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The three-rotor system concerns equally massive point particles moving on a circle subject to attractive cosine poten-
tials of strength g . The quantum theory models chains of coupled Josephson junctions. Classically, it displays order-
chaos-order behavior with increasing energy E along with a seemingly globally chaotic phase for 5.33g . E . 5.6g .
It is also known to admit pendulum and isosceles breather families of periodic orbits at all energies. While pen-
dula display a doubly infinite sequence of stability transitions accumulating at their libration to rotation threshold at
E = 4g , breathers undergo only one stability transition. Here, we show that these stability transitions are associated
with forward and reverse fork-like isochronous and period-doubling bifurcations. The new family of periodic orbits
born at each of these bifurcations is found using an efficient search algorithm starting from a transverse perturbation
to the parent orbit. The graphs of stability indices of various classes of orbits born at pendulum bifurcations meet at
E = 4g forming ‘fans’. The transitions in the librational and rotational phases are related by an asymptotic duality
between bifurcation energies and shapes of newly born periodic orbits. The latter are captured by solutions to a Lamé
equation. We also find and numerically validate values of scaling constants for self-similarity in (a) stability indices of
librational and rotational pendula and (b) shapes of newly born orbits as E → 4g . Finally, we argue that none of the
infinitely many families of periodic orbits we have found is stable for 5.33g . E . 5.6g , providing further evidence
for global chaos in this energy band.
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The idea that periodic orbits can serve as a tool in the
study of classical systems has been recognized since the
time of Poincaré. On the other hand, bifurcations encode
qualitative changes in a dynamical system and often in-
volve universal behavior. Interestingly, bifurcations of a
family of periodic orbits can be used to find new periodic
orbits. The infinite sequence of period-doubling bifur-
cations associated with the onset of chaos in the logistic
map is a well-researched example. Bifurcation cascades
of periodic orbits have also been discovered in Hamilto-
nian systems such as Hénon-Heiles. In the latter, the cas-
cade displays scale-invariance and fan-like structures al-
though the connection to chaos is still unclear. Thus, it
is important to understand the common/distinctive phe-
nomena surrounding such cascades in other interesting
examples. Here we investigate a doubly infinite sequence
of bifurcations at stability transitions in the ‘pendulum’
family of periodic orbits of the 3-rotor system. In the lat-
ter, neighboring rotors interact via the cosine of the rel-
ative angle. It arises as a classical limit of a cyclic chain
of coupled Josephson junctions used in superconducting
qubits. We develop a search algorithm that exploits or-
bital symmetries to find periodic orbits that germinate at
fork-like isochronous and period-doubling bifurcations of
pendula. The bifurcations accumulate geometrically at
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the energy threshold between librational and rotational
pendula. We estimate scaling exponents that character-
ize the self-similarity in stability indices of pendula and
shapes of periodic orbits born at the bifurcations. Re-
markably, we also discover a duality that relates bifur-
cation energies and shapes of new periodic orbits in the
librational and rotational phases. Moreover, stability in-
dices of classes of newly born orbits form forward and
backward fans that meet at the self-dual energy, which
intriguingly is also the energy around which widespread
chaos sets in. One hopes that a common framework may
be developed to describe these bifurcation cascades, scal-
ing symmetries, fan-like structures and their possible im-
plications for chaos in a variety of few-degree of freedom
Hamiltonian systems.

I Introduction

It is well known that periodic orbits play a prominent role
in nonlinear and chaotic systems. In fact, Poincaré sug-
gested that periodic orbits can help to understand the dynam-
ics and that they could be plentiful or even dense (especially
for bounded motions) in the space of trajectories1. In the
quantum theory, periodic orbits enter via semi-classical trace
formulas2. Thus, it is of interest to find and classify periodic
orbits in a dynamical system. On the other hand, families of
periodic orbits at their stability transitions are known to un-
dergo bifurcations producing new families of periodic orbits3.
Thus, bifurcations of a known family of periodic orbits may
be used as a tool to discover new periodic orbits. What is
more, bifurcations of families of periodic orbits are interest-
ing even in the quantum theory as they introduce subtleties in
semiclassical trace formulas4,5.

The system we study in this paper concerns the conser-
vative dynamics of three coupled rotors: point particles of
equal mass moving on a circle subject to attractive cosine
inter-particle potentials. This 3-rotor problem was introduced
in Ref.6 and arises as a classical limit of a cyclic chain of 3
coupled Josephson junctions7–10. Since the rotor angles rep-
resent superconducting phases of distinct metallic segments,
they can coincide. Thus, it is reasonable for the rotors to
pass through each other without any collisional singularities.
The 3-rotor system has been shown6,11 to display rich dynam-
ics including families of periodic orbits (pendula and isosce-
les breathers), order-chaos-order behavior with increasing en-
ergy and a band of energies where the dynamics appears to be
globally chaotic and displays ergodicity and mixing. What is
more, the onset of widespread chaos seemed to coincide with
an accumulation of stability transitions in the pendulum fam-
ily of periodic orbits. Thus, the 3-rotor problem offers an
arena to study these and related phenomena without having
to deal with collisions or escape to infinity.

In this paper, we propose and use an accurate and efficient
search algorithm to find the new periodic orbits born at stabil-
ity transitions of pendula and isosceles breathers. By exam-
ining the properties of these new families of orbits, we char-

acterize the isochronous and period-doubling bifurcations at
the stability transitions as forward and reverse fork-like and
also discover several remarkable phenomena associated with
the bifurcation cascade of pendula. These include scale-
invariance and scaling constants, ‘fans’, a libration-rotation
duality and a period-doubling analog of the fork-like bifur-
cation (FLB) slope theorem12. Although doubly infinite, as
it involves both libration and rotation, the pendulum cascade
is reminiscent of that in the Hénon-Heiles system13 with pen-
dula playing the role of orbit A. However, the numerical chal-
lenges here are greater since the cascade begins closer to the
accumulation point. Among other things, it is important to
have examples of such bifurcation cascades in Hamiltonian
systems to determine which phenomena are common/system-
specific and also to discover any universal features or quan-
tities that one may compute. As a by-product of our inves-
tigation of pendulum and isosceles breather bifurcations, we
argue that none of the parent or daughter families of peri-
odic orbits is stable in the energy band identified in Ref.6,
giving further evidence for global chaos in this regime. This
is particularly interesting since there are hardly any examples
of physically realizable continuous time Hamiltonian systems
without specular reflections that display global chaos.

II Formulation of the problem

The classical 3-rotor problem introduced in Ref.6 concerns
the conservative dynamics of three coupled rotors, point par-
ticles of equal mass m moving without collisions on a circle
of radius r subject to attractive cosine inter-particle poten-
tials of coupling strength g . If the 2π -periodic rotor angles
are denoted θ1,2,3 , the potential energy V (θ1,θ2,θ3) is

V = g[3− cos(θ1−θ2)− cos(θ2−θ3)− cos(θ3−θ1)]. (1)

The associated Lagrangian

L =
1
2

mr2(θ̇ 2
1 + θ̇

2
2 + θ̇

2
3 )−V (θ1,θ2,θ3), (2)

is invariant under transformations of the group S3×Z2 of all
permutations and reflections (θ j→−θ j ) of the rotor angles.
It is convenient to introduce center of mass and relative angles

ϕ0 =
θ1 +θ2 +θ3

3
, ϕ1 = θ1−θ2 and ϕ2 = θ2−θ3.

(3)
In terms of these, the Lagrangian becomes

L =
3
2

mr2
ϕ̇

2
0 +

mr2

3
(ϕ̇2

1 + ϕ̇
2
2 + ϕ̇1ϕ̇2)−V (ϕ1,ϕ2) where

V = g[3− cosϕ1− cosϕ2− cos(ϕ1 +ϕ2)]. (4)

The center of mass (CM) angle ϕ0 is cyclic and the dynamics
of the relative angles ϕ1 and ϕ2 decouples from that of ϕ0 :

3mr2
ϕ̈0 = 0, mr2(2ϕ̈1 + ϕ̈2) =−3g[sinϕ1 + sin(ϕ1 +ϕ2)]

(5)
and the equation obtained from 1↔ 2 . The conserved total
energy is a sum of CM and relative contributions:

Etot = ECM(ϕ0)+Erel(ϕ1,ϕ2)
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=
3
2

mr2
ϕ̇

2
0 +

mr2

3
(ϕ̇2

1 + ϕ̇
2
2 + ϕ̇1ϕ̇2)+V (ϕ1,ϕ2). (6)

Remarkably, the relative energy Erel (hereafter referred to
as E ) is closely related to that of a three Josephson junc-
tion qubit. This is clarified in Appendix A. Henceforth, we
focus on the two-degree-of-freedom relative motion on the
ϕ1 -ϕ2 torus (0 ≤ ϕ1,2 ≤ 2π ). To begin with, the potential
energy V (ϕ1,ϕ2) (4) has three kinds of extrema: a local min-
imum G at (0,0) , 2 local maxima T1,2 at (±2π/3,±2π/3)
and 3 saddle points D1,2,3 at (π,π) , (π,0) and (0,π) , cor-
responding to the energies 0 , 4.5g and 4g respectively (see
Fig 1). In Ref.6,14 it was shown that the relative dynamics
is integrable at asymptotically low as well as high energies.
There is a transition to widespread chaos around E = 4g with
a band of seemingly global chaos for energies in the range
5.33g . E . 5.6g . Moreover, the relative dynamics was
shown to admit three simple types of periodic orbits: pen-
dula, isosceles breathers and choreographies. Pendula and
breathers are relevant to the present work; they exist at all E
and transition from libration to rotation with increasing E .

(a) (b)

FIG. 1: Equipotentials and minima, saddles and maxima ( G,D
and T ) of V on the fundamental ϕ1 − ϕ2 square. (a) The three
types of pendula each occupies a portion of the E = 4g homoclinic
orbit (denoted by dotted, dashed or solid lines) through one of the
three saddle points. (b) Similarly, isosceles breathers lie along an
E = 4.5g heteroclinic orbit between maxima.

Pendula. In pendula, two of the three rotors always co-
incide. Depending on which pair are bound together (i.e.,
θ1 ≡ θ2 etc.), there are three types of pendulum solutions
which are permuted among each other by the symmetries of
the potential. As shown in Fig. 1, they lie along portions
of the three straight lines on the ϕ1 − ϕ2 square: ϕ1 ≡ 0 ,
ϕ2 ≡ 0 and ϕ1 + ϕ2 ≡ 0 . For definiteness, we focus on
the ϕ1 ≡ 0 type of pendula. In this case, the nontrivial
equation of motion (EOM) reduces to that of a pendulum:
mr2ϕ̈2 = −3gsinϕ2 , justifying the name. For E < 4g , pen-
dula are librational and have two turning points ±ϕ∗2 which
approach the saddle point D3 as E → 4g . For E > 4g , the
pendula are rotational with trajectories winding around the
ϕ2 cycle of the torus. The corresponding librational and rota-
tional pendulum solutions are ϕ̄1 ≡ 0 and

ϕ̄2 =


2arcsin(k sn(ω0t,k)) for 0≤ E < 4g,
2arcsin(tanh(ω0t)) when E = 4g,
2arcsin( sn(ω0t/κ,κ)) for E > 4g,

(7)

where ω0 =
√

3g/mr2 and sn is the Jacobi elliptic sine func-
tion with elliptic modulus k = 1/κ =

√
E/4g . The periods

τ` = 4K(k)/ω0 and τr = 2κK(κ)/ω0 (8)

both diverge logarithmically [τ ≈ ω
−1
0 log(1− E/4g) ] as

E→ 4g . K is the complete elliptic integral of the first kind.
Isosceles Breathers. In breathers, one rotor is always at

the CM which is midway between the other two rotors so
that they always lie at the vertices of an isosceles triangle.
The ‘peripheral’ rotors oscillate symmetrically about the CM
justifying the name breather (see Fig. 3(b) of Ref.6). There
are three types of breathers depending on which of the three
rotors is equidistant from the other two. As shown in Fig. 1,
they lie along portions of the three closed curves made of
straight lines on the ϕ1−ϕ2 square that join the two maxima
(T1,2 ) of V while passing through G and one among D1,2,3 .
They can be represented by the lines ϕ1 = ϕ2 , ϕ1 +2ϕ2 = 0
and 2ϕ1 +ϕ2 = 0 passing through D1 , D3 and D2 . In each
type we may distinguish two librational and one rotational
family depending on initial conditions (ICs): LG for E ≤
4.5g , LD for 4g≤ E ≤ 4.5g and R for E ≥ 4.5g (see Fig. 5
of Ref.6).

