A SHORT NOTE ON MOTIVATIONS TOWARDS TORSION FREE
CONNECTIONS AND METRIC COMPATIBLE CONNECTIONS ON A
RIEMANNIAN MANIFOLD THROUGH DIFFERENTIAL FORMS

ANIRBIT

ABSTRACT. In the following article we shall give a plausibility argument for the def-
initions of a Torsion free and Metric compatibility of a connection on a Riemannian
manifold using the concept of differential forms on the Riemannian manifold with val-
ues in a vector bundle.

1. SOME BASIC DEFINITIONS

In this article we shall be working on a rank n Vector Bundle over a Riemannian man-
ifold Mwhose Total-space = E and the Projection Map being called 7. The connection
shall be a map ::

V:T'(E)xI(TM)— I'(E)
or alternatively
V:I'NE)—~ T(E)@(T*M)
or if u € I'(E) then
Vuel(E®T"M)

satifying the standard onditions of tensoriality in the entry from I'(F) and the entry
from I'(T'M) and the leibnitz like property of differentiation.Ofcourse it must be noted
that unless E too is T'M linearity in the entry from 7'M doesnt make sense.

To give the motivations for a Torsion free connection and Metric connection 2
major concepts will be required which I shall define here. They are ::

e Degree p differential forms over M with values in the vector bundle F.
e de-Rahm derivative of a vector bundle valued differential form as above.

1.1. Degree p differential forms with values in a rank n vector bundle E over
a Riemannian manifold M. Let ¢ € M and E; be the fiber in £ over g.Let w be
a differential form of degree p over M with values in the vector-bundle E.Then w, (the
value at the form at ¢ ) is an alternating map from ::

T,M xT,M x ..(p — times).. x T,M — E,

Chennai Mathematical Institute (CMI) ,Department Of Physics.
1



Or globally ::

w € T(NP(T*M) ® E)

1.1.1. 2 immediate observations.

(1) When £ = R then w € I'(AP(T* M) ®R) and such a section will be called a scalar
p-differential form.In short it is also said in another form ::

OP(M) = D(APM)
and
we QP (M)
(2) A 0-differential form with values in E is € I'(E),that is a Vector Field.

1.2. de-Rahm derivative of a vector-bundle valued differential form. We note
that the De — Rahm derivative for differential forms is derived or is dependent on the
connection constructed on the vector bundle and it will be denoted as dy where V is the
connection on our vector bundle as defined at the start of the article.

Let w be a p-differential form with values in F that is
wel(N(T"M)® F)

Then dy is a map as follows ::

dy : T(N(T*M) ® E) — T'(A\PTHT*M) ® E)

such that if X;, X5, X5...X,+1 € I'(E) then :

dVW(Xl, XQ, X3...Xp+1) = Z(_l)i+1in(X1; Xz, Xg.., Xi; ..Xp+1)+
Z(—1)1+JUJ([X“ XJ], X17 cey Xi; oey X], .y Xerl)
i<j
where the vector fields with a caret on them are the ones to be omitted and the [,] is
the Lie Bracket.

1.2.1. When is the de-Rahm derivative equal to the connnection? We had said
that the de — Rahm derivative is dependent on the connection.Here we also note the
case when the de — Rahm derivative and the connection coincide.

If o is a 0-differential form with values in E. Then o € T'(F) and AN(T*M) @ E =
"M ® E.So :

dv : T(E) — T(T"M ® E)

o+ dyo

IfX € I'(E) ( a vector field ) then by the definition of dy we have ::
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de'(X) = VXo'

Hence on 0-differential form with values in E the De — Rahm derivative is the same
as a connection.

2. 2 IMPORTANT LIFTS OF THE CONNECTION

There are various standard lifts of the de-Rahm derivative to various associated bundles
of the vector bundle of interest.We here note 2 of them since they will be important for
us in our analysis of the condition of metric compatibility. We must note that some of
the lifts work when the E' = T'M whereas some work in a more general setting.

(1)

Lift V to TM @ TM
Explicitly at every point ¢ on M an element of TM ®T'M is a multi-linear map

T;MxTyM — R

We note that basis elements of I'(T'"M @ T'M) can be constructed by tensoring 2
elements from I'(T'M).So defining V on such a product will be sufficient to specify
VonTM®TM.

