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'
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Let ✗ be a set of docks
. An

"

update
"

is an expression

generated by the following grammar :

a. = c l n := y + d → an update to

U .

C c- IN de 21

4 11

An update function maps each clock '
n
' to an update Ion .

Eg : ✗ = { n , y , -
update functions

U := 2 2 := Nt 2
N : = N -1

y :=y | y :=y Y : -- y-11

2 : = N -12 a:=2 2 :=z

÷
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n:=R
-11

→ 0 ②

aii*
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✗-7=1 ✗-7--2 ✗ -y = n
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,
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T
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Example:
-

a , a- 1 ?

☐ {n }

0 < rest dasnical

timed automaton .→

{ n }

Consider the above automaton with c- - transitions . What is its

language
?



9 , n= , ?

① {n }

→

{ n }

I 2 3 4 5

a b

É

( Wi wz
. . .

Wn
,
T

, Ta . . . In ) is accepted if :

if W
,
= a , then 9--1

Wi = b
,

then T, c- ( 0117

if Wz = a ,
then Tz = 2

Wa = b
,

then TLE ( 1 , 2)

:

V-k-is-n.it wi=a, then Ti = I

Wi =3 ,
then Tic Ci-1 , i )

b b

:÷i5



-

construct an updatable TA for the previous language that

has no E- transitions-

a b
- •

÷::É
TF

b
,

I < u < 2

Fl :=N - I

→ ⑥?,
¥÷@ a. n=z

a:=n -1

b b b

÷É ←É0 1

Invariant maintained by above automaton :

- After reading
'

a
' at 't

'

,
value of n= I

- After reading
'
bl at

' b'
,

value
of
n= { t}

b

¥÷a
t

④e- →

{t} 1

Because of above invariant : the next
' a' is read at R=2

the next
'

b' is read at Knez



b
,

I < u < 2

Fl :=N - I

90

→ ⑥?,
¥÷@ a. n=z

a:=n -1

b b b

o - 3 I. I 2
.
05

1

90→ 9 ,⇒ %- q ,

o 0.3 0.1 0%0055

0.3

i i

0
2

e-s
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Eixample :

{ ( an
,
t.tz.n.tn ) / titi - ti E 1

tn - t
,
is an integer }

It
c-

"

y El ya
y Eli

{Y}
{ y }

A ,
11--0

a , 02N
< 1

a , o<q< I { y
]

YEI
a ☐ A a. ✗⇒

→o_0

i?N:=0 { ×}Oy :-O

a ,
1dm

<2 a ,
a <

n
- Z

n :=N
- l

n:=N
- l

qy3

yet
{y}

0

a
a a a

•- µ
O o



If the last
' a' seen is at t, + C

,
then

I

ti + Lct becomes the new reference point .

titi
title

summary :

- introduction to
updatable 7A.

- Some examples



TODAY 'S LECTURE
- -

-

Reachability problem for Updatable
Timed Automata



Semantics of UTA :
- -

When does UTA it accept

a timed word ( anti ) la. ,tz7 - - - (an .tn) ?

-

V: ✗ → IR>oValuations:

Operations on valuations:
- - -

u -18

Up ( v) ← New operation

Exampte : suppose ✗ = { n , g. z }

up is : a. = a -12

y : = z
- 5

2 := U

v. = :|:] upon =p:
"
I

2 7-2

uplve) not defined since y : -2-5" =

I :]3 results in a negative value



uphill = { ucyitd
it n

fgiddando
.

C if n:= C
,
CZO

upas is undefined otherwise

Run of a UTA on a timed word :
-
- -

w: la . .
ti ) Iaa

,
til - . . . Can .tn)

Run : ( go , Vol→ ( oh , Vi) → . -
. .

→ ( qn ,
tn )

if : F q.
"

git ,
Upi

Si
-

s-t . vi t ( tin - ti) f gi

up ,
( Vi t Si) is defined

Viti = Upi ( Vi + Oi )

Accepting run : gn is accepting



Emptiness problem :
- -

- Given UTA A ,
is language of A empty

?

them : Emptiness problem is undecidable for UTA
.

Proof of undecidability :-
- -

Reducing emptiness problem of 2- counter machines .

2- Counter Machines
- -

( Q .
Qo

, I, .

{ c. d } ,
d )

t
'counters

Operations on counters : D increment Ctt , dtt

⇒ decrement e - -
,
d- -

37 Zero test c==o
,
d - =o ?

A , d==o

Ex - of a transition : g- g,
'

Ctt

- counter values are always 30

- A transition with a decrement c- - can be taken

only when c > I



simulating a- tenner machine wing ea:

Run of
the counter machine :

( go . 0,07
→ ( oh , 1. o) → - - - -

→ ( 9; , Ce , .di )
- - - -

2- Counter machine A → 3 - clock UTA B
- -
-
-

t.

Clocks { n , y ,
2 }

2=0 ?

97++9
'

→

q
-g

'

n Ntl

2=0 ?

9, - g
' →

q- g
'

a - - y :=y - i

2=0 AN =o
?

