
mteger' Thus we are dealing with a system /¢ Let us just summarize the result. In the limit — oo
bosons interacting through a linear potential. andm = 0, theabsolute minimunof the variational
What are these bosons? They are the valence quarksrinciple is y(p) = /27 /P e ?/?P) Here P is the
of the parton model. They appear like bosons in the mean baryon momentum per col@/ N,. It turns out
momentum and spin-flavour quantum numbers since that M = 0 for this configuration, so that it is not just
their wave function is totally anti-symmetric in color.  a minimum on the separable submanifold, but on the
N, is interpreted as the number of colors. In the entire phase space, in the chiral and lafgelimits.
mean field approximatiofB], their wave function is Thus we find that the ground state baryon is massless

Va(x) =

€Ny (p1) - - - ¥ (pn,), which corresponds to in this limit, in agreement with Hornbostel et al. [4].

N A variational approximation to the ground state,
V) =a$T-~-ag" 10). (11) after including the leading effects of finit&, was

also given in [3]. In the chiral limit, the valence

If o;(p.q) = A atai (p)api(q) is the quark density  quark probability distribution i9/ (xp) = (N, — 1) x
operator, then the expectation valueatp, ¢) in the [1— xp]Y<~2. This variational approximation agrees
mean field state stat/) is equal to the ‘classical’  well with our numerical solution [3] and is identical to
density matrix p1(p, q) = %(S(p,q) — 1\711(19,61) — the numerical solution of Hornbostel et al. (see Ref. [4]

&(p,q)). Thus the classical (or largé.) limitwe have  EQ. (22)).
been discussing is just the mean field approximation
to this many-body problem, an idea that goes back to
Witten [7]. The semi-classical approximation will give 4. Rank three ansatz: valence, sea and anti-quarks
us the leading corrections in the case of finite

Since the quark null momenta are positive, their ~ We can get a better approximation to the exact soli-
sum must equal the total baryon momentum In ton model, by considering a larger submanifold of the
particular, the parton momenta cannot exceed phase space, compared to the separable ansatz, which
This ensures that the quark distributions vanish be- corresponded to the valence quark approximation.
yond p = P. However, the total baryon momentum The departure from the valence quark picture is de-
is extensiveP ~ N.. So in the limit asN, — oo, termined by the dimensionless ratid /32, a measure
0< p < co. The valence quark wavefunction is deter- of chiral symmetry breaking. Thus we should expect

mined by minimizing therhas3? subject to the nor- the anti-quark content to be small for small current
malization and momentum sum rule conditions: quark masses. The leading effect of finkigis to con-
strain the range of momenta of the partons, as we have

£ " seen
M? dp T >dp ' .

= f_w,( )|2 f2—|1//(p)| 5 The mathematical advantage of the separable ansatz
N p T is that it ‘solves’ the nonlinear constraint oM:



V. John et al. / Physics Letters B 492 (2000) 63—68 67

more precisely, it replaces it with the condition that Pauli principle.y_ is the anti-quark wavefunction.
Y is of norm one. In the same spirit, consider the From our previous result we expegt to vanish as

configuration m2/g% — 0.
. This rank 3 ansatz can also be understood as arising
M, = Z E, ® 1p’rb_ (12) from a unitary transformation applied to the valence

quark ansatz. The phase space of hadron dynamics
carries a transitive action of the infinite-dimensional
Here we choose/, to be a set ofr orthonormal  regtricted unitary group [2]. Thus the configuratitf

a,b=1

eigenvectors of the operatar, i.e., €V, = €V, can be obtained fron¥/; by a unitary transformation
€, = 1. This implies that the operata¥/, is of
rankr: the special case of rank one is just the separable U (e — 2y @ y U =¢ + &fy, @ ¥ ™. (16)

ansatz above. This ansatz will satisfy the constraint on
M if the r x r matrix & is hermitean and satisfies the
constraint

