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Abstract

This is a literature survey on results for Parity, Mean payoff and Discounted payoff games.
All of these are two player, perfect information, infinite duration games. We introduce
these games, demonstrate algorithms to solve each of them, and the connections between
them. These games have positional optimal strategies and their decision problems are
in UP N coUP. However, whether any of them have a polynomial time algorithm or not
is still an open problem.



Acknowledgements

I would like to thank my supervisor, Prof. B Srivathsan, for introducing me to infinite
Automata and Games, and for all the helpful discussions that we have had.

I also wish to thank Prof. Madhavan Mukund, Prof. S P Suresh, Prof. Mandayam Srivas
and Prof. Narayan Kumar for the exciting courses in Logic, Automata Theory and
Verification that I took under them.

Finally, I would like to thank Prof. T Parthasarathy who kindled my interest in Game
Theory and encouraged me.

ii



Contents

[Abstract]

[Acknowledgements|

1__Introduction

[2  Graph games|
R1 Formalisml. . . . . . . . . . .

3.4 Summary|l . . ... ..

[4 Mean payoff|
4.1  Definition| . . . . . . . .o
4.2  Optimal strategies| . . . . .. ... ... ... ...
4.3 Finite Gamel. . . . . . . ..
4.4 Parity to Mean payoff] . . . . . .. ... Lo
4.5 Summary|l . . ... . L e e

[ Discounted payofl|
B.1  Definitionl . . . . . . . . oL
b.2  Optimal strategies| . . . . . . . . ... o o
[5.3  Mean payoff to Discounted payoff| . . . . . . . .. ... ... ...
5.4 Complexity] . . . . . . . . . e
[b.5  Summaryl . . ... . e e

0 Conclusion

iii

10
10
11
12
13

14
14
15
16
18
19

20
20
21
24
26
26

28

29



1 Introduction

Two player (adversarial, perfect information) games are useful in Logic. For example the
truth value of a formula ¢ = 3xVy 3z (y - z = =) on a structure (N, )= can be described
by the following two player game. The players are called P53, Py respectively. First P5
chooses an « € Z, then Py chooses an y € Z and finally P5 chooses an z € Z. P35 wins the
resulting play when gy - z = x, otherwise Py wins. Observe that ¢ is true exactly when
P5 has a winning strategy in this game. This shows how Games are related to quantifier
alternation. Similarly, the acceptance conditions for Alternating automata can also be
described a game.

This analysis is very useful in the infinite case. Biichi [18] used automata on infinite
words to give a decision procedure for S1S — the MSO (Monadic second order) theory
of natural numbers (N, S)= with successor function S(z) := = + 1 and equality. MSO
means that apart from first order quantification dz, terms like x € A and quantification
JA are also allowed over set variables A. Later, Rabin [17] used automata on infinite
trees to give a similar decision procedure for S2S — the MSO theory on the infinite
binary tree ({0,1}",So,S1)= where Sp(z) = 20 and Si(z) = z1 are left and right
successors. The decidability of S2S is a powerful result. Many interesting logics can
be decided by interpreting into S2S (see [17],[2, Chap 7]). Rabin’s original proof is
complicated. The combinatorics of the hardest part — the complementation lemma for
Tree automata can be neatly simplified using infinite (duration) games [22, Chap 8|. The
acceptance condition for the Tree automata is interpreted as a Parity game (introduced
in Chapter ; this allows to use the results on Parity games for the emptiness and
complementation problem of the Tree automata.

Another important application of Infinite games is the Synthesis problem for Reactive
systems. Reactive systems are computer systems that continuously interact with the
environment, e.g., Lift Controller and an Operating System. An execution of such a
system can be captured by an infinite string (Z x Q)% of input/output pairs over the input
alphabet Z and output alphabet O. The desired behaviour of such a system is given by a
specification Spec C (Z x O)%. Given Spec, the Synthesis problem is to find an f : Z* —
O (if it exists) so that for any input sequence igi; ... € Z% the input/output sequence
(0, f(10)) (i1, f(igi1)) (ia, f(ipi1i2)) ... € Spec. Intuitively we want an algorithm that
when presented with a (finite description of) Spec finds an implementation f satisfying
Spec or concludes that there is none.

When Spec is expressed in S1S (or LTL), 3] showed that Synthesis problem is decidable.
The idea is to express the Synthesis problem as an infinite game between the Environment



1 Introduction

and the System (designer). The turns of Environment and System alternate during the
game. Initially the Environment picks i; € Z, then the System picks 01 € O. Then the
Environment picks i5 € Z and the System picks 0o € O, and the game thus continues. If
(i1,01)(i2,02) ... € Spec then the play is winning for System else the Environment wins.
Observe that implementations (f) satisfying Spec are exactly the winning strategies
for the System in this game. Hence this reduces the Synthesis problem to finding the
winning strategy in an infinite game. Since Spec is expressed in S1S, Spec is an w-
regular set. For w-regular winning conditions on finite graphs (as is the case here) there
are algorithms to compute the winning strategies.

Hence algorithms to decide the winner and find the winning strategies in (finitely pre-
sented) infinite games are of importance. We will keep this mind while discussing infinite
games. Chapter[2] will provide a general formalism for infinite games on graphs. In Chap-
ter [3| we discuss Parity games. Parity games may not be the most intuitive games to
start with (see [22, Chap 2] for Reachability and Biichi games), but they are powerful
enough to express w-regular winning conditions (via deterministic parity automata) and
yet have positional winning strategies. The problem of deciding the winner of Parity
games is in NP N coNP (hence unlikely to be NP-complete), but it is not known whether
(or not) a polynomial time algorithm exists. An efficient algorithm for deciding the
winner and winning strategies for Parity games will help improve the runtime for the
algorithms mentioned above, and for many others which rely on infinite games.

Chapter [4 and Chapter [f] discuss Mean and Discounted payoff games. Although these
games are no longer Win-Lose games, they are related to Parity games. Algorithms for
such games can be useful for more general Controller-Synthesis problems with Quanti-
tative objectives.