C -- =D

q - g
' →

q
-

g
'

- There is Zero time elapse in UTA B
, ensured by 2=0 .

Clock n gives the value of counter c
,

chock
y counter d

- For every run
of

2- counter machine ; there is a zero - time run
of

UTA :

(go , 4=0,4--0 , 2=0)
- ( 9,1 , X=9 , y - di , 2=0)

→ - - - - -



Decidable subclasses :
-

General idea to show decidability : Region automaton

Recall region equivalence : for diagonal - free
µ
:biggest
constant
appearing

U In, V
'
if 1) Lutist = Lilah or win)

,
V' in) > m

in
'Ñ

2) { VIN) } = 0 Iff { u'm)}=0 the : vln) £ An

automaton
.

3) { vln) } I { vly) } ⇐> {V' 1m73s {ily ) } Ha ,y : xtn.my) EM

M =3

g. y
)
>
""→ .¥
.snits



V Exalt
'

does not work in the presence of
diagonal constraints in guards .

Add the following conditions

in the presence of diagonals :

4) LVIN) - vly)t = LWIN - v'g) 1- or

Ulm - vlog) ,
Vin) - why,)

are both > xp
Or < -M

5) { win) - why 3=0 <⇒ { v 'm ) -vly) 3--0
-
ME

V-n.gs .t . VIN - Ny) EM

"⇒

,

:'
'

e-
-

-

-

y ;

'
'

orange lines

in the presence

of diagonals
-
-

- Call the equivalence given by the 5 conditions as 0¥, v
'



The region equivalences U End v '
and VI.

µ,
v1

satisfy the following conditions :

-

V E v
'

⇒ HSZO 7.8
'

> o sit . u + 8 I v't S
'

Lemma 1 :

Lemma z: V = v
'

⇒ v and U' satisfy the same set of-
RA

diagonal - free guards having constant EM

u =dµ v
'

⇒ u and U' satisfy the same set of
diagonal - free and diagonal

guards having constant EM

L-emma-z.VE V
'

⇒ [RTV = [R] v
'

9
Reset of R

We now want the region -
-

equivalence to work when

resets are replaced with updates .

Goad : For what subclasses of updates will the region
equivalence work ?

u = v
'

⇒ upto) = uplv
' )



Subclassili N :=c
,
n :=y ,diagonal-freeguasdfL.IM

be Max constant occurring among all guards in the automaton .

¥m : show that region
- equivalence ==µ,

satisfies Lemma 3 with

resets replaced with updates of the above form .

U Emv
'

⇒ u.ph ⇒ upcn
' '

for all updates of the foam

n :=c ,
n :=y secy e-✗

CEO

%°
v=µu

'

if 1) Lulu)) = Lutist or vlnlivlln) > ^^

27 {Vln ) } = ⑨ c⇒ {V' In) }=o Yu : vlu) Eng

3) {vln ) } I { vlyl }⇐ @
'

IN} I { ily ) )
'

tniy
✓luring71M

Upto) In, Upto
' )

it up maps n :=c

2 :=z V-2-4N

up / v1 In)
= c uplv

' )ln7=

cupful127 = v14 than Upolu
'

) (2) = n'G)

6ndi Luplviln) ) = Iuplv ' )luH=c

Luplvllzlt = Lvlzlt = Lv 'lzH =/uplv
' ) 1271



both

Ending : For all pairs different from ' n'
,

the condition

holds due to v Em u
'

.

uplvhln ) = c

:{ up / van ) ) } -0
{ uplv

' ) IN } =o

it :
.
{ uplvlxi} - { uplulz) ) } =

- { uczl } £0

always

-1119 { upto 'm)}
- { uplvyz) ) ) = - { v42)} £0

in {
upcvlz )) )

- { upto)ln) } = { v14 } £0

{ upto
'

1217 3- {
up like)

} = { v42)} so

Use the fact that { v12) 3=0 Iff { v12> 3=0 .

in n

:=y
N

v : i:÷i

you
I upivl:¥



N ? =L

n :=y
+

Subclass 2 :
-

N:= n -11
,

.

diagonal- free guards

Let M be Max constant occurring among all guards in the automaton .

Hen : Show that region
- equivalence ==µ,

satisfies Lemma 3 with

resets replaced with updates of the above form .

Tigh: ✗ Imu
'

⇒ upon -=µ, uplv
' )

N
n

u : I v1 :

y.in EFF up""!

{Uptulln) } = { ring } {uptvilnl ) }= {vital }

Lwptu) In)t= Lunt -11 Lyp @'71Mt = Limit -11

s



Problem : Consider subclass with N'
.
- n-I

, diagonal - free guards .

Is there an
'

na
'

,
in general , for which Inn satisfies Lemmas?

-

Can we give an M s -tr V Imu
'
⇒ upto ) zmuplv

' )

for decrement updates .

-

No .