Since bothM1 and M3 have the same baryon number,
U lies in the connected component of the identity
and is of the formU = ¢4 for A hermitean. From
5555 +[€q + €. JES =0, (13) the above expressions farf,, M3, we see thal is

o ) ) the identity except on the span ¢f, andy_. € =
a ‘mini’ version of t_he conftramt onl/Ii Moreover, o3, in this subspace. Thus4(—a3)ei = soq +
the b_aryon number i8 = —5 trM = —ztrg. In the (r — 1)o3, wherer = 2¢2 and s = 2¢_¢, and o;
special case of rank one, we have simfly= —2. are the Pauli matrices. Therefore, on this subspace,
By choosing a large enough value ofthis ansatz 4 i5 5 24 2 traceless hermitean matrixw. w is the

can produce as general a configuration in the phase,qctor inR3 about which(0, 0, —1) must be rotated
space as needed. The simplest configuration of baryonby an angle Bv| to reach(s,0,7 — 1). Thus A =

number one that departs from the separable ansatz is.

: t t
. rarcsinig ) (V- @y, — Y4+ @ y_).
of rank three. We will find that for small current quark We can use the infinite-dimensional analogue of the

Masses, even this departurg Is very §mal|, so we do NOlp|iicker embedding [8,9] of the grassmannian in the

negd to Chons'de; Eonflgurat|onst of higher ranl|<. fermionic Fock space to reexpress this unitary trans-
Py a choice of basis among he:, we can always formation on the phase space of hadron dynamics, as

bring a rank three configuration of baryon number one a Bogoliubov transformation on the second quantized

o the form states. The operator that correspond&'tand acts on
Mz=—-2y @y’ + ng[w, ® wi Yy ® Wl] the fermionic Fock space is

+20 04 [v-® TPI +yY+® wi], (14) U=e" =exp[ - arcsir(g,)(aiwfafll — ajwa{/):)],
wherey_, ¥, ¥, are three vectors i2(R) satisfy- (17)
iNgey_=—vy_, e¥=v, eyy=1y, |v_|I°= the sum over colors produces a singlet. The angle

IWI2=llvel?2=1, (¥, v,) =0. The conditions 6 of [3] can be identified as arcgin.). The sec-
(Y_,¥) = (¥_, ¢¥y) =0 are then automatic. The pa- ond quantized state after the Bogoliubov transforma-
rameter 0< ¢— < 1 measures the deviation from the tion is thus|VSA) = e*iA|V). Here|V) is the va-
rank one ansatz and hence, the anti-quark content oflence quark state, and@ SA) stands for a state con-
the baryon¢, = /1 — ¢2. For example, baryonnum-  taining valence, ‘sea’ and anti-quarks. The condition
ber is given by (VSA|p(p,q)|VSA) = p3(p,q) is then automatic,
00 since the corresponding condition was satisfied in the
~ 2 20 2 = o dp rank 1 case and we have performed the same unitary
B= f DI+ [V ) = - (=P ]}Z transformation on both sides.
0 Thus, we have derived the ‘embellished’ quark
(15) model, which contains valence, ‘sea’ and anti-quarks,
¥, ¥4 vanish forp < 0 and describe valence and ‘sea’ as a variational approximation to the bi-local soliton
quarks. Their orthogonality is a consequence of the theory. The wave functiong, ¥+ and the probability
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of finding an anti-quark in a baryon? /(1 + 2¢2),
were estimated in [3]. To summarize, we found that
the probability of finding an anti-quark in the baryon is
~ 0.1% anda ~ 0.035 form?/g? ~ 10~3. Moreover,
the anti-quarks carry less thanl@o of the baryon
momentum. Hornbostel et al. [4] also find a similar (2]
suppression of the anti-quark content in the chiral
limit.

(1]

5. Conclusion

Thus, while neither the quark model, nor the soli-
tons of low energy effectivéocal field theories pro-
vides a complete description of baryons in two dimen-
sions, abi-local quantum field theory provides an ex-
act description. We have shown how the quark model
arises as a variational approximation to this bi-local
soliton theory. Moreover, we have used this bi-local
theory to estimate the quark and anti-quark distribu-
tions in two dimensions and find good agreement with 4
direct numerical approaches. It is interesting to know
what the analogous non-local theory is in four dimen- |5
sions.

—
—

[l

(6]
[7]
(8]
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