2 Graph games

We will look at a class of two player games on graphs. The two players will be called
Player 0 and Player 1 (abbreviated as Py, P;). Although we will only look at specific
games later, all of them fit into a general framework which will be discussed now.

2.1 Formalism

The game is played on a directed graph G = (Vp, Vi, E) whose vertices are V =V, UV}
and edges are E C V' x V. The vertices V are partitioned as (Vp, V1) — those belonging
to PO and P1 respectively. We will always assume that G has no dead ends (Vv €
V 3w (v,w) € E). For n > 0, let P™ denote the set of paths in G of length n (in
particular P = V, P! = E). P* will denote the set of all finite paths in G, and by P*
the set of all infinite paths. N(u) = {v | (u,v) € E} is the set of outgoing neighbours of
U.

The game starting from vy € V is played as follows
e A token is initially placed in v

e At any stage if the token is in a vertex v € V;, then P; has to move the token to a
vertex w € N(v)

A concrete realization of this play will be an infinite path = € P
T =91V ...

Where
e vy was the vertex where the play started
o If v; € Vj, then at ¢ + 1th stage P; decided to move the token to vi11 € N(v;)

After this infinite path 7 is played, Py pays f(7) units of money to P;. Where f : P¥ — R
is the payoff function. When f(7) < 0 this is interpreted as P; paying |f(7)| units to
Py. Py’s objective is to minimize f(7) while P;’s objective is to maximize it.

This game will be denoted by G = (G, f). And in particular, the game starting at vy by
(G, vo).
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2.1.1 Strategy
A strategy for P; is a function o : P* N V*V; — V, which assigns to each possible finite
path au ending in u € V; a neighbour o(au) € N(u).

Intuitively this is a recipe for P; to make his moves in the game. If at the n*® stage it
is P;’s turn, and the token has been moved to vgvy ...v,—1 so far (with v,_1 € V;), the
strategy recommends playing v, = o(vov1 ... vp—1)

An infinite path @ = wvguy ... is said to conform with a strategy o of P; if whenever
vj € Vi, vj41 = o(vov . .. vj).

Consider strategies (o,7) for Py and P; respectively. Starting at vy there is a unique

ath 7Y% = vgvy ... which conforms with both ¢ and 7, given by
p oT

o(vovy ...v;) ifv; €V
Vi+1 = )
T(vovy ... v;) ifv, €Wy

Let f(o,7) denote f(mZ,).

Finite memory strategies

From a computational perspective it is important to have a finite implementation of a
strategy (which is generally an infinite object). Finite memory strategies are a subclass
for which this is possible. A finite memory strategy for P; is a tuple (M, ¢, g, mg), where
M is a finite set (also called as “the memory”), and my € M.

O0:MxV > M
is the update function for the memory and
g MxV, =V

is the action function (with Yu g(.,u) € N(u)).

To implement this strategy start with mg. At the n'™ move if v,_1 € V; then play
Up, = g(Mp—1,vn—1) (otherwise the opponent decides v,,) and set m,, = §(mp—1,v,).
Positional strategy

An important special case of finite memory strategies is when M is singleton. These are
called positional or memoryless strategies. In this case

g:Vi=V
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and the resulting strategy o is just

o(vovy ... vp) = g(vy)
which only depends on the current state the token is in.

Let p be a positional strategy for P; in G, then G, will denote the graph obtained from G
by restricting the outgoing edges of every v € V; to the unique edge given by p. Moreover
if p is a strategy for Pj_; then G, is defined as (G,);.

An infinite path 7 is called ultimately periodic if for some k& > 0

T =79V1 ... vk_l(vkka e ’Ur)w (2.1)

Denote Prefix(7) = vgvy ... vk—1 and Cycle(r) = vgvkyy - . . Up.

Let (o,7) be positional strategies for Py and Pj. Starting any vy € V, the path 722 is
ultimately periodic with all v;’s distinct in (2.1]). Cycle(722) is the unique cycle reachable
from vg in G,r, and Prefix(722) is the path leading to that cycle.

oT

Denote by S; the set of all strategies of P;. Often o,7 (and their variants) will be used
to denote the strategies for Py and P; respectively.

2.2 Optimal play

How should P; play so as to best fulfil his objective of minimizing/maximizing the
payoff? Generally this depends on the opponents play - so it is not exactly a standard
optimization problem. Instead (whenever it exists) the following concept for optimal
play is used.

2.2.1 Minimax equilibrium

For the game (G,v), if there is an 1, € R and strategies o*,7* for player 0 and 1
respectively so that
foo™,m) <mny forall 7 € §;

2.2
(o, 7)) >y for all 0 € S (2.2)

then the game (G, v) has a minimax equilibrium and (¢*, 7*) are called optimal strategies
for Py and P; respectively. n, is called the value of the game.

The first inequality says that if Py follows o*, then payoff would always (against any
play of P;) be below 7,, while the second inequality says that if P; follows 7* then the
payoff always be above 7,. In particular

[l %) =m
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There may be many optimal strategy pairs (o*,7*) but value 7, must be unique. This
is because ([2.2]) are equivalent to

= min sup f%(o,7) = max inf fY(o,7 2.3
v 0€Sp 7'651')1 f ( ) TES] 0€S) f ( ) ( )

(The distinction between max vs sup (or min vs inf) is that the optimal value must be
attained in the former, but may not be attained in the latter)

The RHS of is the optimal payoff in the game where P; declares his strategy to Py
before the game begins (which is always disadvantageous to P;). Similarly LHS of
is the optimal payoff when Py declares his strategy to P; in advance (which is always
advantageous to P;). The equality means that both can reveal their optimal strategies
(o*,7*) to the opponent and none will have an incentive to change their strategy.

