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Subset-Sum Games



SSG Instance: (¢, T) T,A,B,E,F, € N

¢: V {AI’BI} 3 {EI’FI} V {An’Bn}a {En’Fn}
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SSG Instance: (¢, T) T,A,B,E,F, € N

¢5 V{A,B}I{ELF} ... V{A,LBYI{E,F,}

Play P: 2 players V, 3
A, F, - B E

n n

Piswinning for 3if > P=T

Strategy s for J :

Ay — (Eyor Fy) — A;, — (EyorF)
\Bz — (Eyor Fy)
B, — (E or F,) — A, — (E, or Fy)

\Bz — (Eyor Fy)
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SSG Instance: (¢,T) T,A,B,E,F, € N
¢ V{ALB}I{EL ) VA, B} E,F,}

Play P: 2 players V, 3
A, F, - B E

n n

Piswinning for 3if > P=T

Strategy s for J :
Ay — (Eyor Fy) — A;, — (EyorF)
™~ B, — (E,orF)
B, — (EyorF|) — A, — (E,or F))
™~ B, — (E,orF)

s is winning if all 2” plays are winning for 3
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SSG-Problem: Given (¢, T) is there a winning strategy for J



SSG-Problem: Given (¢, T) is there a winning strategy for J

SSG-Problem is PSPACE-complete
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Coming next: Bounded 1-counter automata
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Bound &

All guards and updates bounded by &



Bound & 4

All guards and updates bounded by &

Reachability: Starting at (/y,0) can (/,,c,) be reached?
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B

€1



c+3
1
¢+




¢: 0, s
c:| 10 01
%) €1

Cz+1 _—> C+3
Cl+1 I C+1



Cz+1 _—> C+3
Cl+1 I C+1




6:0,...,3
c:| 10 01
%) €1
o+l — ¢+3 =27 — 8<c¢<11

q+1l — c+1 =27 — =2,6,10,14



6:0,...,3
c:] 10 01
%) €1
o+l — 43 =27 — 8<c¢<L11
a+1 — c+1 =27 —> ¢=2,6,10,14

Allowed tests: ¢, =a, A ¢, j=a, ; A ... N ¢;=a,
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Counter-stack automata

» Multiple counters
» Transitions can:
» increment any counter

> test equality: ¢, =a, A ¢, 1=a,_, ;

» reset ¢; only if ¢; = 4, is present

» Each counter is bounded

Counter-stack automata <p7;,z Bounded 1-counter automata

AN ... N c=a
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(Y {ALB} 3 {ELFY (A8} 3 (Ey ), T)

c14+1,¢c9 + Ar c3+1,c0 + Er s+ 1,co + Az cr+1,co + E2

ca+1,c9 + Br cy+1,c0 + Fy ce +1,co + B2 cg +1,c9 + F2

Fig. 1. The play gadget
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(Y {ALB} 3 {ELFY (A8} 3 (Ey ), T)

c1+1,c0+ Ay cz3+1,c0+ Er

s +1,c9 + Az

cr+1,co + E2

c2+1,c9 + By

ca+1l,co+ F1

ce +1,co + B2

cg +1,c9 + F2

Fig. 1. The play gadget

Play | w1 | el | u2 | e

1 Ay FEior Fy As | Exor F»
2 Ai | Unchanged | Bz | E2 or F»
3 B1 Ey or Fy As | Exor F»
4 By Unchanged | B2 | E» or F»
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cr=1,c8 =0
R(er, cs)

s =1,c6=0

R(er, cs)

c3=0,c4 =2

Fig. 2. The reset gadget

Path

wy = Th = ro — Uy
Wy = Th =Ty =Ty =T Uy
wy = Th = Ty — Uy
e A O A N

o
»wm»—xg
@
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R(cr,cs)

R(er, cs)

cr=0,c8 =1

Fig. 2. The reset gadget

Path

at ; Play | UL ‘ er ‘ u2 | e
w2 — 1"? -T2 lt[] 1 A Eyor Fy Az | Ezor F>
wa —> 7'? T2 Ty T U 2 A1 | Unchanged | Ba | Es or F
Wg — Ty —> Ty — UL 3 By FE, or Fy Ay | E2 or Fa
Wy — Té — Ty — 7"'1 —r; —t 4 By | Unchanged | B2 | E2 or F»

o
»wm»—xg
@
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c1+1,co + Ar cs+1,c0 + E1 cs+1,co+ Az cr+ 1,00+ B

c2+1,c0+ B catleo+ Iy c6e+1,c0+ Bz cstlco+ I

Fig. 1. The play gadget

cr=1,cs =0

cr=0,c5 =1

Fig. 2. The reset gadget

t is reached iff there is a winning strategy for 3

15/17



—PTIME

Given (¢, T), the counter stack automaton has:

v

Locations: Vi€ [1,n]: u;, e;, 7;, r;, Wy, Wy, t

v

Counters: k=2n+1

\4

Bound: ¢, < Y{A,,B,E,F;} and ¢, <2” for other:

v

Transitions: Maximum of two between any two locations

16/17



Counter-stack

automata
AN
S]’TIML” S]’Tl/\/lL’
\ .
Subset-sum < Bounded 1-counter < 2-clock Timed
—PTIME —LOGSPACE
games automata automata
[Fearnley, Jurdzinski’13] [Haase, Ouaknine, Worrell’12]

Reachability in two-clock timed automata is PSPACE-hard



Counter-stack

automata
AN
S]’TIML” S]’TIML’
\ .
Subset-sum < Bounded 1-counter < 2-clock Timed
—PTIME —LOGSPACE
games automata automata
[Fearnley, Jurdzinski’13] [Haase, Ouaknine, Worrell’12]

Reachability in two-clock timed automata is PSPACE-hard
Reachability in timed automata is in PSPACE [Alur, Dill *90]

Result
Reachability in 2-clock timed automata is PSPACE-complete
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