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CHANNEL SysTEMS (CSs)
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cola cr?a

@ Cr —

» model for communication protocols
» a.k.a. “queue automata”

» Turing-powerful
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Lossy CHANNEL SYSTEMS (LCSs)

(ABDULLA AND JONSSON, 1996; CECE et al., 1996)
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m—,e meM

» model for imperfect or unreliable
communications

> dECidableZ Fww-Complete (Chambart and Schnoebelen, 2008)



Y
Lossy CHANNEL SYSTEMS (LCSs)

(ABDULLA AND JONSSON, 1996; CECE et al., 1996)

c1?2m c1? m ¢y c1lm cq!
cyla cr?a

Cr) —

» apply rewriting rules to channel contents:
m—,e meM

» model for imperfect or unreliable
communications

> dECidableZ Fww-Complete (Chambart and Schnoebelen, 2008)



Y
Lossy CHANNEL SYSTEMS (LCSs)

(ABDULLA AND JONSSON, 1996; CECE et al., 1996)

c1?2m c1? m ¢y c1lm cq!
cyla cr?a

Cr) —

» apply rewriting rules to channel contents:
m—,e meM

» model for imperfect or unreliable
communications

> dECidableZ Fww-Complete (Chambart and Schnoebelen, 2008)



Y
Lossy CHANNEL SYSTEMS (LCSs)

(ABDULLA AND JONSSON, 1996; CECE et al., 1996)

c1?2m c1? m ¢y c1lm cq!
cyla cr?a

Cr) —

» apply rewriting rules to channel contents:
m—,e meM

» model for imperfect or unreliable
communications

> dECidableZ Fww-Complete (Chambart and Schnoebelen, 2008)



Y
Lossy CHANNEL SYSTEMS (LCSs)

(ABDULLA AND JONSSON, 1996; CECE et al., 1996)

c1?2m c1? m ¢y c1lm cq!
cyla cr?a

Cr) —

» apply rewriting rules to channel contents:
m—,e meM

» model for imperfect or unreliable
communications

> dECidableZ Fww-Complete (Chambart and Schnoebelen, 2008)



Y
Lossy CHANNEL SYSTEMS (LCSs)

(ABDULLA AND JONSSON, 1996; CECE et al., 1996)

c1?2m c1? m ¢y c1lm cq!
cyla cr?a

Cr) —

» apply rewriting rules to channel contents:
m—,e meM

» model for imperfect or unreliable
communications

> dECidableZ Fww-Complete (Chambart and Schnoebelen, 2008)



Y

PRIORITY CHANNEL SysTEMS (PCSs)

Cl?O,TT‘L Cl? <—Cq1 c1!0,m Cl!
cyll,a cx?l,a

Cr —

» apply rewriting rules to channel
contents:

(a,m)(b,n) —x(b,n) a<belN, mneM

» modeling communications with QoS, e.g.
differentiated services (RFC2475)

» decidable: F¢,-complete
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» apply rewriting rules to channel
contents:

ab—sb ag<belN

» modeling communications with QoS, e.g.
differentiated services (RFC2475)

» decidable: F¢,-complete
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strict superseding
ordered channels with rules

ab—>;b a<beN

overtaking
ordered channels with rules

ab—,ba a<belN

priority queues
unordered channels, maximal priority
messages read first
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| OSING AS AN EMBEDDING

» losing rules define a quasi-ordering <, over M*

» can be restated as

def X=Mmq---My,
Xg*y @ . *k
Yy =2zimizy---zgmMyzey1 With z1,.. € M

» examples:

» 201 C, 22011
» 120C, 10210
»YyeM e,y
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SUPERSEDING AS AN EMBEDDING
» if d € N, write 24 ={0,...,d}

» superseding rules define a quasi-ordering &y
over L3

» can be restated as
def . *
xCpyex=ar--ap,y=2z1a122 -2y, V1.2 € }Zai

» examples:
» 201 Cp 22011
- 120 7, 10210
- eLpyiffy=ce¢
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PrRIORITY EMBEDDING IS WELL

C.F. RELATED ORDERINGS OF SCHUTTE AND SiMPsoON (1985)

Definition (wqo)

A quasi-order (A, <) is £ in any infinite
sequence Xg,X1,... over A, there exist 1 <j s.t.
Xi <A X

Theorem

(Z3,5p) is a wqgo.