Not every game has a minimax equilibrium, however a weaker version of (2.3)) (also
called as e-equilibrium) holds for a large class of payoffs (see [19])

inf sup fY(o,7) = sup inf f% (o, 7
UESOTE‘ng ( ’ ) Te‘gUGSof ( ’ )

For the games to be discussed, will explicitly be shown. The minimax will exist
from each v € V. Since (c*, 7*) are history dependent they can be chosen independent of
v. Hence we can bundle up the values and associate to G a value vector € RV given by
N = (N)vev. Let f(o,7) = (f*(0,7))vev, then we have (inequalities are coordinate-wise)

flo*, 1) <n VeSS

flo,7™) >n Vo € Sy (24)

2.3 Finite Games

We will now start with a simple yet important class of payoffs, and show the existence
of minimax and optimal strategies for it.

A payoff function f is finitely determined if there is a NV € N so that f only depends on
the outcomes in the first N rounds. More precisely

Va, € PYaly =BIn = f(a) = f(B)
where (vov1...)|m = Vov1 - .. Uy

If f is finitely determined then call G = (G, f) a finite duration game. We can assume
that the game stops after N rounds have been played and the payoff is given by

f:P¥ SR
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This is defined as the payoff for an arbitrary infinite extension, which is well defined
since G has no dead ends and f depends only on first N rounds.

The following theorem is well known - it is sometimes called the backward induction
technique. The backward induction, however, is not very explicit in the proof presented
here.

Theorem 2.1. Let G = (G, f) be a finite game. There is a n € RY and strategies
(o*, %) which satisfy (2.4)

Proof. The proof is by induction on N — the duration of the game G.

Base Case N = 1: Hence the game ends after the first move. Let

i if u e W
Ug}\}l&)f(uv) if u eV

T =
if u € V;
Ulgl]\f]i();) fluww) ifueW;

And

o*(u) = argmin f(uv) if u € Vp
vEN (u)

7*(u) = argmax f(uwv) ifueW;
vEN (u)

Then ({2.2)) follows for any v by considering the cases v € Vj and v € V} separately.
Hence (2.4) follows with n = (9y)vey

Inductive Case N =k + 1 with k£ > 1:
At the k& + 1" round what will be the decision of the players? Suppose vgv1 . . . v
has been played. Now if vy € Vi, since this is the last round, P; will chose an u
which maximizes f(vovy...vgu). Similarly if vy € Vp, then Py will choose an u
which minimizes f(vovy ... vgu).

Motivated by this, define the k step game G’ = (G, f’) where

min  f(vovy...vgu) if v € Vp
f’(v0v1 v 'Uk) = ueN (k)
gzl\%x : flogvy ... vpu) v, € V)

u Vg

By induction hypothesis G’ has a value vector n and optimal strategies (o’, 7).

Consider the aforementioned strategies for the & + 1*" round -

Ok+1(vovy ... v) = argmin f(vovy ... vpu) if v € V)
uGN(Uk)

Tr+1(vovy . .. vg) = argmax f(vovy ... vu) vy € V)
uEN (v)
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Let 0* = [0/, o)1) be the strategy for Py which plays ¢’ for the first k& rounds, and
0py1 for the k + 1" round. Analogously define 7 = [/, 73,41] for P;.

The following shows that 7 is the value vector for G and (o*,7*) are the optimal
strategies.

To prove the first inequality in (2.4), take any path wvov ...vky1 that conforms
with o*. Then vgv; ... v, must conform with o’. Hence

f(vovr . vg) <y
If vy, € Vp then vgy1 = op41(vovy ... vg), hence
flvovr .. vgy1) = f(vovt ... vg)
Otherwise v, € V7 and from the definition of f’
floovr .. vpy1) < flvgvr ... vg)
In any case f(vovy ... vp+1) < f/(vov1...vE) < My,. This shows
fle*,7)<n VYres

The proof of the second inequality follows verbatim by reversing the inequalities,
replacing o by 7 and interchanging Vj and V. Hence this proves (2.4]) for G.

O

2.4 Win Lose games

When f is a {0, 1} valued function, the game has a win/loss interpretation. P, wins the
play (and Py loses) whenever the payoff is 1, otherwise P; loses the play (and Py wins).
This game will be denoted by G = (G, Win) where

Win={a| f(a) =1} CP¥

is the set for winning plays for P;.

2.4.1 Determinacy

A strategy o* for Py is said to be a winning strategy from v € V if

Togwr &€ Win V1 € 81

Similarly a strategy 7* for P} is a winning strategy from v if

Tors € Win Vo € S
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Definition 2.5. Call a win-lose game determined if from every v € V either Py or P;
has a winning strategy.

Notice that both the players cannot simultaneously have a winning strategy starting
from v. It is also possible that neither of them has one, but axiom of choice is required
to show this. See [15] for a very general theorem on determinacy by Martin.

Suppose the game G = (G, f) (where f is {0,1} valued) has a minimax (2.2)) starting
from v, then n, € {0,1} (because of (2.3))). If n = 1 then 7* is a winning strategy for P,

otherwise n = 0 and ¢* is a winning strategy Py. Hence as a corollary of

we have —

Corollary 2.2. If a winning condition Win is finitely determined (AN Vo, B € P¥ aln =
Bln = a€ Win < € Win), then the game G = (G, Win) is determined.



3 Parity

Parity games were introduced in [8] to solve the p-calculus model checking problem.
From the view of Complexity Theory, the problem of deciding the winner of a parity
game is in NP N coNP (so unlikely to be NP-complete), but the question of whether it
has a polynomial time solution remains open.

Apart from Parity, the following chapters will also introduce Mean and Discounted Payoff
Games. Although seemingly unrelated, each game can be reduced to the successive one.
This is used in [12] to show that the decision problems for all of them are in UP N coUP
(here UP is the class of decision problems that have a unique polynomial size certificate,
hence P C UP C NP). Whether any of these games (i.e. their respective decision
problems) has a polynomial time solution or not is again an open question.

3.1 Definition

Let G = (Vp, Vi, E) be a graph and let (for some M € N)
p:V—{0,1,2...M}

be an assignment of integer priorities to each vertex.

