
PROBLEM SET FORWORKSHOP OF REPRESENTATION THEORY AND SYZYGIES1

1. Pieri resolutions2

Sometimes complexes can be constructed (and the maps determined) using Pieri rules. See [SW11,3

Section 2]. Computational help: PieriMaps package of Macaulay2. There is a recent paper [HMS21]4

that has a lot of examples.5

2. More examples of the Kempf-Lascoux-Weyman technique6

(1) Eisenbud-Schreyer [ES09]. Characteristic-free way of construction of pure resolutions. Under-7

stand the proof ofTheorem5.1. If youunderstand this, understand the proof of the similar result8

Theorem 6.4 for constructing vector bundles.9

(2) Kummini-Lakshmibai-Sastry-Seshadri[KLSS15]. Let𝑤 ∈ 𝑆𝑛 and 1 ≤ 𝑑 ≤ 𝑛 − 1. Let𝑂− be the10

opposite big cell in Grass(𝑑, 𝑛). Let 𝑋𝑤 be the Schubert variety in Grass(𝑑, 𝑛) given by 𝑤 . Let11

𝑌𝑤 = 𝑋𝑤 ∩𝑂−. This paper calculates the free resolution of the ideal of𝑌𝑤 in the ring of regular12

functions on 𝑂−. Theorem 3.7, Corollary 3.9 and Theorem 4.2 establish the desingularization13

and the direct images. The necessary cohomology calculations are in Section 5. There are some14

examples in Section 6.15

(3) Rank varieties [Wey03, Chapter 7]. Section 7.1 has the definition, and proof of the fact that rank16

varieties have rational singularities and a description of the defining ideals.17

(4) Nilpotent orbit closures [Wey03, Chapter 8]. Section 8.1. For background and some preliminary18

results, see [ES89].19

3. Syzygies of embeddings20

Let k be an algebraically closed field. Let 𝑋 be a projective variety over k and L a very ample line21

bundle on 𝑋 . Let 𝜙 : 𝑋 −→ P𝑛k (where 𝑛 = rkkH0(𝑋,L) − 1) be the embedding given by L. There22

are two rings one can associate to𝑋 . Consider the coordinate ring 𝑆 = k[𝑥0, . . . , 𝑥𝑛] of P𝑛k . The ideal of23

𝑋 is {𝑓 ∈ 𝑆 | 𝑓 (𝑝) = 0 for all 𝑝 ∈ 𝑋 }. The coordinate ring of 𝑋 is 𝑆𝑋 := 𝑆/𝐼𝑋 . There is also another24

ring: 𝑆𝑋 := ⊕𝑚∈NH0(𝑋,L𝑚). There is a natural map 𝑆𝑋 −→ 𝑆𝑋 , and, in nice situations, this map is an25

isomorphism. E.g.,𝑋 is a Grassmannian and 𝜙 is the Plucker embedding.26

Question 3.1. What is a natural generating set of 𝐼𝑋 ? What is a minimal free resolution of 𝐼𝑋 ?27

An answer is unknown, in general, even for Grassmannians.28

(1) [GKR07] Sections 1 and 2.29

4. Computational techniques30

Pick your favourite computer algebra system that has the ability to do Schur functors. Re-engineer31

the code and understand how these calculations are implemented.32
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