A distinction between pendula and breathers is that the sep-
aratrix pendulum (at the libration to rotation threshold energy
4g ) is a homoclinic orbit at one of the saddle points D of
V , while the separatrix breather (with E = 4.5g ) is a hetero-
clinic orbit joining the maxima T1 and T2 . Remarkably, pen-
dula display a geometric accumulation of stability transitions
as E → 4g± , which is also the energy at which widespread
chaos sets in. By contrast, breathers display only one stabil-
ity transition, which occurs at E ≈ 8.97g . In Ref.6, questions
were raised about the nature of possible bifurcations, scaling
and self-similar behavior at these stability transitions. In this
paper we address several of these and related questions.

Comparison with cascades in Hénon-Heiles and an anhar-
monic oscillator. Before summarizing our results, we note
that the above-mentioned behavior of pendula is reminiscent
of the cascade of stability transitions known to occur in a 2d
anharmonic oscillator studied by Yoshida15 and in the Hénon-
Heiles system4,13. The former system is governed by

Hanharm =
p2

1 + p2
2

2
+

q4
1 +q4

2
4

+αq2
1q2

2 (9)

and admits a family of periodic orbits (with q1 ≡ 0) for all
values of the coupling constant α . The family undergoes an
infinite sequence of stability transitions as α goes from 0 to
∞ . Similarly, in the Hénon-Heiles system with energy

EHH =
1
2
(ẋ2 + ẏ2)+

1
2
(x2 + y2)+ ε

(
x2y− 1

3
y3
)
, (10)

there is a family of straight-line periodic trajectories (the so-
called orbit A with, say, x≡ 0) that shows a geometric accu-
mulation of stability transitions as the energy E goes from 0
to the saddle point energy E∗ = 1/(6ε2) . In fact, in Ref.16,
the authors propose conditions for a one-parameter family of
periodic orbits labeled by energy to undergo an infinite se-
quence of stability transitions. Using the numerical meth-
ods developed in Ref.17, the authors of Ref.4,18 found the
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new families of periodic orbits born at these transitions and
thereby determined the nature of the corresponding bifurca-
tions. The stability of the newly born orbits was investigated
and scaling constants were estimated.

Inspired in part by these developments, in this paper, we
look for new periodic orbits of the three-rotor system, which
germinate at the stability transitions of pendula and breathers
and study their properties. In fact, we may view pendula as
3-rotor analogs of the librational A orbits of Hénon-Heiles.
Each family of orbits lies along a straight line (on the corre-
sponding configuration space) that ends at a saddle point of
the potential. However, there are differences. To begin with,
the 3-rotor equations have trigonometric nonlinearities unlike
the quadratic ones in Hénon-Heiles. Moreover, the stabil-
ity transitions in the 3-rotor system begin much closer to the
saddle energy compared with Hénon-Heiles. Consequently,
the associated magnification constant δ is larger for the 3-
rotor system, necessitating greater numerical precision to es-
tablish scale-invariance. Furthermore, while the motion in the
3-rotor system is always bounded on its configuration space,
in Hénon-Heiles, there is a transition from bound to unbound
motion when the energy E exceeds E∗ . As a consequence,
the A orbits cease to be periodic when E > E∗ . By contrast,
pendula are periodic both in their librational (E < 4g) and
rotational (E > 4g) phases. Thus, unlike Yoshida’s oscillator
or Hénon-Heiles, the 3-rotor system displays a doubly infi-
nite sequence of bifurcations that accumulate from both sides
at E = 4g , leading to new phenomena. In addition, while the
Hénon-Heiles and the anharmonic oscillator are systems with
two degrees of freedom, the 3-rotor problem goes from three
to two degrees of freedom upon restricting to relative motion
of rotors.

III Summary of results

In Ref.6 the stability of pendula (with ϕ1 ≡ 0) was exam-
ined by numerical diagonalization of the monodromy matrix
M , whose trace determines linear stability, with transitions
occurring when tr M crosses 0 or 4 . We revisit this prob-
lem in §IV with an eye toward more precise numerical de-
termination of transition energies, which are required to find
new families of periodic orbits. It turns out that the pendu-
lum perturbation equations in the ϕ1 -ϕ2 variables are cou-
pled Lamé equations. Here we propose new angular variables
(α1,α2) to decouple them into transverse and longitudinal
Lamé equations which block diagonalizes the monodromy
matrix M = diag(M1 = M⊥,M2 = M‖) . Since2 tr M‖ = 2 ,
it suffices to calculate tr M⊥ to detect stability transitions.
In addition to numerically evaluating transition energies to
high precision, we use this decoupling in Appendix B, to pro-
pose an expression for trM in terms of suitably defined Lamé
functions.

It is expected from Ref.3 that stability transitions at tr M =
4 are associated with isochronous ( IS ) bifurcations while
those at tr M = 0 correspond to period-doubling (PD) bifur-
cations. In §V, we use the asymptotic periodicity of tr M(τ)
to classify these bifurcations of librational (` ) and rotational

( r ) pendula based on the nature of the stability transitions.
The latter is encoded in the slope of tr M(τ) . This leads
to seven classes of bifurcations that we label IS`,r

2n−1 , IS`,r
2n ,

PDr
2n−1 , PDr

2n and PD`
n (for n = 1,2, . . . ) and indicate in

Fig. 2. We numerically determine the energies and time pe-
riods of pendula at the first few transitions in each class.
Moreover, in each class, the differences |4g−En| (where En
are transition energies) form an asymptotically geometric se-
quence (Fig. 3). This leads us to a scaling constant δ for
each class, which on account of the asymptotic periodicity
of tr M(τ) is common to all classes of bifurcations in each
phase. Thus, the bifurcation cascades of pendula are char-
acterized by two scaling constants: δ ` and δ r . The latter
are estimated numerically and compared with our predictions
δ ` = e

√
3π and δ r = (δ `)2 . Finally, we find the spectrum of

M at the transitions: it is (1,1,1,1) at IS and (−1,−1,1,1)
at PD bifurcations. The transverse eigenvectors (at the point
G on the orbit) at all bifurcations of a given class are identi-
cal while the two longitudinal eigenvectors are common to all
pendulum orbits. The transverse eigenvectors are then used to
explore the vicinity of these bifurcations.

In §VI, we present our search algorithm to find newly born
families of periodic trajectories at each of the isochronous
and period-doubling bifurcations. The algorithm exploits the
expected time periods of newly born trajectories and the co-
ordinate system in which the perturbation equations to pen-
dula decouple into longitudinal and transverse Lamé equa-
tions. This allows us to look for new families of periodic
orbits by perturbing in the direction transverse to the pendu-
lum family. This gives us an approximately periodic orbit,
which allows us to make educated guesses about the shape
and symmetries of the newly born orbit. These are exploited
to improve the approximately periodic orbit through an effi-
cient search procedure that is confined to a single direction.
We find that this type of search algorithm is much faster than
a multi-dimensional search.

In §VII, we study various properties of the new periodic
orbits that are born at the above IS and PD bifurcations of
pendula. The salient ones are enumerated here. (i) These bi-
furcations are shown to be forward fork-like. (ii) As Fig. 5
and Fig. 6 indicate, orbits born at successive bifurcations
of the same type ( IS`

4n−k,PD`
n, IS

r
2n, IS

r
2n−1,PDr

2n−1,PDr
2n for

n = 1,2, . . . and 0 ≤ k ≤ 3) have similar gross shapes in the
α1 -α2 plane but display additional oscillations as E → 4g .
(iii) All orbits from a given class of bifurcations display a sim-
ilar dependence of the monodromy trace on the time period τ

(see Fig. 4). (iv) At IS bifurcations, we find that the slopes
of tr M(E) for pendula and the newly born orbits are related
by a fixed multiple given by the fork-like bifurcation slope
theorem12. Interestingly, we find an analog of this slope the-
orem that applies to PD bifurcations. (v) The graphs of tr M
vs E for a given class (e.g. IS`

2n−1 for n = 1,2, . . . ) are found
to meet at E = 4g forming a fan-like structure (see Fig. 7).
(vi) With the exception of the PD`

n class, we represent α1(t)
for all newly born orbits as periodic Lamé functions19,20. (vii)
In another direction, we define two additional scaling con-
stants α`,β ` associated with self-similarity in the shapes of
newly born orbits in the librational regime. Their values are
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estimated numerically and compared with analytical predic-
tions. These definitions do not directly extend to the rota-
tional regime: they are modified to enable us to estimate αr

and β r . (viii) Finally, we discover an asymptotic duality as
E → 4g± between the sequence of IS` bifurcations on the
one hand and the sequence of ISr and PDr bifurcations (with
the exception of PDr

1,2 ) on the other. The energies and ellip-
tic moduli at corresponding bifurcations are asymptotically
related in a simple manner. Furthermore, we find that the pe-
riodic Lamé functions associated with the newly born orbits
at dual bifurcations are also related.

In §VIII, we turn our attention to the breather family of
periodic orbits which has a single stability transition at E ≈
8.97g . As with pendula, the perturbation equations decouple
upon transforming to new angular variables but by contrast,
the bifurcation at the transition is shown to be reverse fork-
like and period-doubling (see Fig 10).

In §IX, we argue using our results on tr M(E) for newly
born families of periodic orbits (at pendulum and breather bi-

furcations) that none of them is stable for 5.33g . E . 5.6g .
This provides further evidence for global chaos in this band
of energies supplementing the Poincaré plot data given in
Fig. 12 of Ref.6. We conclude in §X with some open ques-
tions arising from this work.

IV Perturbations to pendula: Lamé equation and mon-
odromy

In Ref.6 the stability index of pendula was calculated nu-
merically directly from the associated 4×4 monodromy ma-
trices. Here we simplify the calculations by decoupling the
perturbation equations into transverse and longitudinal parts.
This separation will then be exploited in our search for new
periodic orbits born at stability transitions of pendula and
to obtain expressions for them in terms of periodic Lamé
functions19,20. The perturbation equations to the pendulum
family ϕ1 = 0 (see Eqn. (36) of Ref.6) can be written as

mr2

g
d2

dt2

(
δϕ1
δϕ2

)
=


−

(
3−2k2 sn2(ω0t,k) 0
−2k2 sn2(ω0t,k) 3−6k2 sn2(ω0t,k)

)(
δϕ1

δϕ2

)
for 0≤ E ≤ 4g,

−

(
3−2 sn2(ω0t/κ,κ) 0
−2 sn2(ω0t/κ,κ) 3−6 sn2(ω0t/κ,κ)

)(
δϕ1

δϕ2

)
for E ≥ 4g.