Parity game G, = (G, Win,) is a Win-Lose game (section 2.4)) with

Win, = {(vovl L) EPY | <limsupp(vi)> is Odd } (3.1)

>0

Let the largest priority seen infinitely often, on a path m, be denoted by max-inf-priority
of 7. If max-inf-priority of 7 is odd then P; wins m; if the max-inf-priority is even then
Py wins. Since V is finite, there’s a vertex v which is visited infinitely often by =, and
has the same priority as the max-inf-priority.

Notice that in contrast with finite games (section 2.3, the winning condition only
depends on long run behaviour. This property is also called prefix independence — for
we P and a € PYif w-a € P¥ then o € Win, <= w-a € Win,. However, due to
path constraints in the graph G, the prefix might still be important as it can enable or
disable certain long term behaviours.

10



3 Parity

3.2 Positional Determinacy

From every vertex v € V' the parity game (Gp,v) is determined (section 2.5) — one can
invoke the general determinacy theorem by Martin [15] to show this. However a stronger

result was proved by Emerson [7] —

Theorem 3.1. For any parity game G, = (G,Win,), there are positional strategies
(o*,7%) and a partition of V.= Wy U W1, so that o* is a winning strategy for Py from
each v € Wy and 7" is a winning strategy for Py from each v € Wy.

Hence, not only is the game (Gp,v) determined, the winner has a positional winning
strategy independent of v (in the player’s winning region).

We are interested in the following decision problem.

Decision Problem (PAR). Given a graph G, priorities p, and a vertex v € V', determine
whether Py wins (Gp,v) or not.

Given v € V and positional strategies (o, 7), since 7. is ultimately periodic (page 5| we
have
o, € Win, <= < max p(v)) is odd
vECycle(ry.)

Hence given (o, 7), the winner of 72 can easily be decided by analysing the cycle reach-
able in G4,. Then by [Theorem 3.1} one could find the winner of (G,,v) by enumerating
over all possible positional strategies (which are finitely many) of both the players, and
find one which beats all the strategies of the opponent.

However something better can be done. Given a positional strategy o, it is directly
possible to check if this strategy is winning for Py in (Gp,v) or not. Look at the graph
Gy. o is winning in (Gp,v) if and only if no run in G, starting at v has an odd max-
inf-priority — this is the emptiness problem for parity word automata and can be solved
inin O ((|V]|+ |E|)log M) (see [14]). Hence to check if Py wins (Gp, v) one could guess
a strategy o (a polynomial size certificate) and check in polynomial time whether it is
winning for Py or not. Hence the decision problem of whether Py wins (Gp,v) is in NP.
This problem is also in coNP as one could apply the same procedure for P; (i.e. for “no”
instances, guess a strategy for P; and verify it). Hence we have the following theorem
from [22]

Theorem 3.2. The decision problem [PAR)] is in NP N coNP

There are a couple of proofs of some of which are constructive. In [13]
the proof due to Zielonka [23] and McNaughton [16] is used to obtain sub-exponential
algorithm O(nV™) for deciding the winning regions. However whether a polynomial time
algorithm exists is not known.

In the following, we will provide a proof from [1] of determinacy of Parity Games. We
will not cover the existence of positional optimal strategies. As seen already, positional

11
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determinacy is an important property; it can be proven along the lines of the following
proof using some more work (see [1]).

3.3 Finite Game

Now we introduce a finite game g;f = (G, ng) closely related to the Parity Game
Gp = (G,Winy). It is played on the same graph G but it stops as soon as a vertex
repeats (which will happen within |V| rounds). Assume that the resulting path is

T =790V1...0p...VVEL4+1
with v, = vg41 and all v;’s distinct for ¢ < k. Denote the unique cycle formed by
Cycle(m) = vpvp41 ... v (3.2)

If the largest priority in Cycle(n) is odd then P; wins the play, otherwise Py wins. That
is

€ Win) < is Odd
s in, (Ueér}lg}é(ﬂ)p(v)> is

Notice that this is the same condition as the ultimately periodic path vy . .. vy—1(vy ... V)%
winning in G,. Hence Qg is the game that would result from G, if both the players de-
cided to play positional strategies. Since g;f is a finite game, by |Corollary 2.2[ starting

at any v € V one of the players has a winning strategy in (g;f ,v). Hindsight from |[The-
tells us that the same player will also be the winner of (Gp,v). We will show

this without using [Theorem 3.1| and hence prove determinacy of (G,,v).

Theorem 3.3. Given a (possibly history dependent) winning strategy p for P; in (Qg, v),
there is a finite memory winning strategy p for P; in (Gp,v).

The following stack based technique will be used to construct the p. This will be useful
later too. Notice that p is only defined (or relevant) for simple paths starting in v.

3.3.1 Stack based extension

Let p be a strategy for P; defined on simple paths. The following describes p — an
extension of p to arbitrary plays using finite memory. At each stage P, maintains a
simple path of G in its memory. If the game starts at vg, let mg = vg. At the k+ 1"
stage, if it is P;’s turn, play vg11 = p(myg) (otherwise the opponent decides viy1), and
update the memory as follows.

Assume

mp =uoti... U 17 >0

12
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then

UOUT - - - Ug if ug = vgy1 for some s < r
Mg+1 =

UpU] ... UpUk4+1  Otherwise

In the first case usy1 ... urvE+1 forms a cycle in G, which had to be eliminated for mg
to remain a simple path.

For each n, m,, is a simple path from vy to v, which conforms with p. If Cy,Cs...C,,
are the cycles eliminated by the n'! round then m,,,Ci,Cs...C, forms a partition of
VU1 ... Up

Proof of [Theorem 3.3, Obtain p from p by the above stack based extension. We will
show that this strategy p is winning for P; in (G,,v).

Assume p is a strategy for Py. The proof for P; is similar. Let m = vvive... be an
infinite path that conforms with p. We will show that max-inf-priority for = is even.
This shows that p is winning for Py in (G, v).

