AN UNIFYING FRAMEWORK FOR SPHERES AND
PROJECTIVE SPACES

ANIRBIT

ABSTRACT. In the following article I shall introduce the concept of
projective space and then introduce a general set of maps which will
unify the study of spheres in any higher dimensions and projective
spaces using the construction of Principle Bundles.

1. A GENERAL STRUCTURE FOR SPHERES

Generally when we think of spheres we generally think of the sphere
embedded in 3-dimensional real euclidean space given by the equation
2% + y? + 22 = 1 where z, v, z are labels for the orthogonal Cartesian
axis. The most important assumption that goes unsaid is that the pa-
rameters x,y, z will take real numbers as their values. In this article
we shall get not only out of the dimension constraint i.e we shall de-
fine spheres in any-dimension but also out of this constraint to define
spheres over real-numbers.

We use the generic label F for either R ( The field of real numbers ,C
( the field of complex numbers) and H (the ring of quaternions)

I would like to caution the reader against the possibly misleading
use of the symbol F . The reader should notice that not all the things
that [F stands for are fields.

For each n € Z* let F" = {£ = (&, &, ..,&) € € Fi=1,2,3,..,n}

1.1. An algebraic structure for F". We define an algebraic structure
for F" by defining certain operations among the elements ofF” and F

Let &, cbe two elements of " and a € F

We define the following operations among them::
e Addition between ¢ and ¢ :

E+¢=(&,%, &)+ (s1,2, ) = (&1 + 61,8 + 25 -, & + Sn)
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e Right multiplication by a on elements of F" :
Sa = (51’ 527 3) gn)a = (glav €2a7 ) gna’)

We further postulate that F™ is an an abelian group under addition.

V¢, s € Fhanda,b € F
(E+5¢)a=ECa+ca
E(a+0b)=CEa+EDb

§(a.b) = (§a)b
£1=¢

Note :

For F = H (H is non-commutative ), F is a division ring. So F" is a
right-module over F or else a vector space .

Defining a bilinear form

We define a bilinear form on F" as ::

;) F"xF*"—F
<£7 §> — Em + €2§2 + TS

We note that conjugate makes sense for all the things that F can
stand for.The reader can see my article tiled Quaternions to S® the
definition of conjugates for quanternions.

Further we note that this bilinear form is non degenerate i.e (£,&) =

0iff ¢ =0.
1.2. A generalized definition for unitary matrices. We define

U(n,F) be all n x n matrices with entries in IF such that A=1 = AT,

So we have the following special cases where we can see how the
generalized definition boils down to the well known cases.

U(n,R) = O(n) Orthogonal Matrices
U(n,C) = U(n) Unitary Matrices
U(n,H) = Sp(n)Symplectic Matrices



AN UNIFYING FRAMEWORK FOR SPHERES AND PROJECTIVE SPACES 3

1.3. A remark about the topology. We give U(n,F) a subspace
topology thinking the matrix groups as subsets of the large ambient

FEuclidean space that is:
O(n) CR™,U(n) C R*™
2. DEFINING THE SPHERE

Let S be a topological subspace of F" given by
S={¢eF"|[(¢¢) =1}

This topological subspace S will be called a Sphere

We recall that in R™ the subspace defined by the coordinate expres-
sion z? + 23 + 25 + ... + 2 = 1 is denoted as S"! ( (n — 1) indicates
that the surface defined by the above constraint equation is a n — 1
manifold ). Its easy to see how the discrete 2 point set {1, —1} is S°
(also referred to as the abelian group under multiplication Zs) , our
well-known circle is S* and what is commonly referred to as the sphere
is 52

Finally we note here without proof the following special cases of the
general definition of spheres that we have given above ::

€0

Ho
IfF=Rthen S =~ §"!

Homeo
IfF=Cthen § = &1

omeo

H
If F=H then S =~ g!
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3. DEFINING PROJECTIVE SPACES

In this section we will be working on F" where n > 2.
Let 0 be the zero element of F™.

Then on the topological subspace F" \ {0} we define the following
equivalence relation::

Let & and ¢ be two elements of F™\ {0}. Then we declare £ and < to
be equivalent ( £ ~ ¢ ) if 3 a non-zeroa € F such that ¢ = a.

We denote the equivalence class in which £ lies as ::
[§] = {¢ala € F\ {0}}

If F = C or H then these equivalence classes are called Complex (
resp. Quaternionic) lines through the origin. But note that they do
not include the origin.If ' = R then these are our well known straight
lines through the origin but without the origin.