(11)

These are a pair of coupled Lamé equations, since in Jacobi
elliptic form, the Lamé equation is19

y′′(z)+ [h−n(n+1)k2 sn2(z,k)]y(z) = 0. (12)

They may be decoupled by changing variables to α1 = ϕ1/2
and α2 = ϕ1/2 + ϕ2 . The fundamental square [0,2π]×
[0,2π] in the (ϕ1,ϕ2) variables is mapped to a parallelo-
gram with vertices at (0,0) , (π,π) , (π,3π) and (0,2π) in
the (α1,α2) variables. In terms of these variables, the La-
grangian becomes

Lrel =
1
3

mr2(3α̇
2
1 + α̇

2
2 )−V (α1,α2) where

V (α1,α2) = g[3− cos2α1− cos(α2−α1)− cos(α1 +α2)]. (13)

For future reference, the relative energy of the system in these
variables is

E =
1
3

mr2(3α̇
2
1 + α̇

2
2 )+V (α1,α2). (14)

The equations of motion are

mr2
α̈1 =−

1
2

g(2sin2α1− sin(α2−α1)+ sin(α1 +α2)),

mr2
α̈2 =−(3/2)g(sin(α2−α1)+ sin(α1 +α2)). (15)

The conjugate momenta are π1 = 2mr2α̇1 and π2 =
2
3 mr2α̇2 .

The pendulum orbit ϕ1 ≡ 0 and ϕ2 ≡ ϕ̄2 (7), in these new
variables is

α1(t)≡ 0, α2(t) = ᾱ2(t)≡ ϕ̄2(t). (16)
Thus, we will regard α2 as the ‘longitudinal’ coordinate
(along the ‘sliding’ direction) of pendula and α1 as the ‘trans-
verse’ coordinate. Let us define the dimensionless variables
t̃ =
√

g/mr2t = ω0t/
√

3 ,

π̃1 = 2
dα1

dt̃
=

π1√
gmr2

and π̃2 =
2
3

dα2

dt̃
=

π2√
gmr2

. (17)

Then, δα1,2 satisfy the decoupled Lamé equations

d2

dt̃2

(
δα1
δα2

)
=


−

(
3−2k2 sn2(

√
3t̃,k) 0

0 3−6k2 sn2(
√

3t̃,k)

)(
δα1

δα2

)
for 0≤ E ≤ 4g,

−

(
3−2 sn2(

√
3t̃/κ,κ) 0

0 3−6 sn2(
√

3t̃/κ,κ)

)(
δα1

δα2

)
for E ≥ 4g.

(18)
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Having decoupled the equations, let us write them in first
order form by introducing the angular momentum perturba-
tions δ π̃1,2 :

d
dt̃

(
δα1
δ π̃1
δα2
δ π̃2

)
= A

(
δα1
δ π̃1
δα2
δ π̃2

)
where

A =−

( 0 −1/2 0 0
2(2+cos ᾱ2) 0 0 0

0 0 0 −3/2
0 0 2cos ᾱ2 0

)
. (19)

Since the coefficient matrix is block diagonal, the pen-
dulum monodromy matrix (see §IV.A.1 of Ref.6) M =
diag(M1,M2) = diag(M⊥,M‖) is also block diagonal in this
basis and tr M = tr M⊥+ tr M‖ .

As noted in §III, the eigenvalues of M‖ are (1,1) at all
energies while those of M⊥ are nontrivial. Thus, the study
of the stability of pendula is reduced to a single (transverse)
Lamé equation for δα1 . In standard form (12), for libration
(E ≤ 4g ) and z =

√
3t̃ , it is

δα
′′
1 (z) =−(1− (2/3)k2 sn2(z,k))δα1, (20)

while for rotation (E ≥ 4g ) and z =
√

3t̃/κ , it is

δα
′′
1 (z) =−(κ2− (2/3)κ2 sn2(z,κ))δα1. (21)

This corresponds to the parameter values n(n+1) = 2/3 and
h= 1 for libration and h= κ2 for rotation. The coefficients in
(20) and (21) are periodic in z with period 2K(k) and 2K(κ)
in the librational and rotational phases. However, there is a
distinction between the two phases. The librational pendulum
has twice the period of the Lamé equation coefficients, while
the rotational pendula and the corresponding Lamé equation
have the same period (the latter property is shared by the A
orbits of Hénon-Heiles4). Finally, for the purpose of deter-
mining the stability of pendula ( tr M⊥ = tr M− 2), it is con-
venient to formulate the transverse Lamé equations (20) and
(21) as first order systems with ᾱ2 given in (16):

d
dt̃

(
δα1
δ π̃1

)
=−

(
0 −1/2

2(2+ cos ᾱ2) 0

)(
δα1
δ π̃1

)
. (22)

In Appendix B, we derive an analytic expression for tr M⊥
in terms of a special class of Lamé functions. However, for
practical purposes we find it convenient to evaluate trM⊥ nu-
merically. The results are reported in the in Section §V.

V Pendulum stability transition energies and scaling
constants

In Ref.6 it was numerically observed that trM is asymptot-
ically periodic in log |E−4g| as E→ 4g . Here we exploit the
decoupling of the perturbation equations to calculate trM⊥ to
much greater precision (six significant figures) than in Ref.6

and identify the transition energies. Moreover, viewing tr M
as a function of time period τ of pendula helps us provide an
explanation of the above asymptotic periodicity and estimate

it. It also helps in classifying the bifurcations at stability tran-
sitions as isochronous and period-doubling. These improve-
ments in precision and classification have additional payoffs:
they help us discover and formulate a duality between libra-
tional and rotational bifurcations in §VII F.

As Fig. 2 indicates, pendula are stable (0 < tr M = 2 +
tr M⊥ < 4) at low (0 ≤ E . 3.9g) as well as at high en-
ergies (E & 5.6g) . In between, they undergo a doubly in-
finite sequence of stability transitions that accumulate from
both the librational (`) and rotational (r) phases at E = 4g
where the time period τ (8) of pendula diverges. In the stable
windows, the eigenvalues µ1,2 of M⊥ are of the form e±iθ

while in the unstable windows they take the form (µ,1/µ)
for real θ and µ . Consequently, the transverse Lyapunov
exponents6 of pendula (λ1,2 = (1/τ) log |µ1,2| ) vanish in the
stable windows while they are nonzero in the unstable win-
dows. The stable and unstable windows are also analogous to
bands and bandgaps in the Bloch energy spectrum of an elec-
tron in an ionic lattice21. In fact, (20) and (21) are analogs
of the Schrödinger equation for an electron in a 1d periodic
potential. The distinction is that while we solve the pertur-
bation equation as an initial value problem and determine the
eigenvalues of M using δα1(τ) , the Schrödinger equation is
solved as an eigenvalue problem using the Bloch wave ansatz
which is assumed to be an eigenfunction of the monodromy
matrix.

In Tables I and II we give the numerically obtained energies
E and time periods τ of pendula at their first few stability
transitions determined by solving (22). These transitions cor-
respond to two types of bifurcations3: (a) isochronous ( IS`,r

n )
when tr M = 4 since a new family of orbits is born with ini-
tial time period equal to that of the parent pendulum and (b)
period-doubling (PD`,r

n ) when tr M = 0 since the new orbits
have twice the period of the parent. The integer n= 1,2,3, . . .
increases/decreases with energy in the librational/rotational
phases. Fig. 2 also indicates that tr M(τ) becomes periodic
as τ → ∞ in both phases. This will be established in (28) of
§V B. We use this asymptotic periodicity of tr M(τ) to clas-
sify these bifurcations into seven infinite sequences: IS`

2n ,
IS`

2n−1 , PD`
n , ISr

2n , ISr
2n−1 , PDr

2n and PDr
2n−1 . The classi-

fication is based on the nature of the transition, as encoded
in the slope of tr M(τ) . Period-doubling bifurcations in the
librational and rotational phases are slightly different. In the
former, tr M(τ) has a double zero so that pendula are stable
both before and after each such bifurcation. It is as if two
PD bifurcations have coalesced. On the other hand, at PD
bifurcations in the rotational phase, pendula switch stabili-
ties. By contrast, at IS bifurcations in both the rotational and
librational regimes, tr M− 4 has a simple zero and pendula
undergo stability transitions whose nature is determined by
the slope of tr M .

Moreover, as E→ 4g± , we find that the sequences of time
periods of pendula at stability transitions in each of the 7
classes asymptotically approach arithmetic progressions with
the same common difference. For instance, the time period
differences corresponding to successive stable to unstable
isochronous transitions of librational pendula approach a con-
stant: τ(IS`

3)− τ(IS`
1) = 6.2914 , τ(IS`

5)− τ(IS`
3) = 6.2833 ,
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PD` (stable→ stable) IS`
odd (stable→ unstable) IS`

even (unstable→ stable)
n log(4 - E) τ n log(4 - E) τ n log(4 - E) τ

1 -2.4268 7.6341 1 -4.6658 10.1945 2 -5.7819 11.4804
2 -7.9522 13.9849 3 -10.1183 16.4859 4 -11.2287 17.7681
3 -13.3943 20.2687 5 -15.5598 22.7692 6 -16.6702 24.0514
4 -18.8356 26.5517 7 -21.0012 29.0524 8 -22.1115 30.3344
5 -24.2772 32.8352 9 -26.4426 33.3356 10 -27.5529 36.6175

TABLE I: Energies and time periods (in units where m= g= r = 1 ) of first few period-doubling and isochronous bifurcations of librational
pendula.

ISr
odd (unstable→ stable) ISr

even (stable→ unstable)
n log(E−4) τ n log(E−4) τ

1 -4.6680 5.1055 2 -5.7927 5.7447
3 -15.5598 11.3846 4 -16.6701 12.0256
5 -26.4426 17.6678 6 -27.5529 18.3090
PDr

odd (unstable→ stable) PDr
even (stable→ unstable)

1 0.4682 2.0475 2 -0.7395 2.7809
3 -10.1185 8.243 4 -11.2288 8.8841
5 -21.0012 14.5262 6 -22.1116 15.1673

TABLE II: Energies and time periods (for m= g= r = 1 ) of first
few period-doubling and isochronous bifurcations in the rotational
regime of pendula.

τ(IS`
7)− τ(IS`

5) = 6.2832 , . . . , converging to the asymptotic
value 2π (in units where m = g = r = 1) as shown in §V B.

A Scaling constant associated to geometric cascade

Given the relation (8) between pendulum time periods
and energies, we should expect the asymptotic arithmetic se-
quence of time periods to imply a geometric approach to 4g
of the transition energies in each bifurcation sequence. For
instance, consider the IS`

odd family of bifurcations of pen-
dula which occur at energies En =E(IS`

2n−1) for n= 1,2, . . . .
Then, asymptotically 4g−En forms a geometric sequence.
Thus, it is natural to define the sequence

δn(IS`
odd) =

4g−En

4g−En+1
(23)

which in the limit leads us to our first scaling constant
δ (IS`

odd) ≡ limn→∞ δn(IS`
odd) . Alternatively, we may arrive

at the same scaling constant by considering the limit of the
sequence of spacing ratios

δ (IS`
odd) = lim

n→∞

En+1−En

En+2−En+1
. (24)

Similar constants can be defined for the other families of bi-
furcations: IS`

even , PD`
n , PDr

odd , PDr
even , ISr

even and ISr
odd .