Since p is winning for Py in (g;f ,v), for any path that starts at v and conforms with p till
the first cycle formed, the largest priority of the cycle will be even. In the stack based
implementation of p on 7, each m; conforms with p, hence the max priority in each of
the eliminated cycles C; will be even. Given this, the max-inf-priority of m cannot be
odd. Indeed, let u be a vertex which is visited infinitely often in 7, and has same priority
as max-inf-priority of 7. Then u must be a part of infinitely many C;’s. But if p(u) is
odd, then there will be a vertex in each of these cycles which has priority strictly greater
than p(u) (since max priority in every C; is even). Since C;’s correspond to disjoint
positions of 7, this shows that the max-inf-priority of 7 is strictly greater than p(u). A
contradiction.

O

3.4 Summary

In this chapter we have introduced parity games and an equivalent finite duration game
. A stack based technique (subsection 3.3.1) was used to extend winning
strategies in the finite game to the parity game. Observe that if the original strategy is
positional this extension will be the same positional strategy. This is used in [1] to give

a complete proof of positional determinacy of parity games (Theorem 3.1). Positional
determinacy also shows that the decision problem for parity games is in NP N coNP

(Theorem 3.2]).

13



4 Mean payoff

Mean payoff is another infinite duration game, closely related to parity games. It was
studied independently in [6] and [11].

4.1 Definition

Let G = (Vp, V1, E) be a graph and
w:E—7Z

be edge weights. Assume |w(e)| < W for every e € E.

The Mean payoff game is an infinite duration game G, = (G, f,,) where we want the
payoff

Fulvorrvs . .) =lim =" w(vi, vi11) (4.1)

to be the mean weight on the infinite path. Unfortunately the limit in may not
always exist. We can also look at G, = (G, f,) and Gy = (G, fu), where f,, f, are
obtained by replacing lim sup, liminf in place of lim in . We will see that the choice
will not matter for optimal play.

When the play 7 is ultimately periodic the limit in (4.1)) exists and is equal to mean(Cycle()).

Where
k—1

mean(vivy ... V) = % ( w(vi, viy1) + w(vk,v1)> (4.2)

i=1
is the mean weight on the cycle vy ...vy € P* (with (v, v1) € E). As a consequence
when both Py and P; play finite memory strategies (o, 7)

fw(U7T) - fw(U7 T) - fiw(U, T)

Just like the parity winning condition both f,,, fuw are prefix independent (a payoff f is
prefix independent if f(a) = f(w - «) for any a,w -« € P¥).

14



4 Mean payoff
4.2 Optimal strategies

The following theorem is the central result in [6].

Theorem 4.1. There are positional strategies (o*,7*) for Py, Py respectively and a value
vector n € RV so that

Juw(o®,7) <
>

Suw(o, ™)

n Vr e S (4.3)
n Vo € Sy .

In other words starting from any v, Py can ensure that the lim sup of the means remains
below 7,, while P; can ensure that the liminf of the means remains above n,. Call
any (o*,7*) which satisfy optimal strategies for G,, and 7 its value vector. When
(o*,7*) is played, the limit in exists and f,(0*,7%) =17

Since fy, > fi, this shows that 7 is the minimax value for both G,, and G, (hence 7 is
unique), and the strategies (o*,7*) are optimal in these games too. It will follow from
the proof later that if (o,7) are finite memory optimal strategies for G,, (or G,) they
will also be optimal for G, (i.e. they will satisfy (4.3)).

The following is a simple consequence of which will be useful while approx-
imating the value later.

Corollary 4.2. Let n be the value of Gy. Then for any v € V, n, = - for some
n,m € Z with [n| <W - |V] and 1 <m < |V].

Proof. Since (o*,7*) are positional
Ne = fo(0*,7%) = mean(Cycle(mg.r+))

is the average weight over some simple cycle in G. Hence it has the required form. [

We will prove a weaker version of using the same technique used for Par-
ity.

Theorem 4.3. There are finite memory strategies (o*,7*) for Py, P1 and a value vector
n € RY so that

Jw(o™,7)

Suw(o, )

Just like in the case of parity, the complete proof of can be obtained by
doing some more work. In fact the presentation here, taken from [1], is the first part of

a uniform proof for both [Theorem 3.1| and [Theorem 4.1}

VTGSl

<7
>n Vo € Sy

15



4 Mean payoff

4.3 Finite Game

Like in let us introduce a finite duration game Gl = (G, f,) related to
Guw = (G, fw). The game is played on G and stops the first time a vertex repeats. The

payoff associated with such a path is
f1,(m) = mean(Cycle(r))

Where Cycle(n) is the first cycle formed — see (3.2)).

Notice that Q{; is obtained from G,, when the players restrict to positional strategies.
Since g{f, is a finite game by there is a payoff vector € RV and optimal
strategies (o, 7) in Q’{Z. Note that for any path starting at v and conforming with o till
the first cycle formed, the mean value of the cycle will be < n,. Similarly, for any path
starting at v and conforming with 7 till the first cycle formed, the mean value of the

cycle will be > n,. Now we will show that this n is also the value vector for G,,.

Proof of [Theorem /.3, Let n be the value vector and (o, 7) be the optimal strategies for
Gl. Use the stack based technique dsubsection 3.3.1[) to obtain ¢* from o and 7* from

7. We will now show that (4.3)) is satisfied.

Let us show the first inequality. Take any path @ = vgvy ... which conforms with o*.
Then in the stack based implementation of ¢* on 7, each m; is a path starting at vg
which confirms with . Hence each of the eliminated cycles C; will have mean(C;) < 1.