¥¥
-

is !! ! '

x. ,

4. I

2. ,

"

s ,

Idea of undecidability of this subclass:
-

- - - Nig ,
2

-
'

→ ⑨ ⑨

±¥→O O O
23

{23

2=0
- O O O-

y :=y -1

When 2=0
,
value of n gives counter

'

C '

Y -
' d '



Summary

-

Emptiness problem for UTA

- Undecidable

- Some subbases with decidability . Proof based on regions

- More decidable classes in the paper :

Bowyer et al : Updatable Timed Automata .

Exeru

→
decidable

1- 2:=c , n :=y . guards can include diagonals
2 . N :=c, n :=y diagonally

undecidableY : = nt ,

i%
Motian traps : preemptive scheduling

convenient models for scheduling
problems .



TODAY 's GOALS
- -

- Expressiveness of Updatable TA -



(Recall ) : Up datable Timed automaton ULTA) :

- - -

Resets generalized to updates

Updates:
-

X : a set of clocks

For each clock NEX
,
an update on n takes the following form :

a :=c I n :-. y t d c c- IN , d c- 21
, yex

Examples : a := 5 ,
n :-. n - I

, a := y -12 ,
a :=y ,

n :=2 - I

-



Question: convert the following UTA into a TA i

④Dba.=o→④-
K - y

s 2
,

c
, y :=o



Solution :
-

④Dba.=o→④-
K - y

s 2
,

c
, y :=o

idea: Remember the last update constant
of each

clock in the state .

Modify the guards depending on the appropriate constant in the state .

n - y < 2 , c. y :-O

T D 's:O
p y> o, a , 910,0→
o.o

n:*

) bn:*\
> oh

. .
.

y > 0 ,
A

, n:=0

B. o-
e-

N- yes ,
e
, y
:=o

@ti)
-Ys 2



Question : consider UTA restricted to updates of the form

N :=c ( c EIN) . Construed: an equivalent timed

automaton with only resets for this class of UTA -



50¥. Generalizing the previous construction :
- -
-

Convert a UTA with a:-c updates to a TA .

UTA A := I Q
,
Qo

,
✗
,
I, ,

d
,
F)

We will construct a TA B
.

v10}

Staten Let Sn := { c l n :=c appears in some transition }

N = { 3 ,
5) v63

s = IT Sn
J = { 4,7

,
83010}

REX

S = ( 3 , 4)
(3,71--1)

.
-

- r

States of
B are of

the form : Qxs

a
, gIÉ :

for every q, -9
'

in A

up

we have a transition from every 19,0 )

(q ,
o) (q

'

,
o
' )

Rup

where g
'
:=

g
[ 2 :→ atom) ] ( replace n with retrial)

Rup := Set of clocks updated in up

T
'

Cn) =
-

c if a:-c it up ,
else O' la)=oln)

.



Qui-Gon 3: convert the following UTA into a TA :

NE2n

Y > 10 ,
a ,

a :=y

④
a-
Rf 5 , b

, y :=0

¥÷

a
:=y{a}Pp
- 9, ×

:*

I:-X



④ ⑨

'

• = #
Rf 5 , b

, y :=0

+:-.
'T -1?*

"

maintain news,- owes to which each •• was reset " '

Ii) If value of some clock is stored in some other clock
,
then

that clock should not be updated to a constant .

yyw.nl ←Holds Ynew
Pay 91g

you
-- Yun÷"÷::"

"

i.Hold = Ynew - Py ,n as 5,
b

Told = knew y :-O

old710

Hold
'

-=Lold
→ Hold = Knew

⑤

Nola --You Hold = Knew



④

'

UTA :

a-
K f 5 , b

, y :=0

TA : Ni y

"

:n I 5 , bp y:=o



Question convert the following UTA into a TA :

y > I , a , n : - y-11

→④#
a-
k£5

, b
, y :-O



y > I , a , n : - y-11

→④#
a-
NET ,

b
, Yeo

→ p Gym , y"
'

y
.

ye¥⇒^
Python

#U 71 ,
a

#
Rtl , n

Kati
, y

ns.4 ,
b . Y :=0



Questions Apply the construction
of previous question to the

following UTA :

9 , MI5

$ se :=k- I

→④-É⑨

nI7

Pn > Pm
. pa→- . . . .

•



9 , aEssen
.
= k- I

→④b ④
now.

--
n't

'

Nnw -
'

Ai ne ET A , M£6 a ,
NE-7

Pn- p- Pa-a - Pns - -
- r

N- l
"

.

'

f

710 lb )
, µ n > u !> is

"

.

G g, 9,

RY: 't : This construction does not work always .

The paper on updatable Timed Automata by Bouyer etat .

gives a termination criterion : it generates a system of
inequalities ; if the system has a solution .

then the above

construction gives finitely many states .

Remark 2: In our first lecture on UTA we have
-

given an example of
a timed language that is

accepted by a VIA
,
but not by TA .



Summary.
-

Diagonal- free Diagonals →
l

n
:=N

U:-C, a:=y
TA TA y

y -
Intl

ni - aft
C TA More expressive g -

n
-
'

n : -- n - 1 More expressive More
expressive