» proof by induction over d

» nested applications of Higman's Lemma
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PCSs ARE WELL-STRUCTURED

(ABDULLA et al., 2000; FINKEL AND SCHNOEBELEN, 2001)
For a PCS with state set Q and m channels:
transition system (Q x (£3)™,—) with
superseding steps or perfect steps

wago (Q x (£3)™ Ep) by Dickson’s Lemma

monotonicity Y(p,%),(q,x"),(p,g) € Q x (Z{)™,
if (p,X) = (q,%X') and X C;, 1,
then 35’ € (Z3)™, § 5, § and
(p,g) — ( 9').
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PCSs ARE WELL-STRUCTURED

(ABDULLA et al., 2000; FINKEL AND SCHNOEBELEN, 2001)
For a PCS with state set Q and m channels:
transition system (Q x (£3)™,—) with
superseding steps or perfect steps

wago (Q x (£3)™ Ep) by Dickson’s Lemma

monotonicity Y(p,x),(q,X’),(p,g) € Q x (ZH)™,
if (p,x) = (q,%x") andx 5, 4,
then 35’ € (Z3)™, § 5, § and
(p,5) = (q,7").
Generic Algorithms
for Reachability, Inevitability, etc.
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FAST-GROWING COMPLEXITY CLASSES

(SCHMITZ AND SCHNOEBELEN, 2012)

Ordinal-indexed complexity hierarchy inside R:

€0-ORDINAL RECURSIVE

MuLTIPLY RECURSIVE

PRIMITIVE RECURSIVE

F3
ELEMENTARY
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CoMPLEXITY OF PCS PROBLEMS

Theorem
Reachability and Termination in PCSs are
F.,-complete.

upper bound using
for applications of Higman’'s Lemma
(Schmitz and Schnoebelen, 2011)

lower bound reduction from acceptance of a
Turing machine working in H®(n)
space
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LoOwWER BOUND: HARDY FUNCTIONS
fundamental sequences (A(x))x

for limit ordinals Ain eg + 1: A(x) <A
with limy_ o A(x) =A

Example

x+1,
) w+x+1

w(x)
ww-Z(
(

w
Eo) (X) = Q d: w }X—i— 1 stacked w's
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| owER BouND: HARDY FUNCTIONS

Hardy functions (H*)x<e,

HO(x) £x, H*(x) Z£H*(x+1), HMx)ZH\¥(x).

Example
H™"(x) =x4+n,
H*(x) =2x+1,
HY (x) =2 (x+1)—1,
3

H®" non elementary,

H®" Ackermannian,
H®° not provably total in Peano arithmetic
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| owER BouND: HARDY COMPUTATIONS

rewrite system over (gg+ 1) X w:

ax+1,x i> o, x+1

A, X LY A(x), x

. H H H
computations &g, Xg — &X1,X1 — *** — Xn,Xn
» preserve H*(x;)

» in particular if o, = 0 then
Xn = H% (XO)
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| owER BoUND: ENcoODING ORDINALS

x € Qg1 w?+1
( ) S Td+l .4\ A
sala) € 73 222 1122

sa(W T+ +w) =sq-1(t1)d ... sq-1(otn) d
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| owER BOUND: ENCODING ORDINALS

x € Qg1 w?+1
( ) S Td+1 A A
salax) € I 222 1122

sd(w"‘1 —|—---—|—w°‘“) =sg-1(0t1)d...sq_1(xxn)d

Proposition (Robustness)
If sa(e) Cp sa(B), then Vx, H*(x) < HPF(x).
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| oweEr BouND: WEAK HARDY
COMPUTATIONS