If by the nth stage my = ug ...us, and cycles Ci,...,C,, have been eliminated, then
n—1 Sn—1 Tn
w(v, Vip1) = Z w(ug, uiy1) + Zsum(Cj)
i=0 i=0 j=1
where
k-1
sum(vivg ... V) = Z w(vs, vigy1) + w(vg, v1)
i=1

is the sum of the weights on the cycle. Hence if |C| denotes the number of edges (or
vertices) in C. We have

n—1 Sn—1 Tn
w(vi, vig1) = Z w(ui, uit1) + Z |C}| mean(C}) (4.4)
=0 =0 j=1
Tn
< s W+ 1y, Z |C;| since mean(C}) < 1y,
j=1
= snW 4110 (1 = 52) as sp + 352 [Cj] = n

= Myy + Sn(W — 1yy)

16



4 Mean payoff

But as m,, is a simple path, |s,| < |[V]; also |n,,| < W. Hence

|
—

n

w(v, viy1) <y, + 2|VIW (4.5)

s
Il
=)

Divide by n and let n — oo

i
L

21V W

w(vs, Vig1) < Nyy +

S|
I
o

i
n—

1 . 21V|W
lim 5up (n Z w(vi, Vi1 ) < limsup (771)0 + | n‘ > = T
n

1=

This shows
E(Uovl .. ) S 77110
Since vgv; ... was any path that conformed with o* we have
fulc*,T)<n Vres
To show the second inequality of (4.3) proceed similarly. Let m = vpv; ... be a path the

conforms with 7*. In the stack based implementation of 7% on 7 each of the eliminated
cycles C; will have mean(C;) > n,,. Hence from (4.4))

i
L

w(vi,viﬂ) > Sn +771;0 Z ‘C ’

~
I
o

> N1y — Sn (M + W)
> Ny — 2’V|W (46)

Dividing by n and letting n — oo

—

n—

2|V|W

n

w(vi, Vig1) = Moy —

1

[e=]

1

13 2V W
lim inf ( w(v;, Ui+1)> > lim inf <77v0 2V > = g

Hence for any vgv; ... that conforms with 7*
Sw(vov1 . ..) > 1y,
This shows that

fuw(o, ™) > Vo € Sy

17



4 Mean payoff

In the above proof when (o, 7) are positional strategies, (o, 7*) is just (o, 7). The proof
shows that when all the cycles reachable from v in G, have mean weight < v, then any
infinite path 7 from v in G, will have f,(7) < v. Similarly if all the cycles reachable
from v in G; have mean weight > v then any infinite path 7 in G; from v will have
Jw(m) > v. This shows that if (o, 7) are positional optimal strategies of G, (or Gy,), they
continue to be optimal strategies for G,. This argument can also be extended to the
case when (o, 7) are finite memory optimal strategies in G,, (or G,) by embedding the
memory inside G.

4.4 Parity to Mean payoff

The corresponding finite games for Parity and Mean payoff are very similar. This helps
establish a reduction from Parity to Mean payoff games.

Let G be a graph with priorities p. Consider the edge weights
w(u,v) = —(=|V])*) (4.7)

w is defined so that for any simple cycle C' in G, the max priority in C is odd then
mean(C') > 0, and if the max priority is even then mean(C) < 0. Let v, be the vertex
with the largest priority C' = vgvy ... vk_1. Let a = w(v,, v,41) (addition is modulo k).
Notice that any other w(v;,v;y1) either equals a or has absolute value bounded by ‘%'
Since |C| < |V|, sum(C) (and hence mean(C')) will have the same sign as a = w(vy, Vy41).
When p(v,) is odd, a > 0; when it is even a < 0.

Now look at the finite games (g,ff, v) and (g{f,, v). Pp wins (g};,v) if and only if P, can
ensure a payoff > 0 in (g{;,v). If n, is the value of (g{;,v), this is the same condition
as 1, > 0. Pass to their respective infinite games to obtain — P; has a winning strategy
from (G,,v) if and only if val(G,,v) > 0.

Hence if we define the following decision problem for the mean payoff game

Decision Problem (MP). Given G, edge weights w and a v € V, determine whether
val(Gy,v) > 0 or not.

Then this gives a reduction from [PAR] to [MP] Notice that we can assume that
p:V—{0,1...2|V|}

Then the edge weights w (4.7)) can be constructed in polynomial time. Hence this is a
polynomial time reduction.

18



4 Mean payoff
4.5 Summary

We have introduced Mean payoff games and the concept of optimal value and strate-
gies. Similar to Parity games, an equivalent finite game was used to prove existence
of optimal strategies — the proof uses the same stack based extension
(subsection 3.3.1) as used for parity. The complete proof of positional determinacy
(Theorem 4.1)) can be obtained by doing some more work as presented in [1]. The simi-
larity between the finite games for Parity and Mean payoff is used to give a polynomial
time reduction from the decision problem for Parity to the decision problem for
mean payoff (]@ . This brings a new set of techniques to tackle these problems. [24]
describes a O(|V|?| E|W) time algorithm to find the value in the Mean payoff game, how-
ever this is only a pseudo polynomial time algorithm because of the linear dependence
on W.
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5 Discounted payoff

Discounted payoff game is yet another game related to Mean payoff (and hence Parity).
Note that the payoffs for both Parity and Mean payoff were prefix independent; this is
in stark contrast with the payoffs for finite games. Discounted payoff lies between these
two - the payoff depends on the whole infinite path, but can be predicted to any desired
accuracy by knowing a large enough prefix. This allows for the use of backward induction

like technique (Theorem 2.1)) to show (and compute) the minimax equilibrium.

Discounted payoff was introduced in [21] in a more general context of stochastic games.
The following is a deterministic version of it.

5.1 Definition

Like in the Mean payoff, start with a graph G and edge weights
w:E—R

Assume |w(e)| < W for every e € E.

The Discounted payoff game with parameter 0 < A < 1is G = (G, f) with
o0 .
folwovr..) = (1= Nw(vi,vig1)
i=0

Since w is bounded and |A| < 1, the series converges absolutely.

G, has an interpretation in terms of a stopping game — after each round (for instance
after the n'" round) a coin (of bias \) is tossed. With probability (1 — )\) the game
stops and the payoff is w(v,_1, v, ), otherwise with probability A\ the game proceeds to
the next round. Then f}(vovy ...) is the expected payoff for the path.

I satisfies the following recursive equation

fﬁ(vovl ) =1 =XNw(vg,v1) + )\fg(vlvg o) (5.1)

20



5 Discounted payoff
5.2 Optimal strategies

Fix w and A for the rest of this section — their dependency might be suppressed at some
places. The following presentation is adopted from the original proof by Shapely in [21]
and can also be found in [24].