Numerically, we find that all librational families have a com-
mon scaling constant δ ` as do the rotational families, with

logδ
r = 2logδ

` ≈ 10.883. (25)
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FIG. 2: Numerically obtained tr M vs time period τ for (a)
librational and (b) rotational pendula showing asymptotically pe-
riodic behavior as τ → ∞ ( E → 4g∓ ). Pendula are stable when
0 < tr M < 4 . Coincidentally, the band of global chaos6 lies in the
energy interval between PDr

1 and PDr
2 , where pendula are unstable.

For instance, the sequence logδ `
n(PD) for n = 1,2, · · · ,6 is

given by

5.5254, 5.4421, 5.4413, 5.4416, 5.4413, 5.4414
(26)

In fact, the ‘tail’ of the graph (see Figs. 3a, 3b, 3c) of tr M vs
E in the window En+1 < E < 4g upon magnification by the
factor δ ` resembles that in the previous window En < E <
4g . This self-similarity in the tr M vs E graph also applies
to the rotational regime E > 4g as shown in Figs. 3d and 3e.
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FIG. 3: Self-similarity under magnification by the scale factor δ ` (in (b) and (c)) and δ r (in (e)) in the tr M vs E graph for librational
and rotational pendula (solid) and the families of periodic orbits (dashed) born at their isochronous bifurcations. The minimum energy in (b)
is Eb = 4−Ea/δ ` , where Ea is the minimum energy in (a). Similarly, Ec = 4−Eb/δ ` . We observe two fans arising from the confluence
of IS`

2,4,6,... and IS`
1,3,5,... at E ≈ 4 . In (c) the expected curve for IS`

8 is indicated by a vertical line at E = 4 . In (e) the maximum energy is
Ee = 4+Ed/δ r where Ed is the maximum energy in (d). Throughout, we work in units where m = g = r = 1 .

B Asymptotic behavior of time periods and energies of bifur-
cations

Arithmetic progression of bifurcation time periods. In-
spired by our numerical observations, we will now argue from
the perturbation equations (20) and (21) that the sequence
of pendulum time periods for each bifurcation family (e.g.,
IS`

2n or PDr
2n−1 ) forms an asymptotic arithmetic progres-

sion with common difference ∆τ = 2πr
√

m/g . As k→ 1±

(E→ 4g±) , the pendulum trajectory approaches a separatrix
spending most of its time at the “bottlenecks” near the saddle
point of the potential (α2 = ±π,α1 = 0). Putting ᾱ2 = ±π

as k→ 1 , the perturbation equation for δα1 (18) becomes
the harmonic oscillator equation:

d2δα1

dt2 =− g
mr2 (2+ cos ᾱ2)δα1 ≈−ω

2
⊥δα1, (27)

where ω2
⊥ = g/mr2 . We may interpret ω2

⊥ =

(1/2mr2)∂ 2V/∂α2
1 as the curvature of the 3-rotor po-

tential (13) in the α1 direction at the saddle point D3 (see
Fig. 1). The monodromy matrix M⊥(τ) asymptotically ap-
proaches the time evolution operator of a harmonic oscillator
with angular frequency ω⊥ , evaluated at the time period τ

of the pendulum orbit being perturbed. Thus,

tr M⊥(τ)→ tr
(

cos(ω⊥τ) −sin(ω⊥τ)/2
2sin(ω⊥τ) cos(ω⊥τ)

)
= 2cos(ω⊥τ).

(28)
Consequently, tr M⊥ is asymptotically a periodic function of
τ with period 2π/ω⊥ . In particular, the asymptotic value of

the time period difference ∆τ between two successive bifur-
cations in each class (e.g., IS`

2n−1 ) is

∆τ = 2π/ω⊥ = 2πr
√

m/g. (29)

In units where m = g = r = 1 , this agrees with the numerical
∆τ ≈ 6.283 from Tables I and II.

Scaling constant for geometric cascade of bifurcations.
We can estimate the scaling constant δ using the above for-
mula for ∆τ (29). As k → 1− , the time periods (8) of li-
brational pendula (whose energies are E(k) = 4gk2 ) can be
approximated by

τ` =
4

ω0
K(k)≈− 2

ω0
log
[

1− k2

16

]
=− 2

ω0
log
[

1−E/4g
16

]
. (30)

Equivalently, the asymptotic energies of pendula are

E ≈ 4g(1−16e−ω0τ`/2) as τ`→ ∞. (31)

This agrees fairly well with our numerical results. For in-
stance it predicts that 4−E(PD`

5) = 2.8611× 10−11 using
τ` = 32.8352 from Table I while the corresponding numeri-
cal value from the same table is 2.8612× 10−11 . It follows
that our first scaling constant, say for the PD`

n family is

δ
` = lim

n→∞

4g−En

4g−En+1
= eω0∆τ/2 = e

√
3π ≈ e5.4414 ≈ 230.8,

(32)
in agreement with our numerical estimate in (26). Note that
δ ` depends on the differences ∆τ in the asymptotic time pe-
riods in a sequence. Since all three librational bifurcation se-
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quences have the same ∆τ = 2πr
√

m/g (which is the asymp-
totic period of tr M(τ) ), they share the same value of δ ` , as
we observe numerically.

Analogously, one may obtain the scaling constant in the
rotational regime. As κ = 1/k→ 1− , the asymptotic time
period becomes,

τr =
2κ

ω0
K(κ)≈− κ

ω0
log
[

1−κ2

16

]
=− 2

ω0

√
g
E

log
[

1−4g/E
16

]
.

(33)
The energies of pendula in the rotational regime as κ → 1−

are

E ≈ 4g(1+16e−ω0τr) as τr→ ∞. (34)

Therefore, the scaling constant in the rotational regime (e.g.,
for ISr

2n−1 ) is

δ
r = lim

n→∞

En−4g
En+1−4g

= eω0∆τ = e2
√

3π ≈ e10.8828. (35)

As expected from our numerical results in (25), δ r = (δ `)2 .
This is because asymptotically (as E → 4g ), a librational
pendulum orbit has twice the period of a rotational one:
τ`/τr→ 2 from (30) and (33).

C Monodromy eigenvectors at stability transitions of pendula

Here we discuss the eigenvectors of the monodromy matrix
of pendula at stability transitions. They will help us discover
new periodic orbits born at these transitions. The pendulum
monodromy matrix M = diag(M⊥,M‖) is block diagonal in
the (δα1,δ π̃1,δα2,δ π̃2) basis. Here and elsewhere, we eval-
uate M with respect to the basepoint G on pendula. The
eigenvalues of M‖ are always (1,1) with a single linearly
independent eigenvector (1,0)t , which leads to the sliding
eigenvector (0,0,1,0) of M . The nontrivial eigenvalues are
those of M⊥ whose eigenvectors contribute to the transverse
eigenvectors of M .

Librational pendula. At stability transitions where
tr M = 4 (bifurcations points IS`

1, IS
`
2, · · · ), we find that all

eigenvalues of M are 1 and M has only one linearly indepen-
dent transverse eigenvector. It is either (1,0,0,0)t (for stable
to unstable transitions) or (0,1,0,0)t (for unstable to stable
transitions). On the other hand, at transitions where tr M = 0
(PD`

1,PD`
2, · · · ), M has two linearly independent transverse

eigenvectors corresponding to the eigenvalues −1 . They
span the δα1 − δ π̃1 plane and can be taken as (1,0,0,0)t

and (0,1,0,0)t . However, we find that both eigenvectors lead
to the same family of newly born periodic trajectories to be
discussed in §VI and §VII.

Rotational pendula. At all stability transitions of rota-
tional pendula (both IS and PD where tr M = 4,0), there is
just one linearly independent ‘transverse’ eigenvector. It may
be taken as (1,0,0,0)t for unstable → stable transitions and
(0,1,0,0)t for stable → unstable transitions with increasing
energy.

VI Generating new periodic trajectories at bifurcations
of pendula

The idea underlying our search algorithm for new families
of periodic trajectories was outlined in §III. Here we present
the details of the search method.
1. First we pick a pendulum bifurcation energy E and a base-
point on the corresponding pendulum orbit. We then compute
the eigenvectors of the monodromy matrix (19) and identify
the transverse eigenvector(s). These eigenvectors depend on
the choice of the basepoint, which is taken to be the one at
which V = 0 along the trajectory.
2. We solve the first order nonlinear EOM for α1,α2,π1
and π2 obtained from (15) & (17) with ICs given by a small
perturbation to the pendulum IC at the basepoint [α1(0) =
0,π1(0) = 0,α2(0) = 0,π2(0) =

√
4mr2E/3] in the direction

of the transverse eigenvector, of amplitude δα1 or δπ1 de-
pending on the bifurcation point, as discussed in §V C.
3. We evolve the new trajectory till a time t∗ when α2 com-
pletes either one (for IS) or two (for PD) cycles. The resulting
trajectory is typically approximately periodic with t∗ ≈ τ or
2τ where τ is the period of the unperturbed pendulum orbit.
In order to make this trajectory periodic, we adjust the value
of π2(0) to minimize the ‘departure from periodicity’

d(π2(0)) = [(α1(t∗)−α1(0))2 +(π1(t∗)−π1(0))2

+(π2(t∗)−π2(0))2]1/2. (36)

The obtained periodic trajectory is found to be independent
of the choice of the basepoint.
4. By varying the amplitude of the perturbation to the pen-
dulum IC, we may generate a family of newly born periodic
trajectories. To go further down this family, it is advanta-
geous to use the ICs of the previous member of the family
rather than those of the original pendulum orbit.

VII Features of periodic trajectories born at bifurca-
tions of pendula

Using the algorithm of §VI, we find the periodic orbits born
at the IS and PD bifurcations of pendula (see Fig 4). The bi-
furcations are shown to be forward fork-like12 as only one
new family of periodic orbits is born and exists only for ener-
gies exceeding the bifurcation energy. In all cases, the newly
born orbits have tr M = 4 at the bifurcation point.

A Shapes of new periodic orbits in the α1 - α2 plane

At each bifurcation point, α2 for the newly born trajec-
tory is essentially the same as for the corresponding pendu-
lum trajectory (ᾱ2) . On the other hand, α1 ( ᾱ1 ≡ 0 for pen-
dula) displays progressively more oscillations as we proceed
through the bifurcation cascade toward E = 4g . Near the bi-
furcation points, the time dependence of α1 = ᾱ1 + δα1 is
given by the periodic Lamé functions19,20 listed in Tables III
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FIG. 4: tr M vs time period τ for (a) librational and (b) rota-
tional pendula and families of newly born periodic orbits at their
isochronous and period-doubling bifurcations. The new orbits fall
into seven classes as mentioned in §V. Upon including the newly
born orbits, tr M(τ) is asymptotically 4π -periodic as τ → ∞ . Un-
like the corresponding bifurcations in the A orbits of Heńon-Heiles4,
trM for IS`

1,3,5,... is a nonlinear function of τ : it reaches a minimum
and then increases.

and IV, which are solutions of equations (20) and (21) ob-
tained by linearizing the EOM around the pendulum orbits.
For example, α1 for newly born periodic orbits near the IS`

2
bifurcation satisfies (20) with k2 ≈ 1− e−5.78/4 from Table
I. In the notation of Refs.19,20, the periodic solution of (20)
is the second (m = 2) Lamé sine function Es m

n (z) of order n
with Lamé eigenvalue h = 1 . It has m = 2 zeros in the inter-
val 0≤ z≤ 2K(k) which is the period of this Lamé function.

