
Introduction to Manifolds

Mid Semester Exam
Date: 28/09/2017

1. Time allowed: 3 hours.

2. Each problem is worth 10 points.

3. The bonus problem is worth 15 points.

Problem 1: Denote by 𝐺(2, ℝ3) the set of all planes (passing through the origin) in ℝ3. Show
that 𝐺(2, ℝ3) is a 2-manifold and determine its homeomorphism type.
Problem 2: Consider the map 𝐹 ∶ ℝℙ1 → ℝ2 defined by
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where [𝑢1 ∶ 𝑢2] ∈ ℝℙ1 and (𝑥, 𝑦) ∈ ℝ2. Show that 𝐹 is well defined, smooth and a diffeomor-
phism onto 𝑆1.
Problem 3: Show that the punctured plane ℝ2 ⧵ {0} is diffeomorphic to the infinite cylinder
ℝ × 𝑆1.
Problem 4: For 𝑎 ∈ ℝ consider the set

𝑀𝑎 ∶= {(𝑥, 𝑦, 𝑧) ∈ ℝ3 ∣ 𝑥2 + 𝑦2 − 𝑧2 = 𝑎}.

For what values of 𝑎 the set 𝑀𝑎 is a manifold? What is its dimension? Explain.
Problem 5: Explicitly determine 𝑇𝑝(𝑆1) at an arbitrary point 𝑝 = (𝑎, 𝑏) ∈ 𝑆1.
Problem 6: Let 𝑓 ∶ GL(𝑛, ℝ) → GL(𝑛, ℝ) be the inversion map, 𝑓(𝐴) = 𝐴−1. Show that

𝑓∗,𝐼 ∶ M(𝑛, ℝ) → M(𝑛, ℝ) is given by 𝑋 ↦ −𝑋.

Bonus problem: For an arbitrary 𝐶 ∈ GL(𝑛, ℝ) determine the linear map 𝑓∗,𝐶 ∶ 𝑇𝐶GL →
𝑇𝐶−1GL. (Hint: Use 𝑓 ∘ 𝑙𝐶 = 𝑟𝐶−1 ∘ 𝑓 , where 𝑙 is the left multiplication and 𝑟 is the right
multiplication.)
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