Theorem 5.1. G satisfies the minimaz equilibrium (2.4). Moreover the value vector
n € RY is the unique fized point of

F:RY =RV (5.2)
min (1 — MNw(u,v)+ A, ifuelp
(F(x)) _ vEN (u)
“ max (1 —Nw(u,v)+An, ifueW;
vEN (u)
and
op(u) = argmin (1 — Nw(u,v) + Az,  if u e V)
vEN (u)
: (5.3)
Ty (u) = argmax (1 — Nw(u,v) + Az, ifuely
vEN (u)

are positional optimal strategies.

Proof. For any z € RV and every n € N, consider the n step game H? = (G, h?) where
hy :P"—R
n—1 '
Rl (vovr ...vn) = (1= N) (Z Aw (v, vi+1)> + Nz,

i=0
For a fixed z, H? approximates the game G for large n. Moreover there is a simple
recursion to find the value and optimal strategies for H.
For n = 1 Consider the game H. = (G, hl) with

hl:Pl—R
h(vg,v1) =(1 — Nw(vo, v1) + Ao,
Define

ox(u) = argmin (1 — Mw(u,v) + Az, ifueVy
vEN (u)

Tz(u) = argmax (1 — Nw(u,v) + Az, fueV;
vEN (u)

It is straightforward to check that F'(x) is the value vector and (o,,7,) are the
optimal strategies for ..
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5 Discounted payoff

For n > 2 We have

A (vvy - .. o) = (1 — Nw(vo, v1) + ARE " (vvg ... vp)

Let y is the value vector of H?~! and (¢’,7') be optimal strategies. Then F(y) will
be the value vector of H?. Let 0* = [0y, 0] be the strategy for Py which plays o,
in the first round and o’ after that. Similarly let 7% = [r,, 7’| be the corresponding
strategy for P;. Then (¢*,7*) will be the optimal strategies for HZ.

To show this, let vgvy ... v, be a path conforming with ¢*. Since vy ..., conforms
with o’

hg_l(vlvg .. .’Un) S y

hence

1 — Nw(vo,v1) + AR (v1vg ... vp)
1= XNw(vg,v1) + Ay
(y)vo

h(vovy ... vp)

—~

IA A
|

The last inequality follows as vgv conforms with o,. Similarly if vov; ... v, con-
forms with 7%, A (vovy ... vyn) > F(y)y,. Hence F(y) is the value vector for H.

Hence by using induction this shows that F"(z) is the value vector for H!. Let o* =
[OFn—1(y)s- - OF(y), 0y] be the strategy that plays opn-1(,) in the first round, opn—2(y
in the second round and so on. Similarly let 7" = [Tpn-1(y),...7y]. Then (¢*,7) are
optimal strategies for H?. Since H? approximates G, as n — oo, we expect F"(z) to
converge to the value vector for Gj.

Now we will use this to show that G} has a minimax equilibrium. Consider the norm
o om RY by
= ma
], = max|z|

Then (using | max;er a; — max;es b;| < max;ey |a; — b;| and similarly for min)
1F(z) = F(y)lloo < Alz =yl

Hence F' is a contraction mapping with coefficient A € (0,1). It follows that (see [20,
Chapter 9]) for any z, lim,, F"(z) = n where F'(n) = n is the unique fixed point of F.
Since F™(n) = n for any m, H," has value n and 0™ = 0,), 7" = 7, are positional optimal
strategies.

Let vgvy ... be a path in G which conforms with o, then

n—1
hiz(vovy ... vp) = (1= A) (Z /\iw(vi,vm)) + A" o, < Mg
1=0

22



5 Discounted payoff

for every n. Letting n — oo
Fa(vovr ...) < 1y,
Similarly when vgvy ... conforms with 7,

Fa(vove...) = 1y,

This shows that 7 is the value vector for G, and (o, T,) are positional optimal strategies.
O

Like in the Mean payoff case, positional determinacy gives us constraints on the optimal
value.

Corollary 5.2. Suppose w is integer valued. Let 1 be the payoff vector for the game G\
and letv € V. Then n, = p(\)/q(\) for polynomials p,q of degree < |V|+ 1 with integer
coefficients bounded by 4|W|.

Proof. Let n be the value vector for G;). Since (o, ;) are positional optimal
wgm = VU1 « - Up—1 (VpVpg1 « - V)Y

for some k < |V| and f)(n To,ry) = Nv- But
fw( 0'777',7 =(1-2) Z Aiw(vhvi-‘rl)
) [Z AN w(v, vig1) + (Z Aw(v;, Ui—i—l)) (14 ARt \2(k=rtD) )]
1=0 ]

r—1
; 1
=(1-X) [Z)\w Viy Vig1) (Z)\w Uiy Vit1 ) — Nk r+1]
i=0
p(N)

q(A)

p, q are polynomial of degree < |V| +1 (take g(A) = 1 — A¥*="*1) and all the coefficients
are integers bounded modulus by 4W. Note that coefficients not only depend on v, w
but even on A (via (o, 7)) O
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5 Discounted payoff
5.3 Mean payoff to Discounted payoff

For any bounded sequence (a;);en

— )\)ZCM}\Z = (1 —
=0

= (1= N2(1+A+ N4 .)(i ai\')

- Z (Z az> AF

A

k=0
Hence we have
0o A 0o k
N AN =(1-A2> (Z az-) A (5.4)
i=0 k=0 \i=0

And a special case (put a; = 1 for each 17)
o0
A2 (k41X (5.5)
k=0

Using ([5.4) and (5.5)) one can prove the following.

Theorem 5.3. Let uy = (1—X) Y22 a;\’ and assume lim,_,oo n%rl Yo ga; =a. Then
limy_,1- uy = a.

Hence as A — 1 we expect the discounted game gg, to approximate the mean payoff
game G,,. Now we will show this.