Fig. 5 and Fig. 6 contain parametric plots of the newly
born trajectories on the α1 − α2 plane. The orbit shapes
shown in these figures remind us of the successive excited
state wavefunctions of a quantum system, with bifurcation
energies playing the role of energy eigenvalues. Near each bi-
furcation point, the shape of a newly born orbit obtained via
the search method of §VI matches that obtained by solving
the linearized EOM for δα1 (22) with the same ICs, while
taking α2 = ᾱ2 at the bifurcation point. The linearized ap-
proximation of course cannot be trusted far from the bifurca-
tion point.

new periodic time period Lamé function stability
orbit of α1 ≈ δα1 δα1 = Exm

n near bifur.
PD`

1 2 m = 3/2 stable
IS`

1 1/2 Ec2
n stable

IS`
2 1/2 Es2

n unstable
PD`

2 2 m = 5/2 stable
IS`

3 1 Ec3
n stable

IS`
4 1 Es3

n unstable
PD`

3 2 m = 7/2 stable
IS`

5 1/2 Ec4
n stable

IS`
6 1/2 Es4

n unstable
PD`

4 2 m = 9/2 stable
IS`

7 1 Ec5
n stable

IS`
8 1 Es5

n unstable

TABLE III: Newly born periodic trajectories at isochronous and
period-doubling bifurcations of librational pendula and their stabil-
ity in increasing order of bifurcation energy E = 4gk2 . The period
of δα1 is given in units of τ` (8). The new orbits are τ` and 2τ`

periodic for IS and PD . Note that n(n+ 1) = 2/3 and the Lamé
eigenvalue h = 1 in all cases while m is the number of zeros of the
solutions Ex m

n of (18) in the periodicity interval 0≤ t̃ < τ`/2 of the
coefficients. Ex m

n is τ`/2 or τ` periodic according as m is even or
odd. The number of nodes of α1 in one period of the newly born tra-
jectory is 2m for IS and 4m for PD . We have not identified Lamé
functions corresponding to PD`

n . We note that as k→ 1 , it becomes
harder to numerically evaluate periodic Lamé functions accurately
using inbuilt routines in the Mathematica software package22.

new per. orb time period of α1 Lamé fn stability
PDr

1 2 Es1
n unstable

PDr
2 2 Ec1

n stable
ISr

1 1 Ec2
n unstable

ISr
2 1 Es2

n stable
PDr

3 2 Es3
n unstable

PDr
4 2 Ec3

n stable
ISr

3 1 Ec4
n unstable

ISr
4 1 Es4

n stable
PDr

5 2 Es5
n unstable

PDr
6 2 Ec5

n stable

TABLE IV: Newly born periodic trajectory at IS and PD bifur-
cations of rotational pendula and their stability in increasing order
of κ = 1/k and decreasing order of bifurcation energies. The time
period of α1 is given in units of τr (8). The integer m is the number
of nodes of α1 in the fundamental domain of duration τr .

B Stability of newly born orbits

Aside from the period-doubling bifurcations of li-
brational pendula, all the bifurcations can be clas-
sified into two types: stable to unstable transitions
(IS`

1,3,5,···, IS
r
2,4,6,··· and PDr

2,4,6,···) and unstable to stable tran-
sitions (IS`

2,4,6,···, IS
r
1,3,5,··· and PDr

1,3,5,···) with increasing en-
ergy E . Soon after the bifurcation, the newly born fam-
ily has a stability opposite to that of the surviving pendu-
lum solution. Moreover, as shown in Fig. 4, near the bi-
furcations, if the newly born family is (un)stable, its tr M
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FIG. 5: Shapes of newly born periodic orbits on the α1 - α2 plane
at bifurcations of librational pendula in increasing order of energy.
They are obtained by solving the linearized equation for δα1 while
taking α2 = ᾱ2 . The resulting shapes agree with those obtained by
solving the nonlinear EOM using the search method with the same
ICs. This is demonstrated for IS`

3 where the dashed curve (nonlinear
evolution) agrees with the solid curve (linearized evolution). The
closed curves are traversed once per period while the ‘open’ ones
are traversed back and forth.

(increases)decreases linearly with its time period τ . As we
move farther away from the bifurcation along a stable family
of new orbits ( IS`

1,3,5,... and PDr
4,6,8,... ), we find that tr M(τ)

decreases from 4, reaches a local minimum where tr M = 0
and then increases beyond trM = 4 at which stage the family
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FIG. 6: Shapes of newly born periodic orbits on the α1 - α2 plane
at bifurcations of rotational pendula in decreasing order of energy.
They are obtained by the same procedure as in Fig. 5. These newly
born periodic trajectories are rotational, i.e., like winding modes
around a cylinder (with axis parallel to the α1 axis) once we iden-
tify the points α2 = ±π (for IS ) and α2 = ±2π (for PD ). Quali-
tatively, the last four figures may be obtained from the first four by
including an extra oscillation in the α1 direction at α2 =±π .

becomes unstable. By contrast, for newly born unstable orbits
( IS`

2,4,6,... , ISr
1,3,5,... and PDr

3,5,7,... ), tr M appears to increase
linearly with E even far from the bifurcation. Finally, trM(τ)
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for the stable orbits ISr
2,4,6,... decreases linearly with τ even-

tually rendering them unstable when tr M becomes negative.
Notably, the energies of all the newly born orbits always in-
crease linearly with τ at least in the immediate vicinity of the
bifurcations.

We find that the newly born orbits at PDr
1 and PDr

2
are atypical in comparison with those at the other period-
doubling bifurcations of rotational pendula. (1) The ener-
gies at these bifurcation points differ significantly from the
asymptotic geometric progression: log((4− E(PDr

1))/(4−
E(PDr

3))) = 10.59 , log((4 − E(PDr
2))/(4 − E(PDr

4))) =
10.49 while log((4−E(PDr

n))/(4−E(PDr
n+2)))≈ 10.88 for

n ≥ 3 (see Table II) (2) The graph of tr M(τ) for pendula
has a greater dip between PDr

1 and PDr
2 than elsewhere. (3)

PDr
1,2 are not part of the rotation-libration duality of §VII F.

(4) The graphs of tr M(τ) for the newly born orbits at these
two bifurcations are qualitatively different from those at other
period-doubling bifurcations.

Period-doubling bifurcations (PD`
1,2,3,··· ) of librational

pendula are all of the same sort. The newly born family at
each of these bifurcations is neutrally stable as tr M−4 has a
double zero at the bifurcation point as a function of E or τ .
However, as one moves away from the bifurcation point, the
newly born trajectory becomes stable (see Fig. 4a).

C Slopes of tr M at bifurcations

At isochronous bifurcations (both librational and rota-
tional), numerically, we find that

tr M′pend(E)≈−(1/2)tr M′new(E), (37)

where both derivatives are evaluated at the bifurcation energy
E(IS`,r

1,2,3,...) . For example, both sides of (37) are ≈ 159 and
≈−43 at IS`

1 and ISr
1 . Such an equality is expected from the

FLB slope theorem for fork-like bifurcations12.
For period-doubling bifurcations, we find a similar rela-

tion. In the librational phase, trM(E) has a double zero at the
bifurcation point (PD`

n ) for both the pendulum orbit as well as
the newly born family of periodic orbits. For period-doubling
bifurcations of rotational pendula (PDr

1,2,3···) we find

tr M′pend(E)≈ (1/8)tr M′new(E). (38)

For instance we find that tr M′new(E)/tr M′pend(E) is 8.3,7.9
and 8.1 for PDr

1,2,3 . The corresponding ratio for the only
period-doubling bifurcation of the breather family discussed
in §VIII is ≈ 7.99 . Based on these numerical results, we
conjecture that this is a period-doubling analog of the FLB
slope theorem for isochronous bifurcations.

D Three-rotor fans

Interestingly, we find that the graphs of tr M(E) for
the newly born families IS`

1,3,5,... , IS`
2,4,6,... , PD`

1,2,3,... ,

ISr
1,3,5,... and ISr

2,4,6,... intersect at E ≈ 4g with tr M ≈
1.52,7.55,1.81,3.17 and 4.87 . These confluences are dis-
played in Fig. 7 and may be called three-rotor fans by analogy
with similar phenomena in the Hénon-Heiles system23. Note
that in the rotational phase, the graphs are extrapolated ‘back-
ward’ in energy to look for fan-like intersections at E ≈ 4g .
This is because the energies of a family of orbits born at any
rotational bifurcation always exceeds the corresponding bi-
furcation point energy En , which in turn is always greater
than 4g . By contrast, in the librational phase, there no need
for such extrapolation as the newly born families include or-
bits with energies up to and beyond 4g . In addition to the five
fans mentioned above, we expect to find two more fans from
the families of orbits born at the remaining two classes of bi-
furcations, viz. PDr

2n+2 and PDr
2n+1 . As noted in §VII B, the

orbits born at PDr
1,2 are anomalous and are not expected to

be part of fans.

E Scaling constants for self-similarity in newly born orbits

In this section, we define two more scaling constants α

and β associated with self-similarity in the α1 and α2 direc-
tions of the newly born orbits at the bifurcations of librational
pendula (see Fig. 5). Subsequently, we will obtain analyti-
cal estimates for α and β and compare them with numerical
calculations from orbit shapes. The extension to the rotational
regime will be touched upon at the end of this section.

Scaling constant α` from the ratio of α1 amplitudes.
From Fig. 5, we begin to suspect that every successive
period-doubling and every fourth isochronous bifurcation
of librational pendula (e.g., PD`

1,PD`
2, . . . or IS`

1, IS
`
5, . . . or

IS`
2, IS

`
6, . . . ) results in a similarly shaped new orbit with ex-

tra oscillations in α1 around α2 ≈ ±π . Upon appropriately
zooming in near α2 =±π , the extra oscillation (say of PD`

3 )
has the same shape as the previous one (PD`

2 ). To make quan-
titative comparisons, we will evaluate each family of orbits in
the sequence at the accumulation energy 4g . Thus, we define
the sequence of amplitude ratios

α
`
PD(n) =

αmax
1 (n;4g)

αmax
1 (n+1;4g)

, α
`
IS(n) =

αmax
1 (n;4g)

αmax
1 (n+4;4g)

(39)
for n = 1,2,3, . . . . Here, αmax

1 (n;4g) refers to the amplitude
in the α1 direction of the nth family of new orbits evaluated
at E = 4g . Taking a limit, we define the scaling constant

α
`
PD,IS = lim

n→∞
α
`
PD,IS(n). (40)

Scaling constant β ` from the ratio of α2 amplitudes.
The second scaling constant β ` quantifies the scale invari-
ance in the α2 direction when successive orbits are zoomed
in around α2 = π . Thus, we focus on the small amount by
which the amplitudes αmax

2 of the new orbits differ from π .
Comparing these ‘deficits’ at successive members of the se-
quence (e.g., IS`

4, IS
`
8, IS

`
12, . . . ) all evaluated at E = 4g leads

us to define

β
`
IS,PD = lim

n→∞
β
`
IS,PD(n), where
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FIG. 7: Fans for families of newly born orbits at isochronous and period-doubling bifurcations of pendula showing intersections of trM(E)
graphs close to E = 4g . In (b) the slight departure from fan-like behavior may be because asymptotic behavior has not yet set in for PD`

1 .
In the isochronous rotational fans of (c), the graphs are linearly extrapolated backward in energy to find intersection points. Due to limited
numerical data, only the first two members of each family are shown. The fact that they intersect close to E = 4g is indicative of the
formation of ISr

2n and ISr
2n−1 fans. Note that these fan-like structures do not imply that the corresponding trajectories become coincident on

the configuration/phase space at E = 4g . In fact, as shown in Figs. 5 and 6, their shapes are different.