Let py,p0 € T'(TM) and Z € T,M. Then gy ® ps € I'(T'M ® TM).Note
that in the following definition we do not distinguish between the connection on
TM ® TM and the one on T'M, the context should make it clear.We define the
connection on T'M ® T'M at the point g as ::

V(i1 @ p2) = Vi @ pia + p1 @ Vzpis

Lift V to E*

Let V be the connection on E , and X € T,M , 0 € I'(E*) , v € E,. Further
v € I'(E) such that 9, = v.

Let (, ) be the bilinear pairing between the dual of a vector-space and the vector-
space given by the natural evaluation of the homomorphisms on the vectors.

Then we want that the connection on E* should respect this bilinear pairing
on every fibre. Which is equivalent to demanding the following equation to hold

X<07 17) = <VXU? U> + <U7 VX6>
Hence globally we want that if 7 € I'(F) and w € I'(E*) and X € T, M then the
connection on E* should satisfy the following equation (the context should make
it clear as to which V is on which vector-bundle ) ::

X{w,7) = (Vxw,7) + (w,VxT)



3. TORSION FREE CONNECTION

From this section we shall assume that F is the Tangent Bundle, that is £ = TM.

Let I be the vector valued differential 1-form with values in T'M.Let ¢ € M and let [
be defined by the following identity map ::

[:T,M — T,M

V= v
Let V be the connection on T'M then ::
dyl € T(NY(T*M) @ TM)

So by definition of the De — Rahm derivative we have for vector fields X and Y ::

dv(D)(X,Y) = (=1)""'VxI(Y) + (=1)*"'VyI(X) + (=1)"?I([X,Y])
— dvI(X,Y) =VyxY - VyX — [X,|Y]
Now we feel that this particular 0 — dif ferential form,I is like a constant function

which maps every tangent vector in every tangent space to itself. So we demand that the
derivative of this map be = 0.

Hence the above demand amounts to the torsion free condition on the connection V
that ::

(X, Y] =VxY - VyX



4. METRIC COMPATIBLE CONNECTION
Let g be the metric on the the Riemannian manifold M. Here we are looking at the
TM over M.Then we realize that g € I'(T*M @ T*M).

We define the natural bilinear pairing between T*M & T*M and T'M & T'M through
the following evaluation where u; € I'(T'M) for i = 1,2,3,4 =

(11 @ py, s @ pra) = g (ps) sz (a)
Let g = g;jdx* ® da? where da' € T'(T*M) such that on every fibre of T*M it gives the
dual basis to the fibre of T'M at the same point.

Let X,Y,Z € T, M( context should make it clear where we are using the same symbol
to label its local extension to a vector field ). Then by using the 2 lifts of the connections
as explained in the section 2 we have ::

Z{gijda' @ dr? , X @Y) = (Vz(gyda' @ da?), X @ Y) + (gi;dz’ @ da? , Vz(X @ Y))
= (Vz(gijdz' @ da?), X @ V) + (gijda’ @ da? ,VzX @ Y) + (giyda’ @ dz?, X @ V7Y')

So on rearranging we get ::

(Vz(gijde'®@da?), XQY) = Z{g;dx'@dr!, XQY ) —gi;dx’ (V 2 X)da?! (V) —gy;da’ (X )da? (V 7Y)

We can now identify the terms on the right hand side as evaluation of the metric on
various pairs of vectors in the space T, M and hence we get ::

(Vz(gidr' ® da?), X @Y) = Zg(X,Y) — g(V;X,Y) — g(X,VzY)

The left hand side of the above equation is clearly the evaluation of Vzg on an element
of T,M @ T;M.

Hence if we demand that in some sense the derivative of the metric is 0 with respect
to any arbitrary vector in any tangent space is zero , the effectively we are demanding
that Vg is identically 0 for any Z. In other words V zg¢ if identically 0 will evaluate any
X®Y to0.

Hence the above demand translates to the equation given below to be satisfied by the
metric g and the connection V on T'M for any arbitrary vector fields (or vectors , as the
context will imply ) X,YorZ :

Hence the condition of metric compatibility of the connection on T'M
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