Theorem 5.4. Consider a graph (G,w) with edge weights bounded (in modulus) by
W > 0. Denote by G, the Mean payoff game on this graph and by G\ the discounted

game with parameter A. Let n be the value vector for G, and ) be the value vector for
gg. Then

17 = mlloe <2(VIW( = A)

Proof. From ([5.4))

Mg

fﬁ;(vg’ul .. ) = (1 - )\)

)\Zw(?fi, Vit1)

.

||

k
<Zw Vi, Vit ) AP (5.6)
=0

£
I
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5 Discounted payoff

Let (0*,7*) be the stack based optimal strategies for G,, and let (o), 7)) be the optimal
strategies for g,f;.

Let m = vgv1 ... be an infinite path in G that conforms with ¢*. Then using the same

argument as used in the proof of [Theorem 4.3 we have from (4.5
k
> w(vi,vie1) < (k4 Ly, + 2|V[W
=0

Combining this with (/5.6])

Fa(m) < (L =22 ((k+ D)muy + 2[V[W) A
k=0
= 1o (1 — )2 Z(k + DA 42V W (1 — ZA’f
k=0
=1y + 2[V[W(1 = A) (Using (5 and SR = 125)

Since m was any path that conformed with o*, consider 7., . This shows
(o < far(TGer,) < 10+ 2VIV(1 = A) (5.7)

for every v € V.
Similarly if 7 = vgv; ... is an infinite path in G' that conforms with 7*, from (4.6|)

k
Zw Vi, Vig1) > (k+ 1)y, — 2|V |IW
=0

Similar to the above, this combined with (5.6)) for Ty, Will give

(Mo = fa(mh,7e) =00 = 2[VIW (L= A) (5-8)

(5.7) and (5.8]) together show that
17—l < 2AVIW(1 = A)

Consider the following decision problem for Discounted payoff games

Decision Problem (DISC). Given a graph G, vertex v, edge weights w, a discount A
and threshold a ¢. Determine whether val(G, v) > 4| or not.

We can assume t = 0 by considering w’(e) = w(e) — t instead of w
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5 Discounted payoff

Corollary 5.5. Given (G,v) with an integer valued w, can be reduced to an instance
of [DISQ in polynomial time.

Proof. Let W be the maximum modulus among all the edge-weights in w. Set A =1 —
1

W and t = ﬁ. For this choice of A by [Theorem 5.4} | val(G,,, v) —val(G),v)| < v

Combine this with to obtain

1 3
val(Gy,v) > 0 = val(Gy,v) > — = val(G,v) > ——
V] A[V|

and

3 1
(G, v) > —— (G, v) > ——
val(G;,,v) > AV = val(Gy,v) > oV >0

this shows that val(G,,v) > 0 <= val(G,) > t. Computing W, X and ¢ can be done
time polynomial in the input size — hence this is a polynomial time reduction. O

5.4 Complexity

By [Theorem 5.1, once the unique fixed point n = F(n) is found, finding the optimal
strategies (o, 7;,) is easy. Hence to solve G, one has to find the fixed point of F.

By the value vector has a polynomial representation in the input size.

Hence one can guess a possible value 1’ (a polynomial size certificate) for the value
vector and verify that F(n') = n/. Since F has a unique fixed point there will be a
unique guess which works. Hence this shows that

Theorem 5.6. [DISO is in UP N coUP.

UP is the class of problems accepted by a polynomial time unambiguous Turing
Machine. An unambiguous Turing machine is a nondeterministic Turing machine
which has at most one accepting run. Hence P C UP C NP.

As mentioned already, for any z, lim,, F"(x) = 1. Hence another way to compute 7 is
to compute F™(0) for large n to get to the desired accuracy.

5.5 Summary

We have defined Discounted payoff games and shown that they have positional optimal

strategies ((Theorem 5.1). The value vector is the fixed point of the operator F' and
can be computed by taking repeated iterates. Next we show that the Discounted payoff

value vector approximates the value vector for the corresponding Mean payoff game as
A — 1 (Theorem 5.4)). This is used to give a polynomial time reduction from the decision
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5 Discounted payoff

problem for Mean payoff to that for Discounted payoff[DISC| (Corollary 5.5)). Finally
we show that [DISC|is in UP N coUP (Theorem 5.6)).
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6 Conclusion

We have introduced Parity, Mean payoff and Discounted payoff games. All of these games
fit into the framework presented in Chapter [2| and have positional optimal strategies.
In fact, |10] provides sufficient conditions (called fairly mixing property) on the payoff
function f, under which the game (G, f) will have positional optimal strategies, and
shows that Parity, Mean and Discounted payoffs satisfy those conditions.

Both Parity and Mean payoff games have prefix independent payoffs. Discounted payoff
(with discount parameter A) is prefix dependent, but the dependence on the prefix
decreases as A — 1. On the other hand for a fixed A < 1, the discounted payoff can
be determined to any desired accuracy by knowing a large enough prefix. As a result,
for a fixed ), finding the value for the discounted game G is easy, but as A — 1
the Discounted payoff approximates the Mean payoff (Theorem and the problem
becomes difficult.

The decision problem for Parity games [PAR] can be reduced in polynomial time to the
decision problem for Mean payoff games (Section. This was made possible by the
reduction between their corresponding finite games (which are very similar). Using the
relation between Mean and Discounted payoff games [MP] can be reduced in polynomial
time to the decision problem for Discounted payoff games (Corollary

Hence in this order — [PAR], [MP], [DISC], each problem is harder than the previous. By
Theorem (the hardest of them) is in UP N coUP — hence each of them is in
UP NcoUP. Whether any of them have a polynomial time solution or not, is not known.
There have been many attempts at better algorithms for (see [22, Chap 7]), but
recently [9] provided exponential lower bounds for some of the approaches which seemed
promising.

From here one could look at Simple Stochastic Games (SSG) [5]. [24] provides a reduction
from [DISC| to SSG. Hence SSG are harder than all the games presented here, however
they too are in UP N coUP (and have positional strategies). [4] also provides a direct
reduction from [PAR] to SSG.
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