β
`
IS,PD(n) =

π−αmax
2 (n;4g)

π−αmax
2 (n+ k;4g)

, k = 4,1 for IS,PD. (41)
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FIG. 8: (a) α1(t) for IS`
6 (at E = 4g ) is � 1 permitting it to be

treated to leading order in (42). In (b), we see that the time series
of α2 for IS`

6 at E = 4g (solid line) and of ᾱ2 for the pendulum
at the bifurcation energy E(IS`

6) (dashed line) are practically the
same. This is exploited in Eqns. (44)–(49). (c) α2(t) for ISr

1 near
the bifurcation point showing absence of turning points. (d) α̇2 has
the time period τ = (2κ/ω0)K(κ) with minima occurring when α2
is an odd multiple of π .

We have obtained numerical estimates for α and β by ex-
amining the first few families of orbits in the self-similar bi-
furcation sequences. For instance, we find α`

IS(2)≈ 226 and
β `

IS(2)≈ 230.42 by comparing IS`
2 and IS`

6 , while α`
PD(2)≈

15.13 and β `
PD(2) ≈ 15.19 from PD`

2 and PD`
3 . Pleasantly,

Fig. 9 shows the similarity in the shapes of IS`
2 and IS`

6 as
well as in PD`

2 and PD`
3 upon zooming in by these factors of

α and β . Next, we describe an approximation scheme that
allows us to find the amplitudes in the α1 and α2 directions
leading to analytical estimates for α and β .

Analytical estimates for α1 and α2 amplitudes. Now, we
will express the amplitudes of newly born periodic orbits in
the α1 and α2 directions in terms of the bifurcation energies
En . This will allow us to exploit the geometric nature of the
bifurcation energy sequence 4g−En to estimate the scaling
constants α and β .

To begin with, we observe that at the bifurcation point with
energy En , the pendulum and newly born family coincide:
they both have α1 ≡ 0 and α2 = ᾱ2(En) (16). From there
onward, as we move along the family of newly born orbits,
α1 grows but its amplitude remains small even up to E = 4g
(e.g., as shown in Fig. 8a, for IS`

6 , |αmax
1 |< 10−3 at E = 4g ).

Thus, the energy E of the newly born family (for En ≤ E ≤
4g ) may be approximated by expanding (14) to leading order
in δα1 ≡ α1 ,

E ≈mr2(α̇2
2/3+δ α̇

2
1 )+g(2(1−cosα2)+(2+cosα2)δα

2
1 ).

(42)
It is convenient to regard this energy as a sum of two contri-
butions:

E ≈ Eα2 +Eδα1 where
Eα2 = (mr2/3)α̇2

2 +2g(1− cosα2) and
Eδα1 = mr2

δ α̇
2
1 +g(2+ cosα2)δα

2
1 (43)

are the energies in the α2 and δα1 modes of the newly born
orbits. We now argue that for this range of energies, Eα2 is
nearly independent of E . To this end, notice that the equation
for α2 (15) is independent of α1 (treated to linear order) and
reduces to that of pendula. Therefore, as long as α1 = δα1
is small, α2 remains ‘frozen’ at the bifurcation point solution
ᾱ2(En) . For example, as Fig. 8b shows, α2 for the newly
born family IS`

6 at E = 4g is nearly the same as the pendulum
ᾱ2 at the IS`

6 bifurcation point. Thus, we may approximate
Eα2 by En . Furthermore, all the bifurcation energies En are
quite close to 4g (see Table I), where pendula spend most of
their time at the ‘bottlenecks’ near (α1 = 0,α2 = ±π) (see
§V B). Therefore, we may take ᾱ2 ≈ ±π as En→ 4g . As a
consequence, we may rewrite (43) as

E ≈ En +Eδα1 which implies that

https://arxiv.org/abs/2303.01057


Bifurcation cascade, self-similarity and duality in the 3-rotor problem arXiv:2303.01057[nlin.CD] 14

E−En ≈ mr2
δ α̇

2
1 +g(2+ cos(ᾱ2 =±π))δα

2
1 or

E−En ≈ mr2
δ α̇

2
1 +gδα

2
1 as En→ 4g. (44)

Here, by δα1 ≡ δα1(n;E) we mean the α1 coordinate of the
trajectory of the nth family evolved to energy E (with En ≤
E ≤ 4g ). The amplitude in δα1 is obtained by specializing
to a turning point:

δα
max
1 (n;E)≈

√
(E−En)/g as En→ 4g. (45)

This asymptotic formula is good to about a percent even for
the smallest values of n . For instance, (45) predicts that
δαmax

1 (IS`
2;4g)= 0.0555 and δαmax

1 (IS`
6;4g)= 0.000 239 9,

while the numerically obtained values are 0.0548 and 0.000
242 4.

Similarly, we may obtain an approximate expression (in
terms of 4g−En ) for π minus the amplitude in the α2 di-
rection. To this end, we recall from (43) that the energy of
the newly born orbit was split as E = Eα2 + Eδα1 , where
Eδα1 was relevant to the scaling constant α . For reasons
mentioned above, we equate the remaining energy Eα2 to the
bifurcation point energy En :

Eα2 = (mr2/3)α̇2
2 +2g(1− cosα2)≈ En. (46)

To focus on the amplitude αmax
2 , we put α̇2 = 0 to get

En ≈ Eα2 = 2g(1− cosα
max
2 ). (47)

Taylor expanding Eα2 around π (an expansion around −π

leads to the same result),

En ≈ 2g(1−cos(π−π +α
max
2 ))≈ g(4−(π−α

max
2 )2) (48)

leading to

π−α
max
2 (n;4g)≈

√
4−En/g. (49)

The numerical values of π − αmax
2 for PD`

2 and PD`
3 are

0.018 75 and 0.001 234 45, which are very close to the val-
ues obtained by the above approximation: 0.018 76 and 0.001
234 43.

Estimates for scaling constants α and β . Finally, we use
(45) and (49) along with the definitions (40) and (41) to es-
timate α and β . As for α , we may take α1 = δα1 in (40)
and use (45) and (31) to get

α
`
PD = lim

n→∞

√
4−En/g

4−En+1/g
= eω0∆τ/4 = e

√
3π/2 =

√
δ ` ≈ 15.19

α
`
IS = lim

n→∞

√
4−En/g

4−En+4/g
= eω0∆τ/2 = e

√
3π = δ

` ≈ 230.76. (50)

In fact, the numerically obtained ratio of amplitudes α`
IS(2) is

0.0548/0.0002424≈ 226 and α`
PD(2) is 0.0186/0.00123≈

15.13 , which are reasonably close to our analytical estimates
for α`

IS and α`
PD .

On the other hand, to estimate β using the definition (41),
we substitute for π −αmax

2 from (49) and for En from (31)
to obtain

β
`
PD = lim

n→∞

√
4−En/g

4−En+1/g
= eω0∆τ/4 = e

√
3π/2 =

√
δ ` ≈ 15.19,

β
`
IS = lim

n→∞

√
4−En/g

4−En+4/g
= eω0∆τ/2 = e

√
3π = δ

` ≈ 230.76. (51)

This is quite close to the numerical values for the ratios
in (41), which for β `

PD(2) is ≈ 15.19 and for β `
IS(2) is

≈ 230.42 .
These scaling constants are used to demonstrate the self-

similarity in shapes of newly born families of orbits in Fig. 9.
It is noteworthy that the scaling exponents α,β and δ sat-
isfy certain relations: α`

PD×β `
PD = δ ` and α`

IS×β `
IS = (δ `)2 .

Such relations remind us of Widom scaling in critical phe-
nomena and have been observed in Hénon-Heiles as well4.

Limitations in scaling constant definitions. Notice that in
defining α (40) and β (41), we evolved the newly born fam-
ilies up to E = 4g where the amplitudes in α1,2 were eval-
uated. Unfortunately, this cannot be done in the rotational
regime as all the orbits born at rotational bifurcations only
exist at energies greater than 4g . Furthermore, in defining β

we used a turning point of the new periodic orbit in the α2
direction. Such a turning point does not exist for new orbits
in the rotational regime. Thus our definitions of scaling con-
stants do not directly extend to the rotational regime. To cir-
cumvent this, we now offer an alternate definition of α that
may be generalized to the rotational phase and also propose a
new definition for β in the rotational phase.

As for α , instead of extending the new families up to the
accumulation energy E = 4g we will extend them up to the
next bifurcation energy at which a similar family is born (e.g.,
IS`

1 to IS`
5 ). Thus we are led to define new sequences of ratios

that replace the ones appearing in (39) leading to new scaling
constants

α̃
`
IS≡ lim

n→∞

αmax
1 (n;En+4)

αmax
1 (n+4;En+8)

, α̃
`
PD≡ lim

n→∞

αmax
1 (n;En+1)

αmax
1 (n+1;En+2)

.

(52)
Upon analytically estimating their values as in (50), we find
that they reduce to our estimates for αIS,PD . The advantage
of α̃ is that they may be extended to the rotational regime.

Scaling constants in the rotational phase. In the rota-
tional regime, there are four sequences of newly born fam-
ilies: ISr

2n−1, IS
r
2n,PDr

2n−1 and PDr
2n whose shapes (see

Fig. 6) display a self-similar pattern analogous to the libra-
tional ones discussed above Eqn. (39). For example, ISr

3 is
similar to ISr

1 and PDr
4 to PDr

2 with the former in each pair
having extra oscillations near α2 =±π . Here, we define scal-
ing constants associated with this scale-invariance in the α1
and α2 directions:

α
r ≡ lim

n→∞

αmax
1 (n;En−2)

αmax
1 (n+2;En)

& β
r ≡ lim

n→∞

α̇min
2 (n;En−2)

α̇min
2 (n+2;En)

.

(53)
The definition of αr is motivated by that of α̃ (52). The
constant β r is the limiting magnification factor to relate the
extra oscillations in ISr

n+2 to ISr
n . In the librational case, α2

had turning points near α2 = ±π . In the rotational case, α2
does not have any turning points but α̇2 does have turning
points. We focus on the turning points at α2 =±π where α̇2
is minimal in magnitude (see Fig. 8d).
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FIG. 9: Self-similarity between shapes (in the α1−α2 plane at E = 4g ) of new families of orbits born at bifurcations of librational
pendula. The shape of IS`

6 shown in (b) is similar to that of IS`
2 shown in (a) provided the scales in the α1 and α2 directions in (b) are

related to those in (a) by the scaling constants α`
IS and β `

IS . (c) and (d) show self-similarity between the period-doubling families PD`
2 and

PD`
3 upon using the magnifications α`

PD and β `
PD for the α1 and α2 axes.

Although we have extended the definitions of α and β to
the rotational phase, we have not been able to numerically
evaluate these scaling constants. This is due to the difficulty
in accurately extending, say, the newly born family ISr

3 to the
energy of ISr

1 as these periodic orbits are very unstable [ tr M
is a very rapidly increasing/decreasing function of energy (see
Figs. 3d, 3e)]. Despite this numerical difficulty, we may esti-
mate αr and β r by the methods adopted around Eqn. (42).
For the former, we take α1 ≈ δα1 in (53) and use (45) and
(34) to obtain

α
r ≈ lim

n→∞

√
En−2−En

En−En+2
= eω0∆τ/2 = e

√
3π ≈

√
δ r. (54)

To estimate β r , we put α2 =±π in (46) to get

α̇
min
2 (n)≈

√
3(En−4g)/mr2. (55)

Using (34) for the bifurcation energies, we find

β
r ≈ lim

n→∞

√
En−4g

En+2−4g
= eω0∆τ/2 = e

√
3π ≈

√
δ r. (56)

Unlike in the librational phase, all four rotational bifurcation
sequences share the same scaling constants, which satisfy the
common relation αr × β r = δ r . Moreover, we notice that
our estimates for αr and α`

IS are the same as are those for β r

and β `
IS while the scaling constants for the librational period-

doubling families apparently have no rotational counterpart.
This observation is perhaps not surprising in the light of the
upcoming duality between librational isochronous and both
isochronous and period-doubling rotational bifurcations.

F Duality between librational and rotational bifurcations

We discover an asymptotic (as E → 4g ) relation between
the energies of librational isochronous bifurcations and rota-
tional bifurcations (both isochronous and period-doubling) of
pendula:

4g−E(IS`
1)≈ E(ISr

1)−4g≈ ge−4.7,

4g−E(IS`
2)≈ E(ISr

2)−4g≈ ge−5.78,

4g−E(IS`
3)≈ E(PDr

3)−4g≈ ge−10.118,

4g−E(IS`
4)≈ E(PDr

4)−4g≈ ge−11.229,
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4g−E(IS`
5)≈ E(ISr

3)−4g≈ ge−15.5598,

4g−E(IS`
6)≈ E(ISr

4)−4g≈ ge−16.6701

4g−E(IS`
7)≈ E(PDr

5)−4g≈ ge−21.0012,

4g−E(IS`
8)≈ E(PDr

6)−4g≈ ge−22.1116

4g−E(IS`
9)≈ E(ISr

5)−4g≈ ge−26.4426,

4g−E(IS`
10)≈ E(ISr

6)−4g≈ ge−27.5529 . . . . (57)

Evidently, the relation is increasingly accurately satisfied as
E → 4g . Thus, we propose the following dualities between
bifurcations

IS`
1↔ ISr

1, IS`
2↔ ISr

2, IS`
3↔ PDr

3, IS`
4↔ PDr

4, . . . .
(58)

More generally for j = 0,1,2, . . . we have the dualities

IS`
4 j+1↔ ISr

2 j+1, IS`
4 j+2↔ ISr

2 j+2,

IS`
4 j+3↔ PDr

2 j+3 and IS`
4 j+4↔ PDr

2 j+4. (59)

Consequently, the elliptic moduli k` at a librational IS bifur-
cation is related to kr at the dual rotational bifurcation via the
formula

k2
` + k2

r ≈ 2. (60)

Thus the elliptic moduli at dual bifurcations lie on a circle
centered at the origin of the k`− kr plane with radius

√
2 .

They accumulate at (k` = 1,kr = 1) .
We also find that the periodic transverse Lamé functions

which govern the shapes of the newly born periodic orbits
near dual bifurcation points are related (see Tables III and
IV). For example, for the duality IS`

1↔ ISr
1 ,

α
`
1(t) = Ec2

n(ω0t;k`) while α
r
1(t) = Ec2

n(ω0krt;1/kr)
(61)

where n(n+1) = 2/3 .
Notably, the first two bifurcations of rotational pendula

PDr
1,2 , which display atypical features as discussed in §VII,

are not part of this duality. Moreover, the above duality does
not extend to the function tr M(E) (for pendula) as a whole.
For instance, trM has a double zero at each PD bifurcation in
the librational regime but a simple zero at the PD bifurcations
in the rotational regime. Furthermore, we have not found ro-
tational duals to the librational period-doubling bifurcations.

VIII Period-doubling bifurcation in the rotational
isosceles breather family

There are three isosceles breather families of periodic solu-
tions. Here we restrict attention to the one with ϕ1 = ϕ2 ≡ ϕ .
The EOM in terms of t̃ = t

√
g/mr2 (17) reduces to Eqn. (46)

of Ref.6:

d2ϕ

dt̃2 =−(sinϕ + sin2ϕ). (62)

The dimensionless conjugate momenta

p̃1 =
1
3

(
2

dϕ1

dt̃
+

dϕ2

dt̃

)
, p̃2 =

1
3

(
dϕ1

dt̃
+2

dϕ2

dt̃

)
(63)

for this breather family are equal and we denote them by p̃1 =
p̃2 ≡ p̃ . For small perturbations

ϕ1,2 = ϕ +δϕ1,2, p̃1,2 = p̃+δ p̃1,2, (64)

the second order perturbation equations are

d2

dt̃2

(
δϕ1
δϕ2

)
=−

(
2cosϕ+cos2ϕ −cosϕ+cos2ϕ

−cosϕ+cos2ϕ 2cosϕ+cos2ϕ

)(
δϕ1
δϕ2

)
, (65)

while the first order perturbation equations are

d
dt̃

(
δϕ1
δ p̃1
δϕ2
δ p̃2

)
=−

(
0 −2 0 1

2cosϕ+cos2ϕ 0 −cosϕ+cos2ϕ 0
0 1 0 −2

−cosϕ+cos2ϕ 0 2cosϕ+cos2ϕ 0

)(
δϕ1
δ p̃1
δϕ2
δ p̃2

)
.

(66)
Equations (65) may be decoupled

d2

dt̃2

(
δβ1
δβ2

)
=−

(
cosϕ +2cos2ϕ 0

0 3cosϕ

)(
δβ1
δβ2

)
(67)

by defining the canonically conjugate variables β1,2 = ϕ1±
ϕ2 and π1,2 = (1/2)(p̃1 ± p̃2) with {βi,π j} = δi j . The
Hamiltonian in these variables is

H = π
2
1 +3π

2
2 +3−cos

(
β1 +β2

2

)
−cos

(
β1−β2

2

)
−cosβ1.

(68)
The equations of motion are

β̇1 =2π1, β̇2 = 6π2,

π̇1 =−
1
2
(sin((β1 +β2)/2)+ sin((β1−β2)/2)+2sinβ1)

π̇2 =−
1
2
(sin((β1 +β2)/2)− sin((β1−β2)/2)). (69)

The breather solution (62), corresponds to β̄2 = π̄2 = 0 and
β̄1 = 2ϕ . Equations for perturbations to the breathers are

d
dt̃

(
δβ1
δπ1
δβ2
δπ2

)
=−

 0 −2 0 0
1
2 cos(β̄1/2)+cos β̄1 0 0 0

0 0 0 −6
0 0 1

2 cos(β̄1/2) 0

( δβ1
δπ1
δβ2
δπ2

)
.

(70)
The monodromy matrix is block diagonal in this new basis
and tr M1 = tr M‖ = 2 so that tr M = 2+ tr M2 = 2+ tr M⊥ .
We plot tr M in Fig. 10a and 10b. Evidently, for E < 8.97g
breathers are unstable while they are stable for E > 8.97g .
Since tr M vanishes at E = 8.97g , we expect the rotational
breather with period τ ≈ 2.63 (in units where m= r = g= 1)
to undergo a period-doubling bifurcation.

At E ≈ 8.97g , the monodromy matrix M has two eigen-
values ±1 , each with multiplicity two. However, there is
only one linearly independent eigenvector corresponding to
each eigenvalue: for 1 it is the sliding eigenvector (1,0,0,0)t

and for −1 it is the transverse eigenvector (0,0,1,0)t . As
before, these eigenvectors pertain to M evaluated at the base-
point G on the breather orbits.

To find the newly born trajectory at the bifurcation point,
we perturb the IC of the breather ( β̄1(0) = 0, β̄2(0) = π̄2(0) =
0 and π̄1(0) =

√
E , in units where m = g = r = 1) along the

transverse eigenvector with amplitude δβ2 . To search for a
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FIG. 10: (a) Librational breathers ( LG and LD ) are always un-
stable: tr M(E) increases from 4 to ∞ as E goes from 0 to 4.5g .
Rotational breathers (b) are unstable for 4.5g < E < 8.97g and be-
come stable thereafter with tr M→ 4− as E → ∞ . (c) Time period
τ(E) and tr M(E) for periodic orbits born at the period-doubling
bifurcation at E ≈ 8.97g . Unlike with PD bifurcations of pendula,
the energy of the newly born orbits decreases as we move away from
the bifurcation point, signaling a backward fork-like bifurcation. (d)
Shape of newly born trajectory on the β1 - β2 plane. By contrast,
breathers are represented by horizontal segments ( β2 = 0 ).

newly born periodic trajectory we consider the initial condi-
tions β1(0) = 0,β2(0) = δβ2,π1(0) = π̄1(0)+ δπ1,π2(0) =
0 . The resulting trajectory is evolved untill a time t∗ ≈ 2τ

when β1 reaches the value 8π as β1 has a periodicity of 4π

for the breather. In order that the resulting trajectory be peri-
odic, we use our search algorithm to adjust the value of π1(0)
to minimize the ‘error’

Er(π1(0)) = [(β2(t∗)−β2(0))2 +(π1(t∗)−π1(0))2

+(π2(t∗)−π2(0))2]1/2. (71)

Proceeding in this manner we discover a family of stable
( tr M < 4) newly born rotational periodic trajectories which
exist for energies E < 8.97g . Thus, by contrast with the bi-
furcations of the pendulum family, this is a ‘backward’ fork-
like bifurcation. In fact, we find that the slopes of tr M(E) of
the newly born and parent breather family at the bifurcation
point satisfy the period-doubling FLB slope theorem (38). As
we move away from the bifurcation point, the time periods of
this new family increase from the period-doubling value 2τ

while tr M decreases from 4. These properties are illustrated
in Fig. 10, where the shape of the newly born trajectory on
the β1−β2 plane is also shown.

IX Are there stable periodic orbits in the band of global
chaos?

Numerical evidence presented in Ref.6,11 indicated a band
of ‘global chaos’ in the 3-rotor system for 5.33g . E . 5.6g .

To be truly globally chaotic, there must not be any stable pe-
riodic orbit in this energy range. On more detailed inspec-
tion, a numerically suggested band of global chaos may fail
to satisfy this condition. For instance, in Chirikov’s standard
map, although numerically there appears to be global chaos
for sufficiently large values of coupling k , arbitrarily close
to any such k , the dynamics is known24 to admit plenty of
elliptic islands. In this paper, we have discovered families
of periodic orbits that are born at fork-like bifurcations of
periodic pendulum and breather orbits. We may, thus, ask
whether any of these parent or daughter periodic orbits is sta-
ble in the above energy band. Remarkably, our results on
the stability index ( tr M ) for these orbits indicate that none
of them is likely to be stable in this band of chaos. To be-
gin with, pendula and breathers are unstable in this band.
In fact, Figs. 2 and 10 show that |tr M− 2| > 2 for them.
What is more, we will now argue that the families of peri-
odic orbits born at the IS and PD bifurcations of pendula
become unstable at energies much smaller than 5.33g and
tend to become increasingly unstable as the above band is
approached. For instance, Fig. 4 shows that the sequences
IS`

2n , ISr
2n−1 and PDr

2n+1 for n = 1,2,3, . . . , are born unsta-
ble and remain unstable. As for the remaining four sequences
(PD`

n , IS`
2n−1 , ISr

2n and PDr
2n+2 ), it is possible to see that

all families in a sequence are unstable if the first one is un-
stable in the band of global chaos. This is because, as we
go down a sequence, the graphs of tr M(E) are similar ex-
cept that their slopes increase in magnitude. What is more,
the first members PD`

1, IS
`
1, IS

r
2 and PDr

4 become unstable at
E ≈ 4.09g,4.04g,4.02g and 4.0001g . Above these energies
they seem to remain unstable. Hence, we expect all orbits in
these four sequences to be unstable in the chaotic band. It re-
mains to examine the two exceptional families PDr

1 and PDr
2 .