Hence we define the n— 1 dimensional projective space over F  as ::
FP" ! = [¢]|¢ € F™\ {0} , where the equivalence class [¢] is defined above

At this point the FP" ! is just a set of equivalence classes as defined
above. We can endow it with a differential manifold structure.But in
the following sections we will implicitly use the projective space with
its topology so that we can consistently refer to continuous functions
which have a projective-space as its range.
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4. SPHERES THROUGH PROJECTIVE SPACES

Now we have defined all the required spaces i.e S, F\ {0},FP"~! and
the bilinear form on F" has also been defined. Now we will define the
following maps labelled as 72 , n , @ and P , whose domains and ranges
are as follows::

S <L T\ {0} -5 § £ Fprt
and

F\ {0} - Fp~-!

The definitions for the maps are as follows::

i is the inclusion map ofS in F \ {0}
Q:F\ {0} — FP*!
¢ [¢]
and

P=Qls
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5. INDICATIVE PROOFS FOR THE STRUCTURE OF THE FIBRES FOR
THE 3 POSSIBILITIES

As a result of the analysis of the last section we have the following
basic structure::

s 2 Fpr!
where F can be H, C or R and

S={ze€F|(zz2) =1}

The fibre above the equivalence class represented by zq is given by
P ([z0]) = SN {zpala € F\ {0}

Equivalently
P~ Y([%]) = {z0ala € F and |a| = 1

In following 3 subsections I will give a sketch of the structure of the
fibres for the 3 cases when F =R, C or H

51. F = R. When F = R then S = S""!. Then a € R and |a| = 1
implies a = 1, —1.
So
P () =z, 2 §°

In other words in the fibres the anti-podal points of S™~! has been
tdentified. We claim without proof that this has the structure of a
Principle Bundle and will be represented as::

SO SN Sn—l _ RPn—l

52. F = C. When F = C then S = S?"~!. Then a € C and |a| = 1
implies a € S*.
So
P ([z0)) = {(z010, 2024, ..., zona)|a € S*} = S*
We defer the continuity argument to section 5.2.1 and claim that this

also has the structure of a Principle Bundle and will be represented
as::

Sl N Sanl _ C]P)nfl
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5.2.1. The 1issue of continuity. To see the continuity of the map P
let us see that the map (Q is continuous since each its coordinates
are polynomials in the domain variables and hence the requirement
is satisfied since P is a restriction of @) to a topological subspace(i.e
S(2n — 1)) of its domain and hence continuous.

We identify C" to R?". So,
2 € C" = (21,2, .., 2n) = (1 + @Y1, T2 + 1Yo, ...y Ty + 1Y)

In C™\ {0} there exists a z such that z; # 0.Further in S?"~! there
exists a 2y such that zp; # 0.Let that zp; be equal to a + ¢/3.

Then the map @ : C* — C maps 2 — =L = (

ax;+Py; oy;—PBr; )

O(2+ﬁ2 ) 02+/B2

Hence it is easy to see that,

204Q
Q|P71[ZO}(Z01(I7 2020, ..., Zona) — Z_] =a
07

and hence continuous.
5.3. F = H. When F = H then S = S~ Then a € H and |a| = 1
implies a € S® (In my earlier writing on Quaternions this was shown

Here the construction of the maps () and P are similar to the one in
the case of C and we claim without proof that here too the structure
is of a Principle bundle and it will be represented as::

53 s S4n—1 N ]HHPm—l
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6. A FINAL COMMENT

So we see that in a very beautiful way we have been able to tie
together the structure of the higher-dimensional spheres ,projective
spaces ,real numbers ,complex numbers and quaternions through the
construction of the following 3 Principle Bundles :

SO SN Sn—l N R]P)n—l
Sl N SQn—l _ C]P)n—l

53 SN S4n71 _ HPnfl

We note without proof that ::
RP' 2 St
CP' >~ 2

HP! =~ §*

Hence we have the following beautiful principle bundles where the
fibre , the base-space and the total-space are all spheres ::

ORI —
Slc—>53—>52

§F e ST s 51

We note for record that over Octonians we can get another such
Principle Bundle whose base-space,total-space and fibre are all spheres
and that is

5«7 SN SIS N SS
In this context we note that Adam’s theorem states that these are the
only 4 such Principle Bundles with such a property.

In a following article I shall show a detailed analysis of the structure
of S3 as a simple case of Heegard Splitting using the Clifford Torus
and the construction of the principle bundle S* — §% — S?