Implement Hardy steps o,n — 3, m as a PCS:

» work on string encodings: sq(a),n LV sa(p’), m’

- :8a(B’) Ep sa(B) and m’ < m, but the
perfect behaviour is possible
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| oweEr BouND: WEAK HARDY
COMPUTATIONS

Implement Hardy steps o,n — 3, m as a PCS:
» work on string encodings: sq(«),n i># sa(B’),m’
- :8a(B’) Ep sa(B) and m’ < m, but the
perfect behaviour is possible
H1 /
» also for steps sq(P), m —# sq(a),m
with sq(a’) Cp sq(r) andn/ <n
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HINTING AT PCS IMPLEMENTATION (1)

0: 334545% the ordinal term w®’ + w®
c: 0000% the counter value 4
t: $ the temporary storage

Storing data in channels: $ has highest priority
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HINTING AT PCS IMPLEMENTATION (2)

c?20

@Do?bcel;‘doo?do0?!$&C!OO c?$ @

Pqs = e+ (P4_1)*d = all correct encodings

Implementing Hardy step (x+1,n) LA (a,n+1)

ydd,0" — yd,o""?
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HINTING AT PCS IMPLEMENTATION (3)

Going from s4(A) to sq(A(n))

F.g. ss(w®"') = 333345, also written 3333°5
Then ss(w®” ™) = (3334)"5



Y

HINTING AT PCS IMPLEMENTATION (3)
Going from s4(A) to sq(A(n))

E.g. ss(w®") = 333345, also written 3333°5
Then ss(w®” ™) = (3334)"5

Write x as
YaYd-1..-Yaala+1)...d
Then x(n) is

YadYyy ;- -Yar1(Yala+ 1)) (a+2)"d
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HINTING AT PCS IMPLEMENTATION (4)

0Yg--Yat+1 €Pa-- a+1| 0?' (a+2)"d$
o?yaePa,tlya 6

t?29$
o?ala+1);tl(a+1) 6t7u
C?

t?2u$ ; olub c?0

Implementing Hardy step (A, n) i (A(m),m)
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| oweER BouND: WRAPPING UP

reduction from a Turing machine M working in
space H0(n) = H®(n) ford =n+ 1.

simulate

M it

budget B

H H H—l H»l
Qqn—#---—# 0,B 0,B'—# - —#a,n’
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| oweER BouND: WRAPPING UP

reduction from a Turing machine M working in
space H0(n) = H®(n) ford =n+ 1.

simulate

(a0)————>(p0) M with (pr)————
budget B
H H H—l H»l
Qqn—#---—# 0,B 0,B'—# - —#a,n’

» robustness: H%4(n) > B > B’ > H¥(n/)
» coverability: x =Q4/An=n’'

» implies simulation
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CONCLUDING REMARKS

model priority channel systems

ordering priority embedding
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CONCLUDING REMARKS

model priority channel systems
ordering priority embedding

Perspectives

verifying PCSs regular model checking and
acceleration

using PCSs reducing problems about other
models (e.g. manipulating bounded

depth trees and graphs)
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FUNDAMENTAL SEQUENCES

Definition (Fundamental Sequences)

For limit ordinals in ¢g + 1:

(‘V+w5+1)(x) ﬁerw[3 (x+1)
(v + M) (x) Ey +

(80) (X) = Qx—i—l = ww...w }X—i— 1 stacked w'’s



ENCODINGS

Sd: Tar1— 2 by induction on d:

(ot £)) = € ifn=0,
® S —
sateth Sa—1(t1)d---sq_1(tp)d otherwise.

sa:Qg41 — X3 by induction on d:

sa( D7) Zsalva)-salyn)s sal@™) Zsqs(o)d.
i=1
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