PDr
1 exists only for energies above those of the chaotic band

while PDr
2 becomes unstable at E ≈ 4.55g and appears to

remain unstable thereafter. Thus, pendula and their daughter
periodic trajectories born at stability transitions appear to be
unstable in the chaotic band. Finally, we consider the family
of periodic orbits born at the reverse fork-like PD bifurca-
tion of the breather family at E ≈ 8.97g . Figure 10c shows
that this family is stable down to E ≈ 8.27g but becomes un-
stable at lower energies. In conclusion, none of the periodic
orbits we have examined appears to be linearly stable in the
chaotic band. This provides additional evidence for the glob-
ally chaotic nature of this band. Of course, there are many
other periodic orbits that we have not examined, including
the new families born at bifurcations of the above-mentioned
daughter trajectories.

X Discussion

A summary of our results may be found in §III. Here, we
discuss some open questions arising from our work on the
three-rotor problem.

1. Pendula undergo a doubly infinite geometric cascade
of bifurcations as E → 4g from librational as well as rota-
tional phases. The accumulation energy is also the energy
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at which widespread chaos sets in6. Moreover, the band of
global chaos (5.33g . E . 5.6g) lies in the energy interval
between PDr

1 and PDr
2 where pendula are unstable. Intrigu-

ingly, the band of global chaos appears to terminate at the en-
ergy of the last pendulum stability transition E(PDr

1)≈ 5.6g ,
beyond which pendula are stable. Thus, it would be interest-
ing to further explore a possible link between chaos and the
cascade of pendulum bifurcations.

2. This pendulum bifurcation cascade may remind the
reader of the cascade of period-doubling bifurcations in the
logistic map25 and area preserving maps of the plane26.
However, there is a distinction: while we follow succes-
sive (isochronous and period-doubling) bifurcations of a fixed
parent pendulum family, in these maps one follows period-
doubling bifurcations of the new stable orbits born at each
bifurcation. By analogy with the universality of the Feigen-
baum constants, one wonders whether there is a class of sys-
tems that share scaling constants with the 3-rotor system and
whether one can develop a renormalization group method to
address this behavior. In this context, it is noteworthy that the
scaling constant δ for the pendulum bifurcation cascade de-
pends on (i) the curvature ω2

⊥ (in the stable direction) of the
potential V (α1,α2) at the saddle point D3 (27) and on (ii)
the prefactor N [-2/ω0 for libration (30) and -1/ω0 for ro-
tation (33)] of the logarithm in the asymptotic pendulum time
period τ(E) . In fact, for pendula, δ = e−2π/(ω⊥N) . Con-
sequently, other systems with a similar cascade can have the
same Feigenbaum constant if they share the value of ω⊥N .
Incidentally, δ for the A orbits of Hénon-Heiles4 are not the
same as for the 3-rotor pendula.

3. For the newly born families of orbits PDr
n and IS`,r

n ,
the variable in the transverse direction α1 is either 2K(k) or
4K(k) periodic as a function of z = ω0t (20) and z = ω0t/κ

(21). In these cases, we have expressed the solution α1
of the transverse perturbation equation in terms of the peri-
odic Lamé functions Ec and Es 19,20. However, for the PD`

n
families, α1 is 8K(k) periodic. It would be interesting to
find suitable expressions for the latter in terms of periodic
Lamé functions. This would generalize the results of Ref.27

for period-doubling bifurcations of the analogous orbits in a
quartic anharmonic oscillator.

4. We have proposed an asymptotic duality between
isochronous bifurcations of librational pendula and bifurca-
tions at all stability transitions of rotational pendula (except
PDr

1,2 ). It would be nice to explain this duality via a symme-
try and also identify the ‘missing’ rotational bifurcations dual
to period-doubling bifurcations of librational pendula.

5. We have presented numerical evidence for 3-rotor fans:
confluences of graphs of tr M(E) for families of newly born
orbits of a given class such as IS`

1,3,5 . Can we explain
these fan-like confluences analytically, perhaps by deriving
(asymptotic) formulas for tr M(E) for the newly born orbits?

6. At low energies E & 0 , we are aware of three families of
periodic trajectories: pendula, breathers and choreographies6.
We would like to know if there is a sense in which the static
solution G (at E = 0) bifurcates into these periodic orbits
as E is increased. We also hope to extend our results on the
stability and bifurcations of pendula and breathers to chore-

ographies. In particular, one would like to understand the na-
ture of a possible bifurcation that nonrotating choreographies
undergo at the edge of the band of global chaos (E ≈ 5.33g ).

7. We observed scale-invariance in the stability indices
and shapes of new periodic orbits in the pendulum bifurcation
cascade. It would also be interesting to look for ‘local scale-
invariance’ in Poincaré sections at these bifurcation energies
as reported28 for Hamiltonians with homogeneous potentials.

8. Finally, we would like to investigate quantum manifes-
tations of chaos in the three-rotor problem. The classes of
periodic orbits we have found should help in addressing this
question in the semiclassical approximation.
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A Connection to a superconducting persistent current
qubit

In this Appendix, we relate the relative dynamics of the
3-rotor system to that of a three Josephson junction super-
conducting persistent current ‘flux’ qubit. This relation could
lead to an experimental realization of our model. In fact, from
Eqn. (1) of Ref.9, we observe that the Josephson coupling en-
ergy (with the sign of ϕ2 reversed)

U = E j[2+α− cosϕ1− cosϕ2−α cos(2π f +ϕ1 +ϕ2)]
(A1)

reduces to our potential energy V (4) if we identify g with the
Josephson coupling E j , take all junction capacitances to be
equal (α = 1) and assume that there is no external magnetic
flux in the loop ( f = 0). On the other hand, up to an additive
constant, the capacitive charging energy of the three junctions
and two gates [(3) and (4) of Ref.9 with ϕ2→−ϕ2 ] is

T =
C
2

(
h̄
2e

)2(
ϕ̇1
ϕ̇2

)t(1+α + γ α

α 1+α + γ

)(
ϕ̇1
ϕ̇2

)
(A2)

where e is the electron charge, C the capacitance of junc-
tions 1 and 2 and αC that of the third junction (see Fig. 1 of
Ref.9). This too reduces to our kinetic energy (mr2/3)(ϕ̇2

1 +

ϕ̇2
2 +ϕ̇1ϕ̇2) (4) if we identify mr2/3=C(h̄/2e)2 , assume that

there are no gate capacitances (γ = 0) and take α = 1 . Thus,
capacitances play the role of masses. Despite this equality
of rotor and qubit energies, there is an important difference.
While our rotors (θ1,2,3 ) have definite masses, it is the junc-
tions (ϕ1,2,3) (rather than superconducting segments) that
have definite capacitances. In other words, while the mass
matrix is diagonal in the θ̇1,2,3 basis, the capacitance matrix
is diagonal in the ϕ̇1,2,3 basis.
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B Stability indices of pendula in terms of Lamé func-
tions

Here we obtain a formula for the stability index tr M⊥ for
transverse perturbations to the pendulum family of orbits with
period τ . Recall from (20) and (21) that these perturbations
are governed by the Lamé equation

δ α̈1(z)+(h−n(n+1)k2 sn2(z,k))δα1(z) = 0. (B1)

Here dots denote z -derivatives where z = ω0t =
√

3t̃ , n(n+
1) = 2/3 and k2 = E/4g or 4g/E for libration and rotation.
The Lamé eigenvalue h = 1 and k2 for libration and rotation.

For our current purposes, it is convenient to denote two
linearly independent solutions of (B1) by Lsn(z,k;h) and
Lcn(z,k;h) . Although not necessary for the results in (B4),
for definiteness and to facilitate comparison with Mathieu
functions in the limit k→ 0 , we may suppose that they sat-
isfy the ICs Lsn(0,k;h) = 0 and L̇cn(0,k;h) = 0 . The func-
tions Lc and Ls which are defined for arbitrary ‘eigenval-
ues’ h are to be distinguished from the (periodic) Lamé func-
tions that appear in the works of Ince and Erdélyi19,20. These
authors define the mth Lamé functions of order n denoted
Ecm

n (z,k) and Esm
n (z,k) . They correspond to a discrete set of

Lamé eigenvalues denoted h = am
n (k),b

m
n (k) . In these Lamé

functions, m plays the role that h did in Lc and Ls . Ec and
Es are 2K(k) periodic for even m = 2,4,6, . . . and 4K(k)
periodic if m is odd. In either case, m is the number of zeros
of Ec and Es in the interval 0≤ z < 2K(k) 27.

For small k2 , (B1) reduces to the Mathieu equation

δ α̈1(z)+
[

h− n(n+1)
2

k2 +
n(n+1)

2
k2 cos2z

]
δα1(z) = 0.

(B2)
Comparing with the standard form29 ξ ′′(z) + (a −
2qcos2z)ξ (z) = 0 , we read off the Mathieu parameters
a = h−n(n+1)k2/2 and q = −n(n+1)k2/4 . Two linearly
independent solutions of this equation are the Mathieu
sine and cosine functions Msa,q(z) and Mca,q(z) which
satisfy Ms(0) = 0 and Mc′(0) = 0 . Thus, for small k2 , our
Lamé functions Lsn(z,k;h) and Lcn(z,k;h) reduce to these
Mathieu functions.

Now, tr M⊥ is equal to the trace of the fundamental matrix
solution U(z,0) (with U(0,0) = I ) of (B1) evaluated at ω0τ :

U(ω0τ,0) =
(

δα1
1 (ω0τ) δα2

1 (ω0τ)

δ α̇1
1 (ω0τ) δ α̇2

1 (ω0τ)

)
. (B3)

[Caution: M⊥ 6= U(ω0τ,0) since the former is in
the (δα1,δ π̃1) basis while U is in the (δα1,δ α̇1 =

(1/2
√

3)δ π̃1) basis (17).] Interestingly, solutions of (B1)
with ICs (δα1

1 (0) = 1,δ α̇1
1 (0) = 0,δα2

1 (0) = 0,δ α̇2
1 (0) = 1)

can be expressed as

δα
1
1 (z) =

Lsn(z,k;h) L̇cn(0,k;h)− Lcn(z,k;h) L̇sn(0,k;h)
W (Lsn, Lcn)(z,k;h)

and

δα
2
1 (z) =

Lsn(0,k;h)Lcn(z,k;h)− Lsn(z,k;h)Lcn(0,k;h)
W (Lsn, Lcn)(z,k;h)

. (B4)

Here we used the fact that the Wronskian
W (Lsn, Lcn)(z,k;h) = Lsn(z,k;h) L̇cn(z,k;h)− Lcn(z,k;h)

L̇sn(z,k;h) is independent of z . Now, taking a trace,

tr M⊥ = trU(ω0τ,0) = δα
1
1 (ω0τ)+δ α̇

2
1 (ω0τ)

= (1/W (Lsn, Lcn))[Lsn(0,k;h) L̇cn(ω0τ,k;h)
− L̇sn(0,k;h)Lcn(ω0τ,k;h)− L̇sn(ω0τ,k;h)
Lcn(0,k;h)+ Lsn(ω0τ,k;h) L̇cn(0,k;h)]. (B5)

The computational utility of this formula would be enhanced
once approximate values of the Lamé functions Lcn and Lsn
are available as with Ec